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Abstract— Channel estimation for 3-D lens millimeter wave
massive MIMO system is investigated. First, the structure of
beamspace channel is analyzed to show that the dominant entries
of beamspace channel matrix form a dual crossing (DC) shape.
Then, a DC-based channel estimation algorithm is proposed
to iteratively refine the selection of dominant entries until
the stop condition is met. Simulation results show that the
DC-based algorithm outperforms the existing algorithms, includ-
ing orthogonal matching pursuit and adaptive support detec-
tion (ASD). At signal-to-noise ratio of 15 dB, the DC-based
algorithm has 57.7% improvement in terms of normalized mean
squared error compared with ASD while the computational
complexity is only half of ASD due to fast computation of least
squares estimation.

Index Terms— Millimeter wave communications, channel esti-
mation, massive MIMO, lens antenna array.

I. INTRODUCTION

M ILLIMETER wave (mmWave) communications, which
range from 30GHz to 300GHz in frequency, have

recently attracted significant attention due to large available
bandwidth and high spectrum efficiency [1]. To compensate
the path loss, mmWave system is usually equipped with
massive MIMO antenna arrays to form analog beamforming
for directional transmission. Recently, lens-based mmWave
massive MIMO which can simplify the design of analog
beamforming has been proposed [2]. Lens can work as discrete
fourier transform (DFT) matrix and transform the spatial chan-
nel into beamspace channel [3]. Since the number of effective
channel paths is limited in mmWave system, a beam selector is
employed to select dominant beams from beamspace channel.

Channel estimation for 2D lens mmWave massive MIMO
system is studied in [4] by detecting the dominant entries of
beamspace channel matrix, which is essentially the 2D power
leakage problem of DFT [5], [6]. In [7], an adaptive support
detection (ASD) algorithm for beamspace channel estimation
is proposed for 3D lens mmWave massive MIMO System,
where the width and the length of a rectangle shaped by
the channel dominant entries is adaptively modified. To our
best knowledge, [7] is the only literature to address the
3D beamspace channel estimation.

In this letter, we consider the beamspace channel estimation
for 3D lens mmWave massive MIMO system. First, we analyze
the structure of beamspace channel and show that the dominant
entries of channel matrix form a dual crossing (DC) shape.
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Then we propose a DC-based channel estimation algorithm
which can iteratively refine the selection of dominant entries
until the stop condition is met.

The notations are defined as follows. Symbols for matri-
ces (upper case) and vectors (lower case) are in boldface.
(·)T , (·)H , (·)−1, I L , CM×N , ⊗, vec(·), E{·}, 0M , ‖ ·‖0, ‖ ·‖2,
A[p, q] and CN , denote the transpose, conjugate transpose
(Hermitian), inversion, identity matrix of size L, set of M×N
complex-valued matrices, kronecker product, vectorization,
expectation, zero vector of size M , l0-norm, l2-norm, entry
of A at the pth row and qth column and complex Gaussian
distribution, respectively.

II. SYSTEM MODEL

We consider a downlink multi-user mmWave massive
MIMO system comprising a BS and U single-antenna users.
The BS is equipped with an uniform planar array (UPA) which
has Mv antennas in vertical and Mh antennas in horizontal.
The total number of antennas at BS is M � Mv Mh . We adopt
the widely used 3D Saleh-Valenzuela channel model [1],
where the channel vector hu ∈ CM between the BS and the
u(u = 1, 2, . . . , U)th user can be expressed as

hu=
√

M

Lu

Lu∑
i=1

hu,i=
√

M

Lu

Lu∑
i=1

gu,iα(Mh , θu,i )⊗α(Mv , ϕu,i )

(1)

where Lu , hu,i and gu,i denote the total number of resolv-
able paths, channel vector and channel fading coefficient of
the i th path, respectively. The steering vector α(M, θ)

is defined as α(M, θ) = 1
M

[
1, e− j2πθ , ..., e− j2πθ(M−1)

]T
.

Define physical azimuth and physical elevation of the i th path
of the uth user as �u,i and �u,i , respectively. Further define
θu,i = dh

λ sin �u,i and ϕu,i = dv
λ sin �u,i , where dh and dv

denote the antenna interval in horizontal and in vertical,
respectively. We usually set dv = dh = λ/2, where λ is
the wavelength of mmWave signal. Both θu,i and ϕu,i obey
uniform distribution [−0.5, 0.5].

We place 3D lens behind the UPA to concentrate sig-
nal power on specified antennas. The 3D lens G ∈
CM×M can be mathematically represented as the kronecker
product of two DFT matrix G = D(Mh ) ⊗ D(Mv ),
where the DFT matrix of size M can be defined as
D(M) = [α(M, 0),α(M, 1/M), ...,α(M, (M − 1)/M)]H .
The received signal of all U users, denoted as y ∈ CU can be
expressed as

y = Hb B Fs + n, (2)

where F ∈ CU×U is a digital beamforming matrix, s ∈ CU

is a signal vector satisfying E{ssH } = IU , and n ∈ C
U is
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an additive white Gaussian noise (AWGN) vector satisfying
n ∼ CN (0, σ 2 IU ). We define

Hb � H G (3)

as a beamspace channel matrix where H � [h1, ..., hU ]T ∈
CU×M is the mmWave massive MIMO channel matrix
between the BS and all users. Due to the limited scattering of
mmWave channel, only dominant beams need to be selected
and used for signal transmission. We denote the beam selector
as B ∈ CM×U .

Note that the design of B and F relies on Hb. To acquire an
estimate of Hb, uplink channel estimation is usually employed
so that an estimate of downlink channel can be obtained based
on channel reciprocity. Suppose each user repeatedly sends an
orthogonal pilot sequence with length of U for K times and
the channel keeps constant during V � K U time slots. The U
orthogonal pilot sequences sent from U users make up a pilot
matrix P ∈ CU×U . For the k(k = 1, 2, . . . , K )th sending,
the downlink beam selector works as an uplink combiner CT

k ∈
CU×M , so the pilot sequences received by BS are denoted as

Y k = CT
k (Hb)T P + CT

k Nk (4)

where Nk is an AWGN matrix. Each entry of Nk inde-
pendently obeys complex Gaussian distribution with zero
mean and variance of σ 2. Due to the orthogonality of P ,
i.e., P P H = IU , we can multiply Y k with P H as

Rk = Y k P H = CT
k (Hb)T + Ñk (5)

where Ñk � CT
k Nk P H . After all users repeatedly send pilot

sequences for K times, we can stack Rk, k = 1, 2, . . . , K into
a matrix R as

R = [RT
1 , . . . , RT

K ]T = CT (Hb)T + Ñ (6)

where C � [C1, . . . , C K ]T and Ñ � [ÑT
1 , . . . , ÑT

K ]T . The
u(u = 1, 2, . . . , U)th column of R, denoted as ru , can be
represented as

ru = CT hb
u + ñu (7)

where hb
u is the uth column of (Hb)T and ñu is the uth column

of Ñ . In fact, hb
u = GT hu is the beamspace channel vector

from the uth user to the BS. Due to the sparse property
of hb

u , (7) is essentially a sparse recovery problem. However,
considering the limited beamspace resolution of G, the sparsity
of hb

u may be impaired by power leakage [3], indicating that
hb

u is not ideally sparse and there are many small nonzero
entries of hb

u . Therefore, it brings challenge for the sparse
recovery.

III. ANALYSIS OF BEAMSPACE CHANNEL

We first analyze the structure of beamspace channel. Based
on our analysis, we will then propose a DC-based beamspace
channel estimation algorithm for 3D lens mmWave massive
MIMO system.

Define the beamspace channel vector of the i(i =
1, 2, . . . , Lu)th path from the uth user to the BS as hb

u,i .

Fig. 1. Envelop of αb(Mh , θu,i ).

According to (1), hb
u,i can be represented as

hb
u,i = GT hu,i

= D(Mh )T ⊗ D(Mv )
T gu,iα(Mh , θu,i )⊗ α(Mv , ϕu,i )

= gu,i

(
D(Mh)T α(Mh , θu,i )

)
⊗

(
D(Mv )

T α(Mv , ϕu,i )
)

= gu,iα
b(Mh , θu,i )⊗ αb(Mv , ϕu,i )

= gu,ivec

(
αb(Mv , ϕu,i )

(
αb(Mh , θu,i )

)T
)

(8)

where

αb(Mh , θu,i ) � D(Mh)T α(Mh , θu,i ), (9)

αb(Mv , ϕu,i ) � D(Mv )
T α(Mv , ϕu,i ), (10)

is the DFT of channel steering vector. Since θu,i and ϕu,i can
be any value from −1/2 to 1/2 while the DFT resolution is
fixed to be 1/Mh and 1/Mv , the envelop of αb(Mh , θu,i ) will
appear as single peak only if θu,i ∈ � � { j/Mh − 1/2, j =
0, 1, ..., Mh−1}, which is the best case without power leakage.
But in most cases θu,i /∈ �, the envelop of αb(Mh , θu,i ) will
appear as two high peaks in main lobe and many low peaks
in side lobes, which is caused by the power leakage. In the
worst case as shown in Fig. 1, the envelop of αb(Mh , θu,i ) will
appear as two equally high peaks in main lobe and the highest
peak in each side lobe, where the power leakage is the largest.
The envelop of αb(Mv , ϕu,i ) is similar as αb(Mh , θu,i ).

To effectively detect the dominant entries of hb
u,i ,

we reshape hb
u,i into a two-dimensional channel matrix Hb

u,i
with Mv rows and Mh columns as

Hb
u,i � gu,iα

b(Mv , ϕu,i )
(
αb(Mh , θu,i )

)T
. (11)

In fact, the entry at the p(p = 1, 2, . . . , Mv )th row and the
q(q = 1, 2, . . . , Mh )th column of Hb

u,i , denoted as Hb
u,i [p, q]

can be written as

Hb
u,i [p, q] = hb

u,i [(q − 1)Mv + p] . (12)

It is rare event that Hb
u,i is ideally sparse only when both

αb(Mv , ϕu,i ) and αb(Mh , θu,i ) are the best cases. In most
cases, Hb

u,i is not sparse since there are many nonzero entries
due to the power leakage. The four peaks in main lobe are
significantly higher than the other peaks in side lobes, meaning
that the two rows and two columns of Hb

u,i including the four
peaks in main lobe occupy a large portion of channel power.
For example, if Mv = Mh = 32 and θu,i = ϕu,i = 1/64,
in the worst case, the largest 35 entries of Hb

u,i occupying
90% power of Hb

u,i are all in the {Mv/2, Mv /2 + 1}th rows
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Fig. 2. Adjustment of dominant entries while keeping the DC shape.

and the {Mh/2, Mh/2+ 1}th columns, where the positions of
these 35 entries form a DC shape as shown in Fig. 2.

IV. DC-BASED BEAMSPACE CHANNEL ESTIMATION

Based on the analysis of the beamspace channel, now we
propose a DC-based beamspace channel estimation algorithm
for each user. First we have to determine the number of
dominant entries, denoted as J , for each channel vector. Define
the power ratio of dominant channel entries over total channel
entries as η, η ∈ (0, 1]. Since in the worst case the power
leakage of the channel is most serious, J will be largest to
satisfy η, compared to that in other cases. Given Mh and Mv ,
we denote the channel vector in the worse case as

hb
w = αb(Mh , 1/(2Mh ))⊗ αb(Mv , 1/(2Mv )). (13)

Given η, we can obtain J via

J = arg min
J=‖�‖0

{∑
i∈�

∣∣∣hb
w[i ]

∣∣∣2 > η

}
(14)

where � denoting a set of positions of dominant channel
entries, is a subset of � � {1, 2, . . . , M}, i.e., � ⊂ �. In fact,
we can sort {|hb

w[i ]|, i ∈ �} in descending order and then
select the first J entries satisfying (14).

As shown in Algorithm 1, we use ru,i to obtain an estimate

of hb
u,i , denoted as ĥ

b
u,i , i = 1, 2, . . . , L̂u . Note that in practice

Lu is unknown and we use an estimate of it as L̂u for the
algorithm. At step 2, we initialize ru,1 to be ru . At step 13,
we obtain ru,i+1 based on ru,i via

ru,i+1 ← ru,i − CT ĥ
b
u,i . (15)

From step 4 to step 14, we iteratively estimate the positions
of dominant entries for the i th channel path, denoted as
�i , i = 1, 2, . . . , L̂u . At each iteration, we first find two
adjacent columns indexed by {sq ,sq + 1} with the largest
channel power from Hb

u,i via

sq = arg max
q=1,2,...,Mh−1

∥∥∥(C H
q Cq)−1C H

q ru,i

∥∥∥
2

(16)

where Cq represents a submatrix consisted of 2Mv consecutive
columns, with column indices denoted as (q − 1)Mv + 1,
(q − 1)Mv + 2, . . . , (q − 1)Mv + Mv , q Mv + 1, q Mv +
2, . . . , q Mv + Mv from CT . Similarly, we find two adjacent
rows indexed by {sp ,sp + 1} with the largest channel power
from Hb

u,i via

sp = arg max
p=1,2,...,Mv−1

∥∥∥(C H
p C p)

−1C H
p ru,i

∥∥∥
2

(17)

Algorithm 1 DC-Based Beamspace Channel Estimation

1: Input: ru , C , L̂u , Mv , Mh , η.

2: Initialization: ru,1← ru . ĥ
b
u ← 0M .

3: Obtain J via (14).
4: for i = 1, 2, . . . , L̂u do
5: Obtain sq and sp via (16) and (17), respectively.
6: Obtain J dominant entries of Hb

u,i .
7: repeat
8: Obtain �i based on J dominant entries.
9: Compute ĥ

b
u,i [�i ] via (18).

10: Update Ĥ
b
u,i based on ĥ

b
u,i [�i ] according to (12).

11: Adjust the selection of J dominant entries.
12: until Stop Condition is met.
13: Obtain ru,i+1 via (15).
14: end for
15: �u =⋃

i=1,2,...,L̂u
�i .

16: Obtain ĥ
b
u[�u] via (18).

17: Output: ĥ
b
u .

where C p represents a submatrix consisted of 2Mh incon-
secutive columns, with colum indices denoted as p, p + 1,
p + Mv , p + 1 + Mv , p + 2Mv , p + 1 + 2Mv , . . . , p+
(Mh −1)Mv , p+1+ (Mh−1)Mv from CT . Now the selected
two adjacent rows and two adjacent columns form a DC
shape, where the crossing four peaks in main lobe can be
determined. Based on these four peaks, we start to select the
other J − 4 dominant entries from Hb

u,i at step 6. Initially we
select Q � �J/4	−1 entries on the top, bottom, left and right
of the four peaks, respectively, while the left J−4Q−4 entries
can be uniformly placed on any corners of DC, as shown
in Fig. 2.

From step 7 to step 12, we repeat the procedures to refine
the selection of J dominant entries while keeping the DC
shape. Note that in 2D lens mmWave massive MIMO channel
estimation, the dominant entries of channel vector can be
directly calculated without refinement, since the dominant
entries are symmetrically distributed on the two sides of
the largest entry. At step 8, the positions of entries of hb

u,i
corresponding to the initially selected J entries, denoted as �i ,
can be obtained according to the relationship described in (12).

We estimate the J entries of ĥ
b
u,i at step 9 which is essentially

least squares (LS) estimation as

ĥ
b
u,i [�i ] = (C H


i
C
i )

−1C H

i

ru,i (18)

where C
i represents a submatrix consisted of J columns from
CT with column indices �i . Then we update the entries of

Ĥ
b
u,i corresponding to the entries of ĥ

b
u,i [�i ] according to (12)

at step 10. As shown in Fig. 2, there are totally eight outer
entries at four DC corners. At step 11, we adjust the selection
of J dominant entries by deleting the weakest outer entry and
then adding a new entry outside of the strongest outer entry
along DC.

Definition 1 (Stop Condition): A new entry is to be added
to the position where an old entry has been deleted, or a newly
added entry is to be deleted.



2048 IEEE COMMUNICATIONS LETTERS, VOL. 21, NO. 9, SEPTEMBER 2017

Fig. 3. Comparisons of NMSE for different channel estimation algorithms.

The Stop Condition implies that the incremental prop-
erty or decremental property, marked as “+” or “-” in Fig. 2,
can be determined by the operations of adding a new
entry or deleting an old entry, respectively. The property of
eight line ends of four DC corners should be determined.
Once the property is determined, it can not be changed. If the
property is to be violated, we stop the iterations. It indicates
that the line end can not be extended anymore if an entry
on the line end is deleted. In this manner, we can keep on
extending the line end that has larger dominant entry outside
of the current outer entry until convergence.

After the positions of J dominant entries are obtained for
each channel path, we make an union of them at step 15.

We obtain ĥ
b
u[�u] via (18) by replacing �i , ĥ

b
u,i and ru,i with

�u , ĥ
b
u and ru , respectively.

Note that we only change two entries for each adjustment
of J dominant entries at step 11. Therefore at step 9 we can
fast compute LS obtaining coefficients of newly selected J
entries based on the coefficients of previously selected J
entries, instead of making a new LS estimation in (18), which
leads to substantial reduction in computational complexity
from O(2V J 2 + 4J 3) to O(4V J + 10J 2 + 2J ) [8].

V. SIMULATION RESULTS

We consider an mmWave massive MIMO system including
a BS equipped with Mh = Mv = 32 antennas and U =
16 single-antenna users. The number of resolvable paths in
mmWave channel is set to be Lu = 3, while gu,1 ∼ CN (0, 1)
and gu,i ∼ CN (0, 0.01) for i = 2, 3. We use V = 256 time
slots to transmit pilot sequences for uplink channel estimation.
Uplink combiner CT is assumed to be a Bernoulli random
matrix with each entry independently obeying bivariate uni-
form distribution 1

V {−1,+1}. We set J = 64 to be the same
as [7] so that we can fairly compare DC-based algorithm with
ASD-based algorithm proposed in [7].

As shown in Fig. 3, we make comparisons of normalized
mean squared error (NMSE) for different channel estima-
tion algorithms, including DC-based algorithm, ASD-based
algorithm and orthogonal matching pursuit (OMP) sparse
recovery algorithm. Since Lu is unknown in practice, we set

TABLE I

COMPARISONS OF COMPUTATIONAL COMPLEXITY FOR DC-BASED
ALGORITHM AND ASD-BASED ALGORITHM

L̂u = 2, 3, 4, respectively. It is seen that the performance of
DC-based algorithm with L̂u = 2, 3, 4 is similar, while
DC-based algorithm and ASD-based algorithm outperform
OMP sparse recovery especially in low signal-to-noise
ratio (SNR) region. In high SNR region, DC-based algorithm
performs better than ASD-based algorithm, which has 57.7%
improvement at SNR = 15dB.

As shown in Table I, we make comparisons of compu-
tational complexity for DC-based algorithm and ASD-based
algorithm. The second row and the third row of Table I show
the average number of repeating the procedures during the
refinement of selection of J dominant entries for DC-based
algorithm and ASD-based algorithm, respectively. The last row
of Table I shows the ratio of computational complexity of
DC-based algorithm over ASD-based algorithm regarding the
fast computation of LS addressed at the end of Section IV.
In fact, the ratio is ((2V J 2 + 4J 3)+ (t1 − 1)(4V J + 10J 2 +
2J ))/(2V J 2t2+4J 3t2), where t1 and t2 denote the correspond-
ing entry in the second row and in the third row, respectively.
It is shown that at SNR = 15dB, the computational complexity
of DC-based algorithm is only half of that of ASD-based
algorithm.

VI. CONCLUSION

In this letter, we have analyzed the beamspace channel
to show that the dominant entries of channel matrix form a
DC shape. Then a DC-based channel estimation algorithm is
proposed to iteratively refine the selection of dominant entries
until the stop condition is met.
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