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Abstract This work investigates the estimation of target scattering coefficients (TSC)
in cognitive radar systems with temporally correlated targets. An estimation method
based on Kalman filtering (KF) is proposed to exploit the temporal TSC correlation
between the pulses in the frequency domain. To minimize the mean square error of
the estimated TSC at each KF iteration, unlike existing indirect methods, in this paper
the radar waveform is optimized directly under the constraints of transmitted power,
peak-to-average power ratio (PAPR) and detection probability. Since the optimization
problem regarding the waveform design is non-convex, a novel method is proposed
to convert this problem into a convex one. Simulation results demonstrate that the
performance of the TSC estimation for the temporally correlated target is significantly
improved by radar waveform optimization. Meanwhile, no performance degradation
is observed with the introduction of the additional PAPR constraints and the detection
constraints for KF estimation with the optimized waveform.
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1 Introduction

In cognitive radar systems (CRS), the transmitted waveform can be designed in such
a way that it adapts to the environments and characteristics of the targets, which thus
improves the overall target detection and recognition performance [9]. The extended
target in CRS, which can occupy more than one resolution cell, is often described using
either the target impulse response (TIR) in the time domain [1] or the target scattering
coefficients (TSC) in the frequency domain [27]. The estimation performance of the
TSC or the TIR can be improved by optimizing the transmitted waveform [28]. In gen-
eral, there are two popular criteria for waveform optimization [1,5,16]. One is based
on the signal-to-noise ratio (SNR) or the signal-to-interference-and-noise ratio (SINR)
of the echo signal. The other is based on the mutual information shared between the
echo signal and the TSC. In practice, many different constraints must also be consid-
ered during the waveform optimization, including the constraints for the range and
velocity resolutions and the constraint of constant envelope considering the efficiency
of the nonlinear power amplifier [15, 18]. However, in the existing works on waveform
design for temporally correlated targets, only indirect methods based on water filling
have been proposed.
Generally, there are three methods to model the extended target, including

1. Modeling of the extended target as a determinant TIR function, which remains
constant during the waveform design [6,7];

2. Modeling of the extended target as a random process with an unknown distribu-
tion [1];

3. Modeling of the extended target as a random process with a known distribution,
e.g., the Swerling I or Gaussian distribution [16,19,22].

However, considering the fact that the slow change of the angle in the target view leads
to the TSC temporal correlation during each pulse repetition interval (PRI) [3], a more
appropriate model based on wide sense stationary-uncorrelated scattering (WSSUS)
has been proposed [4,29] to describe the extended target. This type of extended target
is named in short as a temporally correlated target in this work.

In the study of CRS, increasing attention is being paid to radar waveform design with
a constant envelope, and many methods have been proposed [13,14,25]. For exam-
ple, an orthogonal frequency division multiplexing (OFDM) signal with a constant
envelope was optimized in [12,24]. Because this constant envelope constraint is too
strict, the peak-to-average power ratio (PAPR) can be used as a relaxed form [17,20—
22]. In the same context, radar waveform design under the PAPR constraint has been
considered in [22]. However, waveform design for a temporally correlated target has
not been investigated thoroughly. Even if the radar systems cannot provide precise
estimation of the TSC, the binary detection in terms of presence or absence of the
target is still needed. Thus, the detection ability is essential during the waveform
optimization [11,26].

In this work, an estimation method based on Kalman filtering (KF) in the frequency
domain is proposed to exploit the temporal correlation of the TSC. Moreover, to min-
imize the mean square error (MSE) of the estimated TSC at each KF iteration, unlike
existing indirect methods, the radar waveform is optimized directly by the proposed
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method under the constraints of the transmitted power, the PAPR and the detection
probability. Since the waveform optimization problem is non-convex, a novel method
is proposed to solve it by converting the existing non-convex problem into a convex one.

This manuscript is organized as follows. In Sect. 2, the radar system with the
temporally correlated target is described. The TSC estimation method based on KF
is proposed. In Sect. 3, optimization of the radar waveform under the constraints of
the transmitted power, the PAPR and the target detection probability is presented.
Simulation results are given in Sect. 4, and finally Sect. 5 concludes this work.

The notations used in this work are defined as follows. Symbols for vectors (lower
case) and matrices (upper case) are in bold face. I, A/ (0, R), HH, diag {-}, £{-}, F,
II-ll., Re {-} and Tr {-} denote the identity matrices, the Gaussian distribution with zero
mean and covariance of R, the conjugate transpose (Hermitian), the diagonal matrix,
the expectation, the Fourier transform, the £, norm, and the real part and the trace of
a matrix, respectively.

2 Cognitive Radar System and TSC Estimation Based on KF

The CRS with the temporally correlated target that is considered in this work is shown
in Fig. 1, where the echo signal ry during the kth pulse includes the additive colored
Gaussian noise ny ~ A (0, R};) with zero mean and covariance matrix being R)y,. In
the presence of a target, the echo signal can be modeled as

ri = Hyisi + ng, (1)

where s, € RM*! denotes the transmitted radar waveform during the kth pulse, and
H;. denotes the convolution matrix of the TIR hy, which can be written as

hiaw  hem .. hipo
hk,z hk,l e hk’3
H; = : R 2
him—1 hicm—2 - higm
him him—1 ... hi

where hy ,(m =1, ..., M) denotes the mth entry of the TIR hy.

Estimated
. S, L TSC
Transmitted Temporally TSC estimation
waveform 7| correlated target based on KF

Target detection

Fig. 1 CRS with temporally correlated target

Birkhauser



166 Circuits Syst Signal Process (2016) 35:163-184

Because a relative change in the viewing angle between the target and the radar
causes the fluctuation in the TIR, the WSSUS model can be used to describe this
fluctuation. Therefore, the TIR hy during the kth pulse can be represented as

hy =e /"y +ugg, 3)

where ug_; ~ N (0, (1 — e27/7) R},) denotes the zero mean Gaussian vector, which
describes the TIR fluctuation [3,4,29]. R’T , T and t denote, respectively, the covariance
matrix of the TIR hy, the PRI and a constant that describes the temporal correlation
of the TIR during the PRI.

Then, the echo signal in the frequency domain is

Vi = Fry = Zi g + wg, @

where F denotes the Fourier transform matrix, wy ~ A (0, Ry £ FR;VF) denotes

the additive Gaussian noise in the frequency domain, zj L Fsy, 7y = diag {z} is a
diagonal matrix of the radar waveform in the frequency domain, and g; = Fhy, with
gr ~ N (0, Ry).

With its knowledge of both the target and the environment, the CRS can provide bet-
ter target detection and classification performance than traditional radar systems. First,
we will give an estimation algorithm based on the maximum a posteriori probability
(MAP).

In the presence of a target, we have y, ~ N (0, Ry), where

Ri 2 & | Zame + wo) Zuge + wo)" | ®)
= ZiR7Z + Ry.

In the absence of a target, we have y, ~ A (0, Ry). Therefore, the TSC estimation
algorithm based on MAP can be expressed as

& = argmax p (8l yr) - (6)

From (4) to (6), we can obtain the estimated TSC (with the details provided in Appendix
1) as

g = argnéin {ngl (ZlflRX/le + R}l) g — IR, Zig — gzl X/IYk} . (D
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Algorithm 1 TSC estimation based on the KF

1: Set the iteration index to k = 2, where the maximum number of iterations is Kyax. The MAP method
is used to estimate the TSC

g1 =Quyi. ()

and the initial MSE matrix of the estimated TSC is

Pl =5{(Q1Y1—g1)(Q1Y1—g1)H} 9)

= Qi (ziRiZ{ +Ry) Q] - QiZiRr — RrZ{1Q + Ry,
where Q is the MAP filtering matrix;

2: while k < Kpax do
3:  Because of the temporal correlation of TSC, we can obtain the TSC prediction from (3):

AFTERTERE (10)

4: Based on the predicted TSC, the estimated MSE matrix is

s -T
Skk—1=¢

Pri—1=e 2T/TP g + (1 - e’zT/t) Rr; (11)

5: We define the Kalman gain matrix as

—1
O 2Py ) (QkRN + QkaPk\kﬂZf) ; (12)
6:  The estimated TSC are then
8ik = Erk—1 + Pk (B — QkZrBrk—1) (13)

where g = Qy;:
7:  The MSE matrix is

Prik = Pri—1 — P QrZiP rji—1; (14)

8 Lethk=k+1;
9: end while

Then, the estimated TSC based on the MAP are
-1
b = (z,{fR,glzk + R;l) ZIR 'y, (15)
and the MAP filtering matrix is

—1
Qi = (Z,f’R;,‘Zk +R;1) ZHR. (16)
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The MSE of the MAP estimation is

evisr = € { & — 3} a”

= Tr {Q¢ Q« (Zkgkgfzf + RN) —g (ZszfI + QuZy — 1) g}

In this work, a TSC estimation method based on KF with MAP estimation is
proposed to take advantage of the TIR temporal correlation. The prediction and the
estimation are combined to improve the estimation performance. The details are given
in Algorithm 1.

3 Waveform Optimization Under Detection and PAPR Constraints

To ensure the efficiency of the nonlinear power amplifier, the power amplifier must
operate in the linear region. Therefore, the PAPR of the transmitted signal must be
below a certain threshold. In addition, the radar systems must be able to detect the
target when the estimated TSC cannot be obtained accurately. After consideration
of these two factors, we optimize the radar waveform to minimize the MSE of the
estimated TSC at each KF iteration step under the constraints of PAPR and detection
probability. This optimization problem can be described as

s; = arg min [ @0 2 e Py} (18)

s.t. [Isell = Eq
PAPR (s;) < ¢
Pp (Ppa) = €
z; = Fsy,

where ||sk||% = E; is the constraint for transmitted power, PAPR (sy) < ¢ is the
constraint for PAPR, and Pp (Pra) > € is the constraint for the detection probability
with the false alarm rate Pga. The objective function is the MSE of the estimated TSC
based on the KF, which can be simplified as follows

Pk =Pt — Pr—1 Z7Q7 (QRy QT + QZPk|k—1ZHQH)71QZPk|k—1 (19)

_ (P;‘}H +ZHR;,1Z)_1 :

where the Woodbury identity! is adopted in the matrix calculation above.

! (A T CBCH)7l —A-l_A-lC (B—l T cHA—lc)fl CHA-L.
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3.1 Simplification of the Optimization Problem

To solve the optimization problem of (18), we must first simplify the constraints. The
PAPR is defined as

(20)

2
max S
PAPR (s;) 2 10log;, (M tzm=u [ston| )

sf Sk
where s, denotes the mth entry of s;. The PAPR constraint can then be rewritten as

10¢/10 10¢/10
stk =

max_|sen|” < Es 2 ('E,. 1)

l<m<M
The constraint for target detection is simplified as follows. During the target detec-
tion, the detection performance can be improved significantly by the knowledge of
the TSC. However, the TSC are unknown, and thus an estimate of the TSC based on
the KF is needed to design the radar waveform and subsequently to detect the target.
If we assume that H; and Hy represent the presence and the absence of the target,
respectively, then the distributions of the echo signals are

Ykl Ho ~ N (0, Ry) (22)
il Hi ~ N (Zg:, Ry) , (23)

where g; are the estimated TSC based on the KF. Then the target detection likelihood
ratio is:

N (Z g, Ry)

4 = =9 24
30 = =37 0. Ry z (24)
H
= 1(y) =y Ry (Zui) 2 0,

Hy

where 6 denotes the detection threshold. The false alarm rate based on the constant
false alarm rate (CFAR) is given by

Pea = P (w,? Ry (Zii) > 9) (25)

0
=0 ,

J @z Ry (i)

2

where Q (x) = \/;271 f xoo exp (— “7) du is the Q-function. The detection threshold in
(24) is

0 (Pea) = 0 (Pra) y (Z&)" R (Z). 26)
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The target detection probability can then be obtained as

Pp (Pra) = Q (Q‘1 (Pra) — \/ (Zigr)" Ry (Zkgk)) . (27)

With a sufficiently large number of KF iterations, the estimated TSC will approach
the real TSC, i.e., g ~ g . Since Q (x) is a monotonically decreasing function of x,
the constraint Pp (Pga) > € can then be written as

p ) 2 2 GIR, Gz > €, (28)

where G £ diag {gk } This optimization problem is non-convex, where the optimum
radar waveform cannot be directly obtained. Therefore, we now propose a method to
minimize the MSE of the estimated TSC for each KF iteration. Let

T 2 Vi o R, (29)

where o denotes the Hadamard product, and Vi = (ziz!! )T. Then the objective

function f (zx) from (18) is

-1
f(zx) = Tr [(Pk‘k_1 +Vio Rfvl) ] , (30)

Finally, (18) can be written as

z; =argn%in Tr [(P;lk_l +V, othll)l] (31)
s.t. zfz =E;
\/g“’Ts—diag {Fflzk} >0
m—kdiag {F_lzk} >0
p (@) =€,

where A > 0 indicates that A is a semidefinite matrix. The target detection con-
straint is described by the function p (z), which can achieve a maximum value via
eigen-decomposition [23]. When z; is the eigenvector corresponding to the maximum
eigenvalue of the matrix Ly £ f},fl R;,l f}k, we have the maximum value of p (z;) as

)\maxvgaxvmax = Amax Es = mzilx p (Z) , (32)

where Amax 18 the maximum eigenvalue of L; and v,k is the corresponding max-
imum eigenvector. Therefore, )\maxVII;{aXVmaX > ¢’ is a necessary condition for the
optimization problem in (31).
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3.2 Solution of the Optimization Problem

In this subsection, we will solve the optimization problem given by (31). Because this
problem cannot be directly solved, we will discuss in two cases. In the first case, we
do not consider the PAPR constraint, which is equivalently to assume that both P ;1
and Ry are diagonal matrices. We can simplify the optimization problem in (31) and
lead it to be a convex problem, where an analytical expression can be derived. In the
second case, we take the PAPR constraint into account, and (31) is non-convex. Then
we propose a novel method to convert it into a convex problem.

If we do not consider the PAPR constraint, which is equivalently to assume that
both Pyx—1 and Ry are diagonal matrices, we can rewrite the optimization problem
in (31) as

M
. Prik—1,mRN.m
* __ ) )
z" =arg rr;in E (33)

H
1 Bv.m + 21 Zkem Prj—1,m

s.t. zfzk = E§
VC¢'Egl — diag {Fflzk}
V¢ EgI + diag {F_lzk} >0

p(zi) > €,

Y
o

where zx ,, denotes the mth entry of z; and Pgx—1,,» and Ry ,, denote the mth row
and mth column of P ,—; and Ry, respectively.
To solve the optimization problem in (33), we use the Lagrange function as

u Prik—1,m Ry
8 @k, A1, h) & —m Fa(pa)—€
mZ::l RNm + Zlf{mzk,mPk\k—l,m ( )

+ Ao (z,fzk — Es) . (34)

The extreme value of (34) can be attained using

dg (z, A1, A
g ( 122)207 (35)
d llzmll>
where
0g (z, A1, 22) _ Prk—1.mRN.m Prjk—1,m

+ ML mm + A2, (36)

g} 2
0 llzm 5 (RN,m + z,fmZk,mPuk—l,m)
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with L ,,, » denoting the entry at mth row and mth column of L. Therefore, we can
obtain the optimized waveform z; without the PAPR constraint as

, RN m RN.m
_ i _ M0 37
||Zk,m H2 max lm Pk‘kflym } ( )

where A1 and X, are used to control the detection performance and the transmitted
power.

However, if the PAPR constraint is considered, P ;1 and Ry are no longer diago-
nal matrices. It is not easy to obtain an analytical expression for (31). Now we propose
a novel method to solve this problem.

In the first step, we define Wy £ sksf , where W is a real and symmetric matrix.
Then we have

~ -1 A
Wi =argmin Tr [Py + (FWkF ) oRy
k
s.t. Tr{W;} = E; (38)
Tr {GI/RY GFWF | = ¢
diag {Wk} = g/E.v

According to [2], the objective function Tr {(-)’1 } is a convex function. Compared
with (31), (38) relaxes the rank {W} = 1 constraint, resulting in a convex optimization
problem. Therefore, the CVX toolbox can be used to solve this problem [8], and we
can then obtain the optimal real symmetric matrix W}.

In the second step, we must obtain the optimal waveform based on W}. If
rank {W;} = 1, then we have

Wi =sisih, (39)

where s is the optimum radar waveform in the time domain. If the rank {W}} > 1,
then according to [10], we can use the eigenvector €pax of W} with the maximum
eigenvalue acting as the reference signal. Then, the optimization problem can be
represented as

SO_\/FSﬂ

(40)
llemaxll2

s; =argmin
SO )

S=E

s.t. [Isolly = Es

—V'Eg <8 <A'E;

st (FHG,ﬁ’Rl;IGkF) s0 > €,

where the objective function ensures that the optimized waveform s;; can well approach
the direction of the eigenvector ¢pax. The three constraints, including the first con-
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straint for the transmitted power, the second for the PAPR, and the third for the detection
probability constraint, ensure that the optimal waveform satisfies the conditions con-

sidered in this work. Because the constraint sgl (FH G}:I R;,l(A}kF) s > € in (40) is
not a convex set, we must relax this constraint. Suppose upx is the eigenvector cor-
responding to the maximum eigenvalue Oy of U £ F# Gf R;,l(A}kF. The detection
constraint is

G/

50 Re {umax} > (41)
Qmax
According to the matrix eigenvalue decomposition,
U=">" twew(. (42)

k

Because U is a semidefinite Hermitian matrix, then we can obtain that sgl (FH Gf R;,]

ékF) so > €’ from (41). The optimization problem of (40) can then be written as a
convex problem:

43)
llemaxll2

s; =argmin
S0

2
2 _
s.t. [Isoll; = E;

- Vé‘/ES =5y = V;‘/Es

/
H €
so Re {umax} >

emax

The optimal radar waveform with rank {W,’:} > 1 can be obtained via the CVX
toolbox.

4 Simulation Results
4.1 Transmitted Power Constraint
First, we give the estimation performance only with the constraint for the transmitted

power. (38) can then be simplified as the following optimization problem (with the
derivation details given in Appendix 2)

T —1
W; =arg n‘l){,n Tr I:P;}Cl + (FWFH) o RX,I:| (44)
s.t. Tr {W} = E;.
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If rank {W;} = 1, then the optimal radar signal s is
Wi =sisth. (45)

If rank {W,’f} > 1, then the optimal transmitted signal s}, is

sf = VE, (46)

lemaxll2 )

The estimation performance of the optimal radar waveform based on (46) is compared
with that of the random radar waveform. The simulation parameters are set as follows:
the transmitted power is E; = 1, the signal length is L = 10, the SNR of the echo
signal is 7 dB, the temporal correlation constant is T = 0.1, and the PRIis 7 = 1 m:s.
To average the estimation performance, the number of random targets is set to be
50. The estimation performance is measured based on the normalized MSE, which is

defined as
lgl3 |’

where g is the estimate of g. For MAP estimation, we can obtain the expression for
the normalized MSE with the specific waveform s; as

1
ey = WTF {Qka (Zkgknglzifl +RN) —g (Zfo + QiZy — 1) gk} ,
k112
(48)

where Z; = diag {Fs;}. For KF estimation at the kth iteration, the analytical expres-
sion for the normalized MSE of the waveform s; is

N = THE diag {Prjx—1 — ®rQrZiPrj—1} . (49)
k112

where the symbols are as defined in Algorithm 1 and Z; = diag {Fs;}.

Figure 2 shows the normalized MSE of the estimated TSC, including the MAP
and KF estimation methods. Because the KF can take advantage of the temporal TSC
correlation, the performance of the KF estimation is better than that of the MAP
method. Moreover, the performance can be further improved by optimizing the radar
waveform via the proposed method.

4.2 Target Detection Probability Constraint

The feasibility of the waveform optimization method proposed in this work will be
verified in the following. Without the PAPR constraint, we can obtain the optimized
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radar waveform from (38) and (43) under the detection constraint. The optimization
problem can then be rewritten as

* : —1 H T —1 -
Wi =argmin Tr{ [Py, + (EWF")  oRy

st Tr {W} = E, (50)
Tr {GI/RY GFWF! | = ¢

The radar waveform from (43) can then be attained with some modifications as

s; =argmin (51)
S0 llemax Il 2
2
s.t. [Isoll; = Es
€/
S(I)-I Re {umax} >
emax

We first verify the constraint for detection probability during the waveform opti-
mization. In the simulation, the false alarm probability is Pga = 0.05, the detection
probability is Pp € [0.9, 0.99], and temporal correlation constants of the TSC during
the radar pulse intervals are T = 0.05s, t = 0.1s, and t = 0.15s. For the compari-
son, T = oo represents the unchanged TSC during the radar pulse interval. Figure 3
depicts the simulated target detection probability with different temporal correlation

T T T T T T T T T T
144 —O—Random waveform based on MAP estimation algorithm
—A—Optimizing waveform based on MAP estimation algorithm (ES)

—HB—Random waveform based on Kalman estimation algorithm
1.2 | —9—Optimizing waveform based on Kalman estimation algorithm (ES) T

Normalized MSE

Iteration Index

Fig. 2 Normalized MSE of the estimated TSC under the transmitted power constraint
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T
——1=0.055
0.95 | -8—1=0.1s
—A—1=0.15s
0.9 =O—1=c0
The set probability of target detection

The probability of target detection

0.55 | | | | | | |
2 4 6 8 10 12 14

Simulation Index

Fig. 3 Probability of target detection

constants and different constraints for detection probability. The figure shows that
the simulated detection probability and the theoretical detection probability have a
relatively high degree of agreement. Also, a larger TSC correlation between radar
pulses leads to a higher degree of agreement. The difference between the simulated
and theoretical target detection probabilities is mainly because the estimated TSC
are based on the KF rather than the real TSC during radar waveform optimization.

sgl Re {umax} > / ﬁ is used as a sufficient condition to satisfy the constraint of
detection probability, which gives better performance than that using a prespecified
constraint.

In the simulation, the PAPR is < 3dB, with the simulation results shown in Fig. 4.
When the temporal correlation of TSC is sufficiently high, the simulated detection
probability and the theoretical detection probability show a relatively high degree
of agreement. However, the comparison with the simulated results shown in Fig. 3
without the PAPR constraint indicates that the PAPR constraint has little effect on the
detection performance.

4.3 The PAPR Constraint

In this subsection, the simulated radar waveform optimization results under the trans-
mitted power, PAPR and detection constraints are presented, where the temporal
correlation constant is T = 0.1s. We set the PAPR constraint to be PAPR < 3dB.
Then, we obtained the optimized waveform using the proposed method. To verify
the feasibility of this PAPR constraint during waveform optimization, the differences
between the PAPR of the optimized waveform and the PAPR constraint at each iteration
are shown in Fig. 5, where the PAPR constraint of 3dB is subtracted from the PAPR
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T
—0—1=0.05s
0.95 i —B—1=0.1s 7
—A—1=0.155
g 09)|-0—1=c0 A
§ The set probability of target detection
g 0.85 - B
D
on
s 08 B
Gy
o
2075 .
=]
=)
g 07 a
s
o
<=
0651 ]
0.6 - B
055 Il Il Il Il Il Il Il

2 4 6 8 10 12 14
Simulation Index

Fig. 4 Probability of target detection under the PAPR constraint

-10'7 T T T T T T T T T T

6

-107

The set PAPR (dB) - The simulated PAPR (dB)

T

1 1 1 1 1 1 1 1 1 1

2 4 6 8 10 12 14 16 18 20
Tteration Index

Fig. 5 Difference between simulated and set PAPR

of the optimized waveform. Because the results of subtraction during all iterations are
positive, the PAPR of the optimized waveform must satisfy the preset PAPR constraint.
However, the high agreement between the simulation and the PAPR constraint shows
that the PAPR has a bad effect on the TSC estimation performance, but leads to high
nonlinear power amplifier efficiency. Because the PAPR performance of the optimized

= . .
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waveform is a constraint condition in the waveform design optimization problem pro-
posed in this work, this performance cannot be improved by the optimization method.
However, the optimized waveform does satisfy the PAPR constraint, which means
that we can set the PAPR constraint before the waveform optimization process in the
radar system. Then, an optimized waveform with a specific PAPR constraint can be
obtained.

4.4 PAPR and Detection Constraints

Figure 6 depicts the estimation performance of the KF and MAP methods under the
following constraints: PAPR< 3dB, E; = 1, Pra = 0.05 and Pp = 0.95. The KF
shows a better estimation performance than the MAP estimation method. Additionally,
we compare the estimation performances of the optimized and random radar wave-
forms to verify the waveform optimization efficiency at each KF iteration step. Better
estimation of the TSC can provide more information during radar waveform design
so that target detection and target recognition can be better improved.

To compare the KF estimation performance under different constraints, Fig. 7 shows
the simulation results for the waveform that was optimized using the method proposed
in this paper under different constraints. The constraints are given as follows.

1. The E; curve shows the KF estimation performance with the optimized waveform
under two constraints as

Tr {W} = E; (52)
T T T T T T T T T T
—e—Random waveform based on MAP estimation algorithm
L1 —A—Optimizing waveform based on MAP estimation algorithm 7
| —HB—Random waveform based on Kalman estimation algorithm i
—E&—Optimizing waveform based on Kalman estimation algorithm
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Fig. 6 Estimation performances of the different methods with different waveforms
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Fig. 7 Estimation performance of the KF method with the optimized waveform under the different con-
straints

in (38), and
Isoll3 = E (53)

in (43).
2. The E; + PAPR curve shows the KF estimation performance with the optimized
waveform under the following constraints as

Tr {W} = E; (54)
diag {W} < ¢'E;

in (38), and
Isoll3 = Es (55)
—V{'Eg <80 < Vf/Ex

in (43).

3. The Es; + Pp curve shows the KF estimation performance with the optimized
waveform under the following constraints as

Tr (W) = E, (56)
Tr {GI/RG GFWF? | > ¢
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in (38), and
Isoll3 = E (57)

’
H 6
sy Re {umax} >

emax

in (43).
4. The Es 4+ PAPR + Pp curve shows the KF estimation performance with the opti-
mized waveform under the following constraints as

Tr (W) = E, (58)
Tr {GI/RG GEWF? | > ¢
diag {W} < ¢'E;

in (38), and
Isoll3 = E; (59)
—VIEg <50 <{'E;
H €
so Re {umax} >
emax
in (43).

It can be seen from these simulation results that while the transmitted power, PAPR
and detection constraints are used in the radar waveform design, there is no perfor-
mance degradation with the introduction of the additional constraints for KF estimation
with the optimized waveform.

5 Conclusions

In this work, novel TSC estimation and waveform design methods have been proposed
for temporally correlated targets in CRS. By using the temporal correlation between
pulses, the KF method has been used to estimate the TSC in the frequency domain.
To minimize the MSE of the estimated TSC at each KF iteration, the radar waveform
has been optimized by establishing an optimization problem under the constraints of
transmitted power, PAPR and detection probability. Sine the original problem is non-
convex, we have converted it into a convex one by rank relaxation. The simulation
results show that the estimation performance is greatly improved by using the proposed
method, and no performance degradation is observed with the introduction of the
additional constraints for PAPR and detection probability. Future work will concentrate
on waveform optimization for multiple extended targets, where different optimized
waveforms can be obtained for different targets. A method must then be proposed to
attain the transmitted waveform by trading off the optimized waveforms.
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Appendix 1: Derivation of the Objective Function
TSC estimation based on the MAP can be written as
& = arg max. p (gl yx) s (60)

where the probability distribution of the TSC g; given the echo waveform y; can be
written as

P (8 ¥k) _ p(yilge) p ()

p(glyk) = = (61)
P (yr) p (yr)
The probability distribution of the echo waveform y; given the TSC g; is
p y Yr g g
1 i~ Zio PR (i~ Zego)
P (Yl @) = ———————e 0 TR Lk, ©2)
2m) 7 det (Ry)2
The probability distribution of the TSC g is
1 _1 HR_I
p(g) = ————e€ 2871 &, (63)
2m) 2 det (R7)2
and the probability distribution of the echo waveform yy is
1 _1 HRp—1
PR = ——————e MR (64)
(2m) 7 det (Rg)?2
Then, we substitute (62), (63) and (64) into (61) and derive
P (¥l g0 p (8r)
p(glyr) = —— ——— (65)

P (Yir)
o~ 2 k= Zig) "R (vi—Zigi) ,— 180 Ry g

om% /det(lzgt>(f§t;RN) e VR e

e*%f(gk)

- M [det(Ry) det(Ry)
N e

where
f @) 2 e — Zeg) " Ry (v — Zigw) + g/ Ry g — yIR ye (66)
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= ¥Ry v — gl ZI R yi — IRy Zigi + gl Z]' R}, g
+el'R: g — vy R 'y

Therefore, the TSC g that can maximize the posteriori probability p (gk| yx) can also
minimize f (gx). (60) can then be simplified as

g = arg max. p (gl yx) (67)
=argmin f (gr)
8k
= argmin YR v — gl 2R yi — v Ry Ziegx
+ gl 2R Zig + g Ry g — IR, i
= argmin g/ (Z;f’R;,]Zk + R;l) g — VIR, Zigi — gl ZF Ry i,

which is (7).

Appendix 2: Simplification of the Optimization Problem

First, we present the derivation of (38). In (31), the objective function is
* . —1 7! A m\’
z; = argmin Tr (Pk\k + Vi oRy ) where V; = (zkzk ) (68)
zi

1 m\" 1 -
:argn%in Tr (Pklk—i—(zkzk) oRN) .

Then, by using the Fourier transform z; = Fsy, this objective function can be rewritten
in time domain as:

T -1
s; = arg rrslin Tr [ (P;ﬁ( + (FsksleH) o R;}l) } . (69)
k

In (38), we define Wy £ sksf . Then the objective function to attain the optimal
waveform matrix Wy is

T —1
Wi =argmin Tr [P;ﬁ{_l + (FW.E") oRﬂ , (70)
k

The constraints in (38) can be represented by the waveform matrix Wy. The first power
constraint is equivalent to
Tr (Wi} =sls; = E. (71)

The second target detection constraint is

p () =2/ GIR,' Gz, (72)
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=Tr {z,f’(A}IfRX,I(A}kzk}

=Tr {GI/RY GFWF? | = ¢’

And the third PAPR constraint can be written as

diag {Wi} < ¢'E;. (73)

Therefore, by combining the objective function (70) with the three constraints (71),
(72) and (73), we derive the optimization problem and obtain the optimized waveform
matrix W as

. —1 A -
Wi :argnvlén Tr | Pop—r + (FWkF ) oRy
k
s.t. Tr{Wy} = E; (74)
Tr {f;,f R;,l(A}kFWkFH} > ¢
diag {W;} < ¢'E;,

which is (38).

Second, if we only consider the transmitted power constraint, (74) reduces to

T —1
Wi =arg mvi]n Tr [Pk}(_1 + (FWFH) o RNI]

s.t. Tr{W} = Ej, (75)

which is (44). If we add the target detection constraint, we can obtain the optimization
problem in (50).
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