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Abstract—Beamspace channel estimation for millimeter wave
(mmWave) massive MIMO system is investigated. An identity
matrix approximation (IA)-based beamspace channel estimation
scheme is proposed, including the design of hybrid precoding
and combining matrix as well as searching the largest entry of
over-sampled beamspace receiving matrix. The design of hybrid
combining and hybrid precoding is formulated as two optimiza-
tion problems. By decoupling the design of analog combining
and digital combining, closed-form solutions are obtained. Then
an algorithm based on bisection search is proposed to search the
largest entry of the over-sampled beamspace receiving matrix.
Additionally, computational complexity is compared between the
proposed scheme and the existing channel estimation schemes.
Simulation results show that the proposed IA-based beamspace
channel estimation scheme outperforms the existing schemes.

Index Terms—Millimeter wave communications, channel esti-
mation, hybrid precoding, massive MIMO, beamspace.

I. INTRODUCTION

Millimeter wave (mmWave) communications, which range
from 30GHz to 300GHz in frequency, have recently attracted
great attention due to high spectrum efficiency and large
available bandwidth [1]. Due to the large number of antennas
at both transmitting and receiving sides, the size of channel
matrix is very large, therefore the channel estimation is rather
time consuming. To reduce the complexity of channel esti-
mation in mmWave massive MIMO system, some advanced
schemes based on the beamspace channel have been proposed
very recently [2], [3]. The key idea of these schemes is to
efficiently explore the sparsity of beamspace channel by sparse
signal processing techniques.

However, the sparsity of beamspace channel may be im-
paired by power leakage due to the limited beamspace res-
olution, indicating that the beamspace channel is not ideally
sparse and there are many small nonzero entries [4]. Therefore,
it brings extra challenge for the sparse recovery [5]. To
solve this problem, a discrete compressive sensing (DCS)-
based channel estimation scheme is proposed in [4], where
the beamspace resolution can be set arbitrarily and can be
higher than the reciprocal of the antenna number, leading to
improved channel estimation performance. Moreover, an over-
sampled compressive sensing (OCS)-based channel estimation
scheme is proposed in [5], where the measurement matrix is
consisted of a large number of over-sampled steering vectors
and is capable of estimating the angle of arrival (AoA) and
angle of departure (AoD) more accurate than conventional

measurement matrix. However, both DCS-based and OCS-
based schemes use random measurement matrices, which can
not always achieve the optimal performance. In particular,
the estimated AoA and AoD can not be always within the
scale of quantization error even without any noise. Therefore
deterministic measurement matrix is more appealing.

In this paper, we investigate the beamspace channel esti-
mation for mmWave massive MIMO system. We propose an
identity matrix approximation (IA)-based beamspace channel
estimation scheme, which includes the design of the hybrid
precoding and combining matrix as well as searching the
largest entry of over-sampled beamspace receiving matrix. We
formulate the design of hybrid combining and hybrid pre-
coding as two optimization problems and then obtain closed-
form solutions by decoupling the design of analog combining
and digital combining. After that, we propose an algorithm
to search the largest entry of the over-sampled beamspace
receiving matrix. The algorithm is based on bisection search
and includes two stages, where we find the main lobe in the
first stage, and we find the largest entry corresponding to the
peak within the main lobe in the second stage. Additionally, we
compare the computational complexity between the proposed
scheme and the existing channel estimation schemes.

The notations are defined as follows. Symbols for matrices
(upper case) and vectors (lower case) are in boldface. (⋅)𝑇 ,
(⋅)𝐻 , (⋅)−1, 𝑰𝐿, 1𝐿, ℂ

𝑀×𝑁 , ⊗, vec(⋅), E{⋅}, 0𝑀 , ∥ ⋅ ∥0,
∥ ⋅ ∥2, ∥ ⋅ ∥𝐹 , 𝑨[𝑝, 𝑞], ⟨⋅⟩, Tr(⋅) and 𝒞𝒩 , denote the transpose,
conjugate transpose (Hermitian), inverse, identity matrix of
size 𝐿, vector of size 𝐿 with all entries being 1, the set of
𝑀 ×𝑁 complex-valued matrices, kronecker product, vector-
ization, expectation, zero vector of size 𝑀 , 𝑙0-norm, 𝑙2-norm,
Frobenius norm, entry of 𝑨 at the 𝑝th row and 𝑞th column,
round, trace and complex Gaussian distribution, respectively.

II. PROBLEM FORMULATION

We consider an uplink multiuser mmWave massive MIMO
system comprising a BS and 𝑈 users. Both the BS and
users are equipped with an uniform linear array (ULA) [6].
Denote 𝑁𝐴, 𝑀𝐴, 𝑁𝑅 and 𝑀𝑅 as the number of antennas
at the BS, number of antennas at each user, number of RF
chains at the BS and number of RF chains at each user. In
practical mmWave massive MIMO with hybrid precoding and
combining, the number of RF chains is much smaller than
that of antennas, i.e., 𝑁𝑅 ≪ 𝑁𝐴 and 𝑀𝑅 ≪ 𝑀𝐴. Each user
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performs analog precoding in RF and digital precoding in the
baseband, while the BS performs analog combining in RF and
digital combining in the baseband for uplink transmission. The
received signal vector at the BS can be represented as

𝒚 = 𝑾𝐵𝑾𝑅

𝑈∑
𝑢=1

𝑯𝑢𝑭𝑅,𝑢𝑭𝐵,𝑢𝒔𝑢 +𝑾𝐵𝑾𝑅𝒏 (1)

where 𝑭𝐵,𝑢 ∈ ℂ
𝑀𝑅×𝑀𝑅 , 𝑭𝑅,𝑢 ∈ ℂ

𝑀𝐴×𝑀𝑅 , 𝑾𝐵 ∈
ℂ
𝑁𝑅×𝑁𝑅 , and 𝑾𝑅 ∈ ℂ

𝑁𝑅×𝑁𝐴 are the digital precoding
matrix, analog precoding matrix, digital combining matrix, and
analog combining matrix for the 𝑢(𝑢 = 1, 2, . . . , 𝑈)th user,
respectively. 𝒔𝑢 ∈ ℂ

𝑀𝑅 denotes the signal vector satisfying
E{𝒔𝑢𝒔𝐻𝑢 } = 𝑰𝑀𝑅

. 𝒏 ∈ ℂ
𝑁𝐴 denotes additive white Gaus-

sian noise (AWGN) vector satisfying 𝒏 ∼ 𝒞𝒩 (0, 𝜎2𝑰𝑁𝐴
).

𝑯𝑢 ∈ ℂ
𝑁𝐴×𝑀𝐴 denotes the channel matrix between the BS

and the 𝑢th user and can be expressed according to the widely
used Saleh-Valenzuela channel model [1] as

𝑯𝑢 =

√
𝑁𝐴𝑀𝐴

𝐿𝑢

𝐿𝑢∑
𝑖=1

𝑔𝑢,𝑖𝜶(𝑁𝐴, 𝜃𝑢,𝑖)𝜶
𝐻(𝑀𝐴, 𝜑𝑢,𝑖) (2)

where 𝐿𝑢 and 𝑔𝑢,𝑖 denote the total number of resolvable paths
and the channel fading coefficient of the 𝑖th path, respectively.
Usually, there is a strong line-of-sight (LOS) path (𝑖 = 1)
and 𝐿𝑢 − 1 much weaker non-line-of-sight (NLOS) paths
(2 ≤ 𝑖 ≤ 𝐿𝑢). The mmWave transmission essentially relies
on the strong LOS path. The steering vector 𝜶(𝑁, 𝜃) is
defined as 𝜶(𝑁, 𝜃) =

[
1, 𝑒−𝑗𝜋𝜃, ..., 𝑒−𝑗𝜋𝜃(𝑁−1)

]𝑇
/𝑁 . Define

the AoA and AoD of the 𝑖th path of the 𝑢th user as Θ𝑢,𝑖

and Φ𝑢,𝑖, respectively. Further define 𝜃𝑢,𝑖 ≜ 2𝑑𝐵𝑆

𝜆 sinΘ𝑢,𝑖

and 𝜑𝑢,𝑖 ≜ 2𝑑𝑈𝐸

𝜆 sinΦ𝑢,𝑖, where 𝑑𝐵𝑆 and 𝑑𝑈𝐸 denote the
antenna interval of the BS and users, respectively. We usually
set 𝑑𝐵𝑆 = 𝑑𝑈𝐸 = 𝜆/2, where 𝜆 is the wavelength of
mmWave signal. In practice, both 𝜃𝑢,𝑖 and 𝜑𝑢,𝑖 obey the
uniform distribution [-1,1] [7].

It is observed that 𝒚 in (1) is a mixed signal from different
users. To distinguish different user signal at the BS, each user
repeatedly transmits an orthogonal pilot sequence 𝒑𝑢 ∈ ℂ

𝑈

with length of 𝑈 for 𝑇1𝑇2 times. For simplicity, we suppose
each user transmit the same pilot sequence for all 𝑀𝑅 RF
chains, where the pilot matrix for the 𝑢th user can be defined as
𝑷 𝑢 ≜ [𝒑𝑢,𝒑𝑢, . . . ,𝒑𝑢]

𝐻 = 1𝑀𝑅
𝒑𝐻𝑢 ∈ ℂ

𝑀𝑅×𝑈 . The channel
keeps constant during 𝑇 ≜ 𝑇1𝑇2𝑈 time slots [8]. We use
𝑇1 different digital precoding matrix and analog precoding
matrix, denoted as 𝑭 𝑡1

𝐵,𝑢 ∈ ℂ
𝑀𝑅×𝑀𝑅 and 𝑭 𝑡1

𝑅,𝑢 ∈ ℂ
𝑀𝐴×𝑀𝑅 ,

respectively, 𝑡1 = 1, 2, . . . , 𝑇1, at the 𝑢(𝑢 = 1, 2, . . . , 𝑈)th
user. We use 𝑇2 different digital combining matrix and analog
combining matrix, denoted as 𝑾 𝑡2

𝐵 ∈ ℂ
𝑁𝑅×𝑁𝑅 and 𝑾 𝑡2

𝑅 ∈
ℂ
𝑁𝑅×𝑁𝐴 , respectively, 𝑡2 = 1, 2, . . . , 𝑇2, at the BS. During the
𝑇1 repetitive transmission of pilot sequence from the ((𝑡2 −
1)𝑇1 + 1)th transmission to (𝑡2𝑇1)th transmission, we use 𝑇1
different 𝑭 𝑡1

𝐵,𝑢 and 𝑭 𝑡1
𝑅,𝑢 for hybrid precoding while use the

same 𝑾 𝑡2
𝐵 and 𝑾 𝑡2

𝑅 for hybrid combining, where the received

pilot matrix 𝒀 𝑡1,𝑡2 ∈ ℂ
𝑁𝑅×𝑈 can be denoted as

𝒀 𝑡1,𝑡2 = 𝑾 𝑡2
𝐵𝑾 𝑡2

𝑅

𝑈∑
𝑢=1

𝑯𝑢𝑭
𝑡1
𝑅,𝑢𝑭

𝑡1
𝐵,𝑢𝑷 𝑢 +𝑾 𝑡2

𝐵𝑾 𝑡2
𝑅𝑵 𝑡1,𝑡2

with 𝑵 𝑡1,𝑡2 ∈ ℂ
𝑁𝐴×𝑈 representing the AWGN matrix. Each

entry of 𝑵 𝑡1,𝑡2 independently obeys complex Gaussian distri-
bution with zero mean and variance of 𝜎2. To ease the notation,
we define 𝑵

𝑡1,𝑡2 ≜ 𝑾 𝑡1
𝐵𝑾 𝑡1

𝑅𝑵 𝑡1,𝑡2 . Due to the orthogonality
of 𝒑𝑢, i.e., 𝒑𝐻𝑢 𝒑𝑢=1 and 𝒑𝐻𝑢 𝒑𝑖 = 0, ∀𝑢, 𝑖 ∈ {1, 2, . . . , 𝑈},
𝑖 ∕= 𝑢 [3], we can obtain the measurement vector 𝒓𝑡1,𝑡2𝑢 ∈ ℂ

𝑁𝑅

for the 𝑢th user by multiplying 𝒀 𝑡1,𝑡2 with 𝒑𝑢 as

𝒓𝑡1,𝑡2𝑢 = 𝒀 𝑡1,𝑡2𝒑𝑢 = 𝑾 𝑡2𝑯𝑢𝒇
𝑡1
𝑢 + �̃�𝑡1,𝑡2 (3)

where

𝑾 𝑡2 ≜ 𝑾 𝑡2
𝐵𝑾 𝑡2

𝑅 ,𝒇
𝑡1
𝑢 ≜ 𝑭 𝑡1

𝑅,𝑢𝑭
𝑡1
𝐵,𝑢1𝑀𝑅

, �̃�𝑡1,𝑡2 ≜ 𝑵
𝑡1,𝑡2

𝒑𝑢.
(4)

Define 𝑇3 ≜ 𝑇2𝑁𝑅. We stack the 𝑇2 received pilot sequences
together and have 𝒓𝑡1𝑢 = 𝑾𝑯𝑢𝒇

𝑡1
𝑢 + �̃�𝑡1 , where

𝒓𝑡1𝑢 ≜ [(𝒓𝑡1,1𝑢 )𝑇 , (𝒓𝑡1,2𝑢 )𝑇 , . . . , (𝒓𝑡1,𝑇2
𝑢 )𝑇 ]𝑇 ∈ ℂ

𝑇3 ,

𝑾 ≜ [(𝑾 1)𝑇 , (𝑾 2)𝑇 , . . . , (𝑾 𝑇2)𝑇 ]𝑇 ∈ ℂ
𝑇3×𝑁𝐴 ,

�̃�𝑡1 ≜ [(�̃�𝑡1,1)𝑇 , (�̃�𝑡1,2)𝑇 , . . . , (�̃�𝑡1,𝑇2)𝑇 ]𝑇 ∈ ℂ
𝑇3 .

(5)

Further define

𝑹𝑢 ≜ [𝒓1𝑢, 𝒓
2
𝑢, . . . ,𝒓

𝑇1
𝑢 ], 𝑭 𝑢 ≜ [𝒇1

𝑢,𝒇
2
𝑢, . . . ,𝒇

𝑇1
𝑢 ],

�̃� ≜ [�̃�1, �̃�2, . . . , �̃�𝑇1 ]. (6)

We have
𝑹𝑢 = 𝑾𝑯𝑢𝑭 𝑢 + �̃�. (7)

Considering the LOS channel path concentrates most channel
power in mmWave massive MIMO systems, we usually use
LOS channel path to transmit data for the 𝑢th user [4].
Therefore, it is important to design 𝑾 and 𝑭 𝑢 to estimate
the AoA and the AoD of the LOS path of 𝑯𝑢 in (7) for the
𝑢th user, which will be discussed in the following sections.

III. OVER-SAMPLED BEAMSPACE CHANNEL ESTIMATION

We first propose a framework of over-sampled beamspace
channel estimation for mmWave massive MIMO system. Then
based on this framework, we propose an IA-based channel
estimation scheme. Finally, we compare the computational
complexity.

A. Framework of Over-sampled Beamspace Channel Estima-
tion

Denote �̄�
𝑣
𝑢 ∈ ℂ

𝑁𝐴×𝑀𝐴 as the beamspace channel matrix
for the 𝑢th user, which can be represented as [3]

�̄�
𝑣
𝑢 = 𝑫(𝑁𝐴, 𝑁𝐴)

𝐻𝑯𝑢𝑫(𝑀𝐴,𝑀𝐴) (8)

where 𝑫(𝑁,𝐾) ∈ ℂ
𝑁×𝐾 is the sampling matrix, which

is defined as 𝑫(𝑁,𝐾) ≜ [𝜶(𝑁,−1 + 0/𝐾),𝜶(𝑁,−1 +
2/𝐾),𝜶(𝑁,−1 + 4/𝐾), . . . ,𝜶(𝑁,−1 + 2(𝐾 − 1)/𝐾)]. In
fact, 𝑫(𝑁,𝐾) samples the beamspace [-1,1] in an interval
of 2/𝐾 by 𝐾 steering vectors. For �̄�

𝑣
𝑢, the AoA and AoD



is sampled in an interval of 2/𝑁𝐴 and 2/𝑀𝐴, respectively.
Therefore the quantization error for the estimated AoA and
AoD is 2/𝑁𝐴 and 2/𝑀𝐴, respectively. In order to decrease the
quantization error, we introduce the over-sampled beamspace
channel matrix for the 𝑢th user 𝑯𝑣

𝑢 ∈ ℂ
𝐾×𝐾 as

𝑯𝑣
𝑢 = 𝑫(𝑁𝐴,𝐾)𝐻𝑯𝑢𝑫(𝑀𝐴,𝐾) (9)

where 𝐾 is the number of steering vectors with 𝐾 > 𝑁𝐴 and
𝐾 > 𝑀𝐴. Note that the coordinates of the largest entry of 𝑯𝑣

𝑢

are the AoA and AoD of the LOS path with the quantization
error of 2/𝐾. To reduce the quantization error and improve
channel estimation, we can use a large𝐾 by finding the largest
entry of 𝑯𝑣

𝑢.
However, we cannot directly obtain 𝑯𝑣

𝑢 based on 𝑹𝑢 in
(7), due to the hybrid precoding and combining operations
of 𝑭 𝑢 and 𝑾 , respectively. Note that the dimension of
𝑯𝑢 is 𝑁𝐴 × 𝑀𝐴, while the dimension of 𝑾𝑯𝑢𝑭 𝑢 is
𝑇3 × 𝑇1. In order to obtain the over-sampled beamspace
channel matrix as described in (9), we multiply 𝑹𝑢 with
𝑾𝐻 on the left and 𝑭𝐻

𝑢 on the right, which can make the
dimension of 𝑾𝐻𝑾𝑯𝑢𝑭 𝑢𝑭

𝐻
𝑢 the same as that of 𝑯𝑢. Now

we can obtain an over-sampled beamspace receiving matrix
𝑹𝑣
𝑢 ∈ ℂ

𝐾×𝐾 as

𝑹𝑣
𝑢 = 𝑫(𝑁𝐴,𝐾)𝐻𝑾𝐻𝑾𝑯𝑢𝑭 𝑢𝑭

𝐻
𝑢 𝑫(𝑀𝐴,𝐾) + �̃�𝑣

(10)
where �̃�𝑣 ≜ 𝑫(𝑁𝐴,𝐾)𝐻𝑾𝐻�̃�𝑭𝐻

𝑢 𝑫(𝑀𝐴,𝐾). It is expect-
ed that

𝑫(𝑁𝐴,𝐾)𝐻𝑾𝐻𝑾 = 𝛾𝑁𝑫(𝑁𝐴,𝐾)𝐻 ,

𝑭 𝑢𝑭
𝐻
𝑢 𝑫(𝑀𝐴,𝐾) = 𝛾𝑀𝑫(𝑀𝐴,𝐾).

(11)

where 𝛾𝑁 ≜ ∥𝑾𝐻𝑾 ∥𝐹 /
√
𝑁𝐴 and 𝛾𝑀 ≜

∥𝑭 𝑢𝑭
𝐻
𝑢 ∥𝐹 /

√
𝑀𝐴. However, in this case, it requires

that 𝑇3 ≥ 𝑁𝐴 and 𝑇1 ≥𝑀𝐴, leading to huge pilot overhead.
Therefore, we need to reduce the pilot overhead in practice,
where none of 𝑫(𝑁𝐴,𝐾)𝐻𝑾𝐻𝑾 = 𝛾𝑁𝑫(𝑁𝐴,𝐾)𝐻 and
𝑭 𝑢𝑭

𝐻
𝑢 𝑫(𝑀𝐴,𝐾) = 𝛾𝑀𝑫(𝑀𝐴,𝐾) can be satisfied. Now

we have the following two subproblems.
Subproblem 1 (Hybrid Precoding and Combining Matrix

Design): 𝑾 and 𝑭 𝑢 should be well designed so that the
coordinates of the largest entry of 𝑹𝑣

𝑢 are the AoA and AoD of
the LOS path with the quantization error of 2/𝐾. Therefore,
the AoA and AoD of the LOS path can be estimated by finding
the largest entry of 𝑹𝑣

𝑢.
Subproblem 2 (Search the Largest Entry): Due to the

large dimension of 𝑹𝑣
𝑢, finding the largest entry of 𝑹𝑣

𝑢 is
computationally expensive. Therefore, it is better to design a
low-complexity search algorithm fully regarding the structure
of 𝑹𝑣

𝑢.

B. Hybrid Precoding and Combining Matrix Design

It is seen that 𝑹𝑣
𝑢 in (10) is the over-sampled beamspace

channel matrix with noise if (11) is satisfied. However, due to
the fact that 𝑇3 < 𝑁𝐴, 𝑇1 < 𝑀𝐴, the rank of 𝑾𝐻𝑾 and
𝑭 𝑢𝑭

𝐻
𝑢 is less than 𝑁𝐴 and 𝑀𝐴, respectively. So we cannot

find a proper 𝑾 and 𝑭 𝑢 satisfying (11).

The optimization problem for hybrid combining matrix
design is

min
𝑾

∥𝑫(𝑁𝐴,𝐾)𝐻𝑾𝐻𝑾 − 𝛾𝑁𝑫(𝑁𝐴,𝐾)𝐻∥𝐹 (12)

s.t. 𝑾 𝑡2
𝑅 ∈ 𝒲ℛ, ∥𝑾 𝑡2

𝐵𝑾 𝑡2
𝑅∥2𝐹 = 𝑃𝑊 , 𝑡2 = 1, 2, . . . , 𝑇2,

where 𝒲ℛ is the set of all feasible analog combining matrix
and 𝑃𝑊 is the given power for the hybrid combining. Note
that 𝑫(𝑁𝐴,𝐾)𝑫(𝑁𝐴,𝐾)𝐻 = 𝐾𝑰𝑁𝐴

/𝑁2
𝐴. We have

∥𝑫(𝑁𝐴,𝐾)𝐻𝑾𝐻𝑾 − 𝛾𝑁𝑫(𝑁𝐴,𝐾)𝐻∥2𝐹
= ∥𝑫(𝑁𝐴,𝐾)𝐻(𝑾𝐻𝑾 − 𝛾𝑁𝑰𝑁𝐴

)∥2𝐹
= 𝐾Tr

(
(𝑾𝐻𝑾 − 𝛾𝑁𝑰𝑁𝐴

)𝐻(𝑾𝐻𝑾 − 𝛾𝑁𝑰𝑁𝐴
)
)
/𝑁2

𝐴

= 𝐾∥𝑾𝐻𝑾 − 𝛾𝑁𝑰𝑁𝐴
∥2𝐹 /𝑁2

𝐴. (13)

Then (12) can be further rewritten as

min
𝑾

∥𝑾𝐻𝑾 − 𝛾𝑁𝑰𝑁𝐴
∥𝐹 (14)

s.t. 𝑾 𝑡2
𝑅 ∈ 𝒲ℛ, ∥𝑾 𝑡2

𝐵𝑾 𝑡2
𝑅∥2𝐹 = 𝑃𝑊 , 𝑡2 = 1, 2, . . . , 𝑇2.

It is seen that 𝑾 defined in (5) is a flat matrix where
the columns are more than the rows. Therefore, it is infea-
sible that 𝑾𝐻𝑾 equals 𝛾𝑁𝑰𝑁𝐴

. Instead, it is important
to design 𝑾 so that 𝑾𝐻𝑾 /𝛾𝑁 approximates the identity
matrix, a.k.a, identity matrix approximation (IA). To minimize
∥𝑾𝐻𝑾 − 𝛾𝑁𝑰𝑁𝐴

∥𝐹 , 𝑾 can be a submatrix of
√
𝛾𝑁𝑼 by

selecting the first 𝑇3 rows of
√
𝛾𝑁𝑼 , where 𝑼 is any𝑁𝐴×𝑁𝐴

unitary matrix [9]. For example, we obtain 𝑼 by singular value
decomposition (SVD) of a 𝑁𝐴 ×𝑁𝐴 random matrix 𝑨, i.e.,
𝑨 = 𝑼Σ𝑽 𝐻 , where each entry of 𝑨 obeys the uniform
distribution [0,1]. In this way, we obtain 𝑾 . According to (5),

we can obtain 𝑾
𝑡2
, 𝑡2 = 1, 2, . . . , 𝑇2, which is essentially

dividing 𝑾 into 𝑇2 submatrices. Then (14) is converted into
𝑇2 subproblems, where each subproblem can be expressed as

min
𝑾

𝑡2
𝐵 ,𝑾

𝑡2
𝑅

∥𝑾 𝑡2
𝐵𝑾 𝑡2

𝑅 −𝑾
𝑡2∥𝐹 (15)

s.t. 𝑾 𝑡2
𝑅 ∈ 𝒲ℛ, ∥𝑾 𝑡2

𝐵𝑾 𝑡2
𝑅∥2𝐹 = 𝑃𝑊 .

We cannot directly obtain solutions for (15) due to the non-
convexity of the constraints. Note that the second constraint
of (15) can be temporarily neglected during the optimization
of 𝑾 𝑡2

𝐵 and 𝑾 𝑡2
𝑅 . After 𝑾 𝑡2

𝐵 and 𝑾 𝑡2
𝑅 are obtained, we may

set 𝑾 𝑡2
𝐵 as

𝑾 𝑡2
𝐵 ←

√
𝑃𝑊𝑾 𝑡2

𝐵/∥𝑾 𝑡2
𝐵𝑾 𝑡2

𝑅∥𝐹 , 𝑡2 = 1, 2, . . . , 𝑇2 (16)

to satisfy the second constraint of (15).
To mitigate the interference among different data streams,

we impose a common constraint that the columns of the digital
precoding matrix are mutually orthogonal, i.e., 𝑾 𝑡2

𝐵

𝐻
𝑾 𝑡2

𝐵 =
𝛽𝑰𝑁𝑅

, where 𝛽 ≜ 𝑃𝑊 /(𝑁𝐴𝑁𝑅). Define 𝑾 𝑡2
𝐷 ≜ 𝛽−1𝑾 𝑡2

𝐵 .
Then we have

∥𝑾 𝑡2
𝐵𝑾 𝑡2

𝑅 −𝑾
𝑡2∥2𝐹 = 𝛽∥𝑾 𝑡2

𝑅 −𝑾 𝑡2
𝐷

𝐻
𝑾

𝑡2∥2𝐹 . (17)

Therefore (15) can be expressed as

min
𝑾

𝑡2
𝐷 ,𝑾

𝑡2
𝑅

∥𝑾 𝑡2
𝑅 −𝑾 𝑡2

𝐷

𝐻
𝑾

𝑡2∥2𝐹 s.t. 𝑾 𝑡2
𝑅 ∈ 𝒲ℛ. (18)



Algorithm 1 Hybrid Combining Matrix Design for IA-based
Channel Estimation

1: Input: 𝑫(𝑁𝐴,𝐾), 𝒲ℛ, 𝑃𝑊 , 𝛿, 𝑾 .

2: Obtain 𝑾
𝑡2

based on 𝑾 via (5), 𝑡2 = 1, 2, . . . , 𝑇2.
3: for 𝑡2 = 1, 2, . . . , 𝑇2 do
4: Set 𝑖← 0, and obtain 𝑾 𝑡2,𝑖

𝑅 randomly from 𝒲ℛ.
5: repeat
6: 𝑖← 𝑖+ 1.
7: Fix 𝑾 𝑡2,𝑖−1

𝑅 and obtain 𝑾 𝑡2,𝑖
𝐵 via (21).

8: Fix 𝑾 𝑡2,𝑖
𝐵 and obtain 𝑾 𝑡2,𝑖

𝑅 via (19).
9: until 𝜖 < 𝛿

10: Update 𝑾 𝑡2
𝐵 via (16).

11: Obtain 𝑾 𝑡2 via (4).
12: end for
13: Obtain 𝑾 based on 𝑾 𝑡2 , 𝑡2 = 1, 2, . . . , 𝑇2 via (5).
14: Output: 𝑾 .

It shows that 𝑾 𝑡2
𝑅 and 𝑾 𝑡2

𝐷 are decoupled. Given 𝑾 𝑡2
𝐷 , the

solution of 𝑾 𝑡2
𝑅 can be expressed as

𝑾 𝑡2
𝑅 = arg(𝑾 𝑡2

𝐷

𝐻
𝑾

𝑡2
,𝒲ℛ) (19)

where arg(𝑨,ℛ) first normalizes each entry of 𝑨 and then
quantizes the normalized matrix in terms of ℛ. Note that the
quantization is required since the resolution of phase shifters
is limited in practice, e.g., the resolution is 2/64 if the phase
shifter is 6 bits and the range of the angle is [-1,1].

Similarly, given 𝑾 𝑡2
𝑅 , the optimization of 𝑾 𝑡2

𝐷 based on
(18) can be expressed as

min
𝑾

𝑡2
𝐷

∥𝑾 𝑡2
𝑅 −𝑾 𝑡2

𝐷

𝐻
𝑾

𝑡2∥2𝐹

s.t. 𝑾 𝑡2
𝐷

𝐻
𝑾 𝑡2

𝐷 = 𝛽−1𝑰𝑁𝑅
.

(20)

It is seen that (20) is similar to the orthogonal Procrustes
problem [10]. Then the solution to (20) can be obtained as

𝑾 𝑡2
𝐷 = 𝛽−1/2𝑽 𝑼𝐻 , (21)

where 𝑾 𝑡2
𝑅 (𝑾

𝑡2
)𝐻 = 𝑼Σ𝑽 𝐻 represents the SVD of

𝑾 𝑡2
𝑅 (𝑾

𝑡2
)𝐻 . Then we obtain 𝑾 𝑡2

𝐵 = 𝛽𝑾 𝑡2
𝐷 .

As shown in Algorithm 1, we propose an algorithm of
hybrid combining matrix design for IA-based channel estima-
tion. We repeatedly fix 𝑾 𝑡2

𝑅 to obtain 𝑾 𝑡2
𝐵 via (21), and then

fix 𝑾 𝑡2
𝐵 to obtain 𝑾 𝑡2

𝑅 via (19) in turn. Define the normalized
iteration error 𝜖 as

𝜖 ≜ ∥𝑾
𝑡2,𝑖
𝑅 −𝑾 𝑡2,𝑖−1

𝑅 ∥2𝐹 + ∥𝑾 𝑡2,𝑖
𝐵 −𝑾 𝑡2,𝑖−1

𝐵 ∥2𝐹
∥𝑾 𝑡2,𝑖−1

𝑅 ∥2𝐹 + ∥𝑾 𝑡2,𝑖−1
𝐵 ∥2𝐹

, (22)

the stop condition is that the iterative update of both 𝑾 𝑡2
𝑅 and

𝑾 𝑡2
𝐵 is stable, i.e., 𝜖 < 𝛿, where 𝛿 is the threshold.

The optimization problem for hybrid precoding matrix
design is

min
𝑭𝑢

∥𝑭 𝑢𝑭
𝐻
𝑢 𝑫(𝑀𝐴,𝐾)− 𝛾𝑀𝑫(𝑀𝐴,𝐾)∥𝐹 (23)

s.t. 𝑭 𝑡1
𝑅,𝑢 ∈ ℱℛ, ∥𝑭 𝑡1

𝑅,𝑢𝑭
𝑡1
𝐵,𝑢∥2𝐹 = 𝑃𝐹 , 𝑡1 = 1, 2, . . . , 𝑇1,

where ℱℛ is the set of all feasible analog precoding matrix
and 𝑃𝐹 is the given power for the hybrid precoding. Similar
to (14), (23) can be rewritten as

min
𝑭𝑢

∥𝑭 𝑢𝑭
𝐻
𝑢 − 𝛾𝑀𝑰𝑀𝐴

∥𝐹 (24)

s.t. 𝑭 𝑡1
𝑅,𝑢 ∈ ℱℛ, ∥𝑭 𝑡1

𝑅,𝑢𝑭
𝑡1
𝐵,𝑢∥2𝐹 = 𝑃𝐹 , 𝑡1 = 1, 2, . . . , 𝑇1.

We can obtain a solution as 𝑭 𝑢 by selecting the first 𝑇1
columns of

√
𝛾𝑀𝑼 , where 𝑼 is any𝑀𝐴×𝑀𝐴 unitary matrix.

According to (6), we can obtain 𝒇
𝑡1

𝑢 as the 𝑡1-th column
of 𝑭 𝑢, 𝑡1 = 1, 2, . . . , 𝑇1. Define 𝒇 𝑡1𝐵,𝑢 ≜ 𝑭 𝑡1

𝐵,𝑢1𝑀𝑅
, 𝑡1 =

1, 2, . . . , 𝑇1. Then we have 𝒇 𝑡1𝑢 = 𝑭 𝑡1
𝑅,𝑢𝒇

𝑡1
𝐵,𝑢.

Similar to (15), (24) can be converted to 𝑇1 subproblems,
where each subproblem is expressed as

min
𝑭

𝑡1
𝑅,𝑢, 𝒇

𝑡1
𝐵,𝑢

∥𝑭 𝑡1
𝑅,𝑢𝒇

𝑡1
𝐵,𝑢 − 𝒇

𝑡1

𝑢 ∥𝐹 (25)

s.t. 𝑭 𝑡1
𝑅,𝑢 ∈ ℱℛ, ∥𝑭 𝑡1

𝑅,𝑢𝑭
𝑡1
𝐵,𝑢∥2𝐹 = 𝑃𝐹 .

Similar to (15), the second constraint of (25) can also be
temporarily neglected. Therefore, we may replace 𝑾 𝑡2

𝐵 , 𝑾 𝑡2
𝑅 ,

𝑾
𝑡2

, 𝒲ℛ and 𝑃𝑊 in (15) with (𝒇 𝑡1𝐵,𝑢)
𝐻 , (𝑭 𝑡1

𝑅,𝑢)
𝐻 , (𝒇

𝑡1

𝑢 )𝐻 ,
ℱℛ and 𝑃𝐹 , respectively.

In order to run Algorithm 1 to obtain 𝑭 𝑢, we have to
further replace 𝑁𝐴, 𝑇2, 𝑾 and 𝑾 with 𝑀𝐴, 𝑇1, 𝑭 𝑢 and 𝑭 𝑢.
The routine of the algorithm is exactly the same, except that an
additional operation to obtain 𝑭 𝑡1

𝐵,𝑢 as 𝑭 𝑡1
𝐵,𝑢 = 1

𝑀𝑅
𝒇 𝑡1𝐵,𝑢1𝑇𝑀𝑅

is required after finishing step 9; and 𝑾 𝑡2
𝐵 should be replaced

by (𝑭 𝑡1
𝐵,𝑢)

𝐻 at step 10.
In summary, in the first half of the IA-based channel

estimation, we design of hybrid combining matrix and hybrid
precoding matrix; while in the other half to be discussed, we
will search the largest entry of the over-sampled beamspace
channel matrix in an effective way.

C. Search the Largest Entry

It is time-consuming to exhaustively search the largest entry
from 𝑹𝑣

𝑢 defined in (10). In order to improve the efficiency
of the search algorithm, we analyze the structure of 𝑹𝑣

𝑢.
Neglecting the term from the additive noise and assuming there
is single path, we rewrite 𝑹𝑣

𝑢 as

𝑹𝑣
𝑢 = 𝑫(𝑁𝐴,𝐾)𝐻𝑾𝐻𝑾𝑯𝑢𝑭 𝑢𝑭

𝐻
𝑢 𝑫(𝑀𝐴,𝐾)

=
√
𝑁𝐴𝑀𝐴𝑔𝑢,𝑖𝒓𝑁𝒓𝐻𝑀

(26)

where 𝒓𝑁 ≜ 𝑫(𝑁𝐴,𝐾)𝐻𝑾𝐻𝑾𝜶(𝑁𝐴, 𝜃𝑢,1), 𝒓𝐻𝑀 ≜
𝜶𝐻(𝑀𝐴, 𝜑𝑢,1)𝑭 𝑢𝑭

𝐻
𝑢 𝑫(𝑀𝐴,𝐾). Since 𝒓𝑁 is a column vec-

tor and 𝒓𝐻𝑀 is a row vector, the largest entry of 𝑹𝑣
𝑢 essentially

depends on the largest entry of 𝒓𝑁 and 𝒓𝑀 . Therefore we will
analyze the structure of 𝒓𝑁 and 𝒓𝑀 .

In the ideal case, i.e., 𝑭 𝑢𝑭
𝐻
𝑢 𝑫(𝑀𝐴,𝐾) = 𝛾𝑀𝑫(𝑀𝐴,𝐾),

𝒓𝑀 is an over-sampled transmit steering vector of
𝜶(𝑀𝐴, 𝜑𝑢,1) with an interval of 2/𝐾. In order to apply fast
algorithms such as bisection search to find the peak of the
curve, we have to first find the main lobe with the width of
4/𝑀𝐴; otherwise these algorithms may stop the search at the
peak of side lobes.



Algorithm 2 Searching the Largest Entry Corresponding to the
AoA and AoD of LOS Path for IA-based Channel Estimation

1: Input: 𝑹𝑢.
2: (First Stage)
3: Obtain �̄�

𝑣
𝑢 via (27).

4: Obtain 𝑠𝑞 and 𝑠𝑝 via (28) and (29), respectively.
5: Obtain Γ = [Γ1,Γ2] and Υ = [Υ1,Υ2] via (30).
6: (Second Stage)
7: Obtain 𝑹𝑣

𝑢 via (10).
8: while Γ2 − Γ1 > 2/𝐾 or Υ2 −Υ1 > 2/𝐾 do
9: Obtain 𝑄1, 𝑄2, 𝑄3 and 𝑄4 via (31).

10: Obtain 𝑄𝑚𝑎𝑥 via (32).
11: Update Γ and Υ.
12: end while
13: 𝜃𝑢,1 = Γ2, 𝜑𝑢,1 = Υ2

14: Output: 𝜃𝑢,1, 𝜑𝑢,1.

Now we propose Algorithm 2 to fast search the largest
entry of 𝑹𝑣

𝑢, considering the structure of the steering vectors.
Algorithm 2 includes two stages. In the first stage, we find
the main lobe of 𝒓𝑀 and 𝒓𝑁 without oversampling. In the
second stage with oversampling, we apply the bisection search
to find the peak of the main lobe.

In the first stage from step 3 to step 5, we search the
main lobe, which is formed by two adjacent columns and
two adjacent rows of �̄�

𝑣
𝑢 defined in (8) [11]. We obtain the

beamspace receiving matrix �̄�
𝑣
𝑢 ∈ ℂ

𝑁𝐴×𝑀𝐴 at step 3 as

�̄�
𝑣
𝑢 = 𝑫(𝑁𝐴, 𝑁𝐴)

𝐻𝑾𝐻𝑾𝑯𝑢𝑭 𝑢𝑭
𝐻
𝑢 𝑫(𝑀𝐴,𝑀𝐴) + �̄�𝑣

(27)
where �̄�𝑣 ≜ 𝑫(𝑁𝐴, 𝑁𝐴)

𝐻𝑾𝐻�̃�𝑭𝐻
𝑢 𝑫(𝑀𝐴,𝑀𝐴) is a noise

term. We first find two adjacent columns indexed by {𝑠𝑞 , 𝑠𝑞+
1} with the largest channel power from �̄�

𝑣
𝑢 at step 4 via

𝑠𝑞 = arg max
𝑞=1,2,...,𝑀𝐴−1

∥�̄�𝑣
𝑢,𝑞∥𝐹 (28)

where �̄�
𝑣
𝑢,𝑞 represents a submatrix consisted of two con-

secutive columns of �̄�
𝑣
𝑢, with column indices denoted as 𝑞

and 𝑞 + 1. Similarly, we find two adjacent rows indexed by
{𝑠𝑝,𝑠𝑝+1} with the largest channel power from �̄�

𝑣
𝑢 at step 4

via
𝑠𝑝 = arg max

𝑝=1,2,...,𝑁𝐴−1
∥�̄�𝑣

𝑢,𝑝∥𝐹 (29)

where �̄�
𝑣
𝑢,𝑝 represents a submatrix consisted of two consec-

utive rows of �̄�
𝑣
𝑢, with row indices denoted as 𝑝 and 𝑝 + 1.

By finding out the largest two adjacent columns {𝑠𝑞 , 𝑠𝑞 + 1}
and rows {𝑠𝑝, 𝑠𝑝 + 1} of beamspace channel matrix �̄�

𝑣
𝑢, the

search of AoA and AoD can be limited to the range of

Γ = [Γ1,Γ2], Υ = [Υ1,Υ2], (30)

respectively, where Γ1 ≜ −1 + 2(𝑠𝑝 − 3/2)/𝑁𝐴, Γ2 ≜ −1 +
2(𝑠𝑝 + 1/2)/𝑁𝐴, Υ1 ≜ −1 + 2(𝑠𝑞 − 3/2)/𝑀𝐴, Υ2 ≜ −1 +
2(𝑠𝑞+1/2)/𝑀𝐴. In this way, we narrow down the search space
of the AoA and AoD from [−1, 1] to Γ and Υ, respectively.

In the second stage from step 7 to step 13, we find the
coordinates of the largest entry of 𝑹𝑣

𝑢 corresponding to the

AoA in Γ and AoD in Υ. Note that the quantization error
of the AoD and AoA is reduced from 2/𝑀𝐴 and 2/𝑁𝐴 to
both 2/𝐾 by oversampling. We apply the bisection search.
Define quan() as the quantization function to quantize the
consecutive 𝜃 into 𝐾 discrete points, which is denoted as
quan(𝜃) ≜

〈
𝐾(𝜃+1)

2

〉
. The two points that divide Γ into two

equal parts are quan(Γ1/2+Γ2/2) and quan(Γ1/2+Γ2/2)+1.
Similarly, the two points that divide Υ into two equal parts
are quan(Υ1/2 + Υ2/2) and quan(Υ1/2 + Υ2/2) + 1. The
entries corresponding to these four points are

𝑄1 = 𝑹𝑣
𝑢[quan(Γ1/2 + Γ2/2), quan(Υ1/2 + Υ2/2)], (31)

𝑄2 = 𝑹𝑣
𝑢[quan(Γ1/2 + Γ2/2), quan(Υ1/2 + Υ2/2) + 1],

𝑄3 = 𝑹𝑣
𝑢[quan(Γ1/2 + Γ2/2) + 1, quan(Υ1/2 + Υ2/2)],

𝑄4 = 𝑹𝑣
𝑢[quan(Γ1/2 + Γ2/2) + 1, quan(Υ1/2 + Υ2/2) + 1].

Then we compare the amplitude of 𝑄1, 𝑄2, 𝑄3 and 𝑄4 to
find the largest one, which is expressed as

𝑄𝑚𝑎𝑥 = max
{∣𝑄1∣, ∣𝑄2∣, ∣𝑄3∣, ∣𝑄4∣

}
. (32)

We delete the parts that do not include 𝑄𝑚𝑎𝑥 and update Γ
and Υ. For example, if 𝑄𝑚𝑎𝑥 = 𝑄1, the updated Γ1, Γ2, Υ1

and Υ2, denoted as Γ̄1, Γ̄2, Ῡ1 and Ῡ2, respectively, can be
represented as Γ̄1 = Γ1, Γ̄2 = Γ1/2 + Γ2/2, Ῡ1 = Υ1, Ῡ2 =
Υ1/2+Υ2/2. We repeat the procedures until Γ2−Γ1 ≤ 2/𝐾
and Υ2 − Υ1 ≤ 2/𝐾, which means the resolution 2/𝐾 of
over-sampled search is reached for both the AoA and AoD.
Finally we output the estimated AoA and AoD of LOS path
at step 14.

D. Computational Complexity

Now we compare the computational complexity for the IA-
based, DCS-based and OCS-based schemes.

Since the hybrid precoding matrix and hybrid combining
matrix can be designed off-line before the channel train-
ing, the computational complexity mainly comes from the
search of the largest entry in Algorithm 2. For IA-based
scheme, in the first stage, we need to compute Frobenius
norm in (28) and (29), resulting in the complexity to be
𝒪(4𝑁𝐴(𝑀𝐴 − 1) + 4𝑀𝐴(𝑁𝐴 − 1)). In the second stage,
we use the bisection search to find the largest entry among
2𝐾/𝑁𝐴×2𝐾/𝑀𝐴 entries. In the first log2(2𝐾/𝑁𝐴) iterations,
we compute four bisection points in each iteration. In the
following log2(2𝐾/𝑀𝐴)− log2(2𝐾/𝑁𝐴) iterations, since the
AoA has been estimated, we only need to compute two bisec-
tion points in each iteration. Therefore the total computational
complexity for the IA-based scheme is

𝒪(4𝑁𝐴(𝑀𝐴 − 1) + 4𝑀𝐴(𝑁𝐴 − 1) + 8 log2(2𝐾/𝑁𝐴) (33)

(𝑁𝐴 + 1)𝑀𝐴 + 4(log2(2𝐾/𝑀𝐴)− log2(2𝐾/𝑁𝐴))𝑀𝐴).

For the DCS-based scheme [4], where the main lobe is
first searched and then the largest entry within the main lobe
is further searched by exhaustive search, the computational
complexity is 𝒪(2𝑁𝐴(𝑀𝐴−1)+2𝑀𝐴(𝑁𝐴−1)+2𝐾2(𝑁𝐴+
1)/𝑁𝐴). For the OCS-based scheme [5], the largest entry
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Fig. 2. Convergence of Algorithm 1.

is directly searched by exhaustive search, the computational
complexity is 𝒪(2𝑀𝐴(𝑁𝐴 + 1)𝐾2). Since 𝐾 > 𝑁𝐴 and
𝐾 > 𝑀𝐴, the computational complexity of the IA-based
scheme is much lower than that of DCS-based and OCS-based
schemes.

IV. SIMULATION RESULTS

We consider the uplink multiuser mmWave massive MIMO
system, which includes a BS and 𝑈 = 4 users. The BS
is equipped with 𝑁𝐴 = 64 antennas and 𝑁𝑅 = 4 RF
chains, while each user is equipped with 𝑀𝐴 = 16 antennas
and 𝑀𝑅 = 1 RF chain. The number of resolvable paths in
mmWave channel is set to be 𝐿𝑢 = 3, while 𝑔𝑢,1 ∼ 𝒞𝒩 (0, 1)
and 𝑔𝑢,𝑖 ∼ 𝒞𝒩 (0, 0.01) for 𝑖 = 2, 3. We use 𝐾 = 1024
over-sampled steering vectors.

As shown in Fig. 1, we compare the channel estimation
performance in terms of normalized mean square error (N-
MSE) for the proposed IA-based scheme, the DCS-based
scheme [4] and the OCS-based scheme [5]. We set 𝑇1 = 4
and 𝑇2 = 4. Then 𝑇3 = 𝑇2𝑁𝑅 = 16. In order to make
fair comparisons, we set the total time slots of the DCS-
based scheme and the OCS-based scheme the same as the
IA-based scheme. The number of total time slots for pilot
training is fairly set to be 𝑈𝑇1𝑇2 = 64. Suppose we use
6 bit and 4 bit digital phase shifters at the BS and users,
respectively. It is observed from Fig. 1 that IA-based scheme
outperforms the DCS-based and OCS-based schemes. At SNR

of 15dB, IA-based scheme has 89.1% and 49.7% performance
improvement compared with the DCS-based and OCS-based
schemes, respectively. The reason is that both DCS-based and
OCS-based schemes employ random precoding and random
combining matrix, which are not optimal.

As shown in Fig. 2, we verify the convergence of
Algorithm 1. Suppose we use 5, 6 and 7 bit digital phase
shifters at the BS, respectively. It is seen that 𝜖 in (22)
decreases rapidly as the number of iterations grows, and 𝜖
decreases faster with higher resolution of digital phase shifters.
Using 6 bit digital phase shifters at the BS, 𝜖 is smaller than
10−3 when the number of iterations is larger than 25, which
means 25 iterations is enough for 𝛿 = 10−3.

V. CONCLUSIONS

In this paper, we have proposed an IA-based channel estima-
tion scheme, which includes the design of the hybrid precoding
and combining matrix as well as searching the largest entry of
over-sampled beamspace receiving matrix. Future work will
focus on the interference mitigation for multiuser mmWave
MIMO transmission.
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