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Abstract—The selection of nonzero taps for sparse linear
equalizer under the criterion of minimum mean square error
(MMSE) is investigated. In some applications such as underwater
acoustic communications, the computational resource in terms
of the number of nonzero channel taps is given in existing
channel equalizers. In this context, the joint determination of
positions and weights of nonzero taps of sparse equalizer is
considered and then formulated as a subset selection problem.
A fast algorithm that uses two levels of loops is proposed to
iteratively update each entry of the subset. The computational
complexity of the proposed algorithm is analyzed. To make
the work comprehensive, the sparse equalizer design where
the number of nonzero taps is not given is also investigated.
Simulation results show that around 60% equalizer taps can be
saved with no more than 1dB of performance loss. Moreover,
compared to the OMP algorithm, the proposed algorithm can
save 33% equalizer taps achieving the same bit error rate (BER)
of 1073,

Index Terms—Compressed sensing (CS), channel equalizer,
finite impulse response (FIR), sparse equalizer

1. INTRODUCTION

The multipath propagation in wireless environment causes
the inter-symbol interference (ISI), which usually needs the
channel equalization at the receiver. For wireless channels
with large delay spread, the number of equalizer taps may
grow up to several hundreds, which increase the hardware
complexity and energy consumption. The complexity of linear
channel equalizers is proportional to the square of the number
of nonzero taps in the equalizers. To reduce the complexity,
one potential candidate is the use of sparse equalizer that has
fewer nonzero taps than conventional channel equalizers.

Several methods for sparse equalizer design have already
been presented. In [1], the determination of taps positions for
sparse equalizer is considered. After the positions of nonzero
taps are obtained, the weights of these nonzero taps are then
figured out. In [2], a new framework for the design of sparse
multi-input multi-output (MIMO) equalizer is proposed, where
the orthogonal matching pursuit (OMP) algorithm is employed
to determine the positions and weights of the nonzero taps.
In [3], a method for designing sparse filters in the minimax
sense using a mixture of reweighted ¢;-norm minimization and
greedy iterations has been presented. In [4], [5], the sparse
equalizer design under a quadratic constraint is developed and
a branch-and-bound algorithm that uses backward selection

is described with emphasis on its efficient implementation.
Examples in wireless channel equalization and minimum-
variance distortionless-response beamforming show that the
backward selection algorithm in [4], [5] yields optimally
sparse designs in many instances while also highlighting the
benefits of sparse design. In [6], a low-complexity sparse
frequency-domain equalizer exploits the sparsity observed in
the graded index multimode fiber MIMO channel. In [7],
a fractional-norm constrained blind adaptive algorithm is p-
resented for sparse channel equalization, which essentially
improves on the minimization of the constant modulus criteria
by adding a sparsity-inducing £,-norm penalty.

In this paper, we study the selection of nonzero taps for
sparse linear equalizer under the criterion of minimum mean
square error (MMSE). Consider that in some applications,
i.e., underwater acoustic communications, the computational
resource in terms of the number of complex-valued multipli-
ers for channel equalization is given. Instead of completely
replacing the existing channel equalizers with new ones, a
compromised choice is to improve the performance of the
existing architecture by optimizing the tap positions and tap
weights, where the optimization procedures are provided by
additional block that can be connected to the existing equalizer.
In this context where the number of nonzero taps is known, we
formulate the joint determination of positions and weights of
nonzero taps of sparse equalizer as a subset selection problem.
We propose a fast algorithm that uses two levels of loops to
iteratively update each entry of the subset. The computational
complexity of the proposed algorithm is analyzed. Then we
also investigate the sparse equalizer design where the number
of nonzero taps is not given. In our simulations, we compare
the performance of our proposed algorithm with the OMP
algorithm used in [2].

The remainder of this paper is organized as follows. Sec-
tion II formulates sparse equalizer design as a joint determina-
tion of positions and weights problem. Section III investigates
the sparse equalizer design under two settings, one assuming
the number of nonzero taps is known and the other assuming
it is unknown. Simulation results are provided in Section IV.
Finally, conclusions are provided in Section V.

The notations used in this paper are defined as follows.
Symbols for matrices (upper case) and vectors (lower case)
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Fig. 1. The transmission structure considered in this paper.

are in boldface. ()7, (¥, diag{-}, I, |lall,, CN and 0, denote
the matrix transpose, conjugate transpose (Hermitian), the
diagonal matrix, the identity matrix of size L, {;-norm of a
vector a, the complex Gaussian distribution and the empty set,
respectively. O(-) denotes the order of complexity.

II. PROBLEM FORMULATION

We consider the wireless transmission in units of frames. As
shown in Fig. 1, each frame with the length of N consists of
N; training symbols and Ny data symbols, where Ny = N;+N,.
Suppose the channel is block fading, which means that the
channel coherence time is larger than the length of each frame.
We model the wireless multipath channel as a finite-impulse
response (FIR) filter with the channel impulse response (CIR)
to be h = [h(0), h(1),...,h(L)]", which is static within each
frame. At the receiver, we adopt frame-by-frame processing
for channel equalization. Once receiving the training symbols,
the channel equalizer adjusts the tap weights to combat the
ISI caused by the multipath propagation.

At time t of each frame, we input N, (N, < N,) received
training symbols, denoted as y, = [y(#),y(t - 1),...,y(t = N, +
1)]”, to the channel equalizer, where y(i) denotes the received
symbols including training symbols and data symbols at time
instant i. We have

y,=Hx,+n, (1)

where x; = [x(¢), x(t=1), . .., x(t—=N,—L+1)]7 is the transmitted
symbols, 5, = [n(t),n(t = 1),...,n(t — N, + D]"~CN(0, o-%INz)
is the additive white Gaussian noise (AWGN) with zero mean
and variance being o7, and

h0) h(1) ML) - -+ 0
0 h0) h(l) L) -~ 0

H= . . . . .. . . (2)
0 - 0 O () (L)

is a Toeplitz channel matrix with N, rows and N, + L columns.
Then the output correlation matrix is denoted as

Ry, £ Elyy/']. 3)

R,, will be full rank if we make expectation using a large
enough window.

In a linear FIR equalizer, the error between the transmitted
training symbol and the received training symbol at time ¢ can
be denoted as

e(t) = x(t) —w'y, )

where w is a column vector of length N, and represents the
complex-valued weight of the channel equalizer. According to

the criterion of MMSE, the cost function is

E2Ellen)] =02+ wHRyyw —wir, —rflw 5)
where
2 a H
oy = E[x()x"(1)] ©)
and
r, = E[yx"@). (7
The objective of this MMSE problem is
miné. ()
w

We set the derivative of & over w to be zero and obtain the
optimal equalizer weights, denoted as

Wopt = Ry )

We substitute (9) in (5), obtaining the minimized cost function
as
2 Hp-1
Emin = Oy — R Ta. (10)
Since R,, is a Hermitian matrix, we denote the Cholesky
factorization as R,, = LL", where L is a lower-triangular
matrix. We rewrite (5) as

E=a? +wlLLAw —wHLL 'y, - P (LY LW  (11)
and then we have
_ _ _ 2
E=on—rl WYL+ LW - L7, (12)
e e

Emin

éfexcess

It’s observed that &y, is a constant independent of w and wp,
will lead &cxcess to be zero. Any choice of w different from
Wopt Will increase Eexcess. We define the signal to noise ratio
(SNR) as

o? o

R S S— 13
4 é: gmin + fexcess ( )

With wp, the SNR is maximized to be
2
xS y.

é:min -

Then the performance loss in units of dB can be defined as

Yopt = (14)

@ = 1010g,o Yop — 1010g,0 ¥ = 1010g, (1 + 5;—°) (15)

min
III. SpARSE EQUALIZER DESIGN

In this section, we consider the sparse equalizer design in
terms of w. In particular, w is sparse, where only S(S < N,)
taps of w are nonzero. Therefore, woy corresponding to yop
may not be achieved by sparse equalizer. In order to improve
v, the design of w including the selection of S nonzero
tap positions and the determination of the corresponding S
weights, is investigated under two following different settings,
one assuming S is known and the other assuming S is
unknown.



A. The number of nonzero taps is given

In some applications, i.e., underwater acoustic communi-
cations [8]-[10], the architecture of channel equalizer, e.g.,
the number of complex-valued multipliers, is given. In other
words, the number of nonzero taps of the equalizer, denoted
as S, is known. Instead of completely replacing the equalizers
with new ones, a compromised choice considering the cost of
equalizer upgrade is to improve the performance of the existing
architecture by optimizing the tap positions and weights of w,
where the optimization procedures are provided by additional
block that can be connected to the existing equalizer. In this
case, the design of sparse equalizer is to maximize y given S,
which is essentially to minimize &gcess and can be formulated
as

min |[Lfw - L7'r.|, st Iwlo=$ (16)
w

where ||w|lp denotes the number of nonzero entries of w.
Note that although the cost function of (16) is quadratic, the
constraint of (16) is non-convex. Hence (16) can not be solved
by the existing optimization tools. Suppose p is a set of §
ascending positive integers and denotes the indices of the
S nonzero entries of w corresponding to the S nonzero tap
positions of the sparse equalizer. Then (16) is equivalent to

min |[LEw, — L™'r, |, A7)
Wp

where w, and L, denote the S nonzero entries of w and
the corresponding S rows of L, respectively. For this uncon-
strained {>-norm minimization problem, the optimal weights
can be derived by the least squares (LS) method as

Wy = (LyL)) ' L,L™'r,. (18)
In fact, LI,Lg can be fast computed based on R,, by selecting
a submatrix of R,, with both of rows and columns indexed by
p . Since LL' =1 N.» LI,L_1 is a submatrix of Iy, with rows
indexed by p, where Iy, is the identity matrix of dimension

N,. We denote the achieved minimum of (17) by w, as
& = ||L1FJIWP_L_1"A”2' (19)

The objective of (16) is to find a best subset p from Q so that

l;lclgfp (20)
where
Q={qlg cAldqllo=S5} 2D

contains all possibilities of p and A = {1,2,...,N,} is a
positive integer set. If N, and S are not small enough, Q
will be a huge set. For example, if N, = 100 and S = 10,
1Qllo = (l%)) =1.7x 108, It’s impossible for the receiver to
store Q) mto the memory and exhaustively check each entry
of Q until the best p c Q is found.

Although we may use orthogonal matching pursuit (OMP)
to sequentially obtain each entry of p, where the number of
iterations of OMP is set to be S, OMP may fast converge to
a local optimum due to the greedy essence of OMP. Since the
number of nonzero entries is explicitly known, it is better to

take advantage of this knowledge at the start of the algorithm,
i.e., starting with a random feasible subset and iteratively
refining the subset until an optimal or near-optimal subset is
achieved.

Now we propose a fast algorithm to design p for (20), as
shown in Algorithm 1. At first, we input the parameters N,
S, Ty and T,, where T and T, represent the number of outer-
loop iterations and inner-loop iterations, respectively. Each
outer-loop iteration starting from step 3 to step 15 includes
T, inner-loop iterations that start from step 5 to step 13.
Then at step 2, a zero matrix D is initialized to store the
optimized subsets after running inner-loop iterations. Each row
of D stores an optimized subset p, with the corresponding &,
stored in r that is initialized to be a zero vector. At each
outer-loop iteration, we start by randomly generating a subset
p C Q. By introducing the randomness to the algorithm so
that it starts from different initial subset, we can avoid that
the algorithm falls into local optimums. As 7 increases to
infinity, the algorithm will converge to the global optimum.

We use each inner-loop iteration to obtain an optimized
subset. An auxiliary vector p* is used to record the subset
obtained from the previous inner-loop iteration. If p is exactly
the same as p* as shown in step 6, which implies we did
not get a new subset, it is meaningless to continue the inner-
loop iterations because the results thereafter will be exactly the
same. Then we break from the inner-loop iterations, indicated
by step 7. Specially, we have to reset p* by p* < 05 before
starting each inner-loop iteration. In this way, we can save the
CPU running time and therefore improve the efficiency of the
algorithm by skipping the same routine.

Algorithm 1 - Design of Sparse Linear Equalizer Given the
Number of Nonzero Taps

1: Input: N,, S, Ty, T».

2: Initializations: D < 0", r < 0"

3: for 1=1,2,...,T,

4 randomly generate p C Q. p* < 05,
5: for n=1,2,..., 7,
6

7

8

if p=p*
break.
end if
9: P < p.
10: for k=1,2,...,S
11: Obtain p,, according to (23). p < py ;.
12: end for(k)

13: end for(n)

14: D() < p. r(l) = &,.

15: end for(/)

16: t= arg mil’l,‘:]’g """ T r(i).

17: Output p, = D(t) as the designed nonzero tap positions.
18: Substitute p, into (18) to design the weights of taps.

The sequential update of each entry of p is indicated from
step 10 to step 12. For k = 1,2,...,S, given the latest p from
the last inner-loop iteration, we update the kth entry of p with



the best one selected from

D=0\ {pii=1,2,....5,i+k}, (22)

where p(i) denotes the ith entry of p. Mathematically, the
resultant subset p,, with the update of the kth entry is given
by

min

&p (23)

ﬁp,k = arg P
Pi)=p(i), i=12,...8,i#k
pli)ed
After we obtain p,, for given p and k, we update p by p <
i)p’k. Once we finish all of outer-loop iterations, we select the
minimum from r and output the corresponding row of D as the
optimized subset p, corresponding to the designed nonzero tap
positions, indicated by step 16 and step 17. We then substitute
p, into (18) to design the weights of nonzero taps.
The computational complexity to obtain &, given a subset
p in (19) is O(S?). Therefore, the computational complexity
for Algorithm 1 is

O(T T>S*(N, - S + 1)) (24)

suppose that 7, is small enough. If 75 is large, the inner-loop
iterations will terminate itself by procedures from step 6 to
step 8, leading to even lower complexity than (24).

B. The number of nonzero taps is not given

In most applications, the number of nonzero taps is not
given, which means that we have to find an appropriate S
as well as to select S nonzero tap positions and determine
the corresponding S weights of w. Given the tolerance of
performance loss @, we can obtain the upper bound for &cxcess
as

€2 (1010 — 1)épin (25)

according to (15). In this case, the objective of sparse equalizer
design is to minimize the number of nonzero taps within the
tolerance of performance loss. It can be formulated as

min|wlly st ||L¥w—L7'r,, <€ (26)
w
which can be convex relaxed [11] as
min|w||; s.t. ”LHw - L‘er”2 <e€. 27
w

(27) has already been extensively studied by compressed
sensing (CS) literatures and can be relaxed as a convex
optimization problem where existing optimization solver can
be applied. Specially, L” is a square matrix with the same
number of rows and columns; while in CS, the rows of
measurement matrix is much fewer than the columns.

IV. SIMULATION RESULTS

We consider each frame consisting of N; = 500 training
symbols and N,; = 2000 data symbols with quadrature phase-
shift keying (QPSK) modulation. The CIR length of the
channel is set to be 31, where L = 30. A channel equalizer
with the length of N, = 100 is used to combat the channel
distortion. To perform Algorithm 1, we set the number of
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—14H —6&— SP
—v— OMP
-16 : : : :
0 20 40 60 80 100

S

Fig. 2. Comparisons of performance loss for Algorithm 1, SP and OMP
with different number of nonzero taps of sparse equalizer.
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Fig. 3. Comparisons of BER for Algorithm 1, SP and OMP with different
number of nonzero taps of sparse equalizer.

outer-loop iterations 7, = 5 and the number of inner-loop
iterations 7, = 8.

As shown in Fig. 2, sparse equalizer can approach the
performance of non-sparse equalizer with much fewer taps.
The performance loss using Algorithm 1 is less than 1dB at
S = 40, while totally 60 equalizer taps with a percentage of
60% can be saved. Moreover, compared to the OMP algorithm
used in [2] and subspace pursuit (SP) [12], Algorithm 1 can
further reduce the performance loss. At § = 20, around 2dB
performance improvement can be achieved by Algorithm 1
over OMP.

As shown in Fig. 3, we also compare the bit error rate (BER)
performance for Algorithm 1, SP and OMP. SP performs better



than OMP, while Algorithm 1 performs best among the three.
At BER of 1073, around 20 equalizer taps with a percentage
of 33% can be saved using Algorithm 1 instead of OMP.

V. CONCLUSIONS

We have studied the selection of nonzero taps for sparse
linear equalizer under the criterion of MMSE. In this context
where the number of nonzero taps of sparse equalizer is
known, we have formulated the joint determination of posi-
tions and weights of nonzero taps of sparse equalizer as a
subset selection problem. We have proposed a fast algorithm
that uses two levels of loops to iteratively update each entry
of the subset. We have analyzed the computational complexity
of the proposed algorithm. We have also investigated the
sparse equalizer design where the number of nonzero taps is
not given. Simulation results have shown that around 60%
equalizer taps can be saved, while the performance loss is no
more than 1dB. Moreover, compared to the OMP algorithm,
the proposed algorithm can save 33% equalizer taps achieving
the same BER of 1073.
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