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Abstract—In this paper, we propose a fractional programming
(FP)-based alternating optimization scheme to jointly design the
transceiver beamforming at the integrated sensing and commu-
nication (ISAC) base station (BS) and the passive beamforming
at the reconfigurable intelligent surface (RIS) for the RIS-aided
ISAC system. The weighted sum of the signal-to-clutter-and-noise-
ratio at the radar receiver of the BS and the smallest signal-to-
interference-plus-noise ratio among all the communication users
is maximized under the hardware constraints. Since it is difficult
to directly obtain a solution for this non-convex FP problem, it
is divided into three sub-problems that are alternately solved.
The two sub-problems optimizing the transceiving beamforming
at the BS are transformed into typical convex quadratic constraint
quadratic programming ones using quadratic transformation. The
other sub-problem optimizing the RIS passive beamforming is
transformed into a manifold optimization one using Dinkelbach
transformation. Simulation results verify the effectiveness of the
proposed scheme.

Index Terms—Beamforming, integrated sensing and communi-
cation (ISAC), millimeter wave, reconfigurable intelligent surface
(RIS).

I. INTRODUCTION

Integrated sensing and communication (ISAC) provides a
new paradigm where radar and communication systems share
the same frequency and hardware resources to improve the
communication and sensing performance [1]–[3]. In the ISAC
system, sensing and communication are deeply coupled in many
aspects such as the waveform, the spectrum, the hardware and
the spatial beamforming design [4], [5].

The combination of ISAC and other technologies, such as
internet of things [6], millimeter wave (mmWave) communica-
tions and reconfigurable intelligent surface (RIS), is necessary
in order to achieve better performance. RIS is a planar array
consisting of many reflecting elements whose phase shifts can
be smartly controlled. The reflection pattern can be reconfigured
to benefit the signal propagation [7]. In fact, RIS-aided radar
target detection technology is also put forward by researchers to
improve the detection accuracy [8], especially in the mmWave
system [9]. Thus, it attracts lots of research interest in the RIS-
aided ISAC systems.

Most recent works on the RIS-aided ISAC systems inves-
tigate the beamforming and waveform design for both the
ISAC base station (BS) and the RIS based on different per-
formance metrics and constraints. Some works maximize the
radar receiving signal-to-noise-ratio (SNR) under the constraints
of the hardware facility and the communication performance.

In fact, performance metrics such as Cramer-Rao bound of
radar estimation and the mutual information for sensing, can
also be exploited in transceiver beamforming and RIS passive
beamforming design [10]. An alternative direction method of
multipliers based algorithm is proposed to jointly design the
transmit waveform and beamforming, to maximize the receiv-
ing signal-to-interference-plus-noise ratio (SINR) of the radar
while satisfying the quality of service of wireless communica-
tions [11].

Note that the clutter patches typically exist together with
the target, which causes the interference to the radar receiver.
Consequently, the signal-to-clutter-and-noise-ratio (SCNR) is
viewed as a crucial radar performance metric for target de-
tection [12]. Thus, it is interesting to investigate the joint
beamforming of the BS and RIS to achieve good SCNR
performance and communication performance, which inspires
our studies in this paper.

In this paper, we propose a fractional programming (FP)-
based alternating optimization (AO) scheme to jointly de-
sign the transceiver beamforming at the BS and the passive
beamforming at the RIS for the RIS-aided mmWave ISAC
system. The weighted sum of the SCNR at the radar receiver
and the smallest SINR among all the communication user
equipment (UE) is maximized under the hardware constraints.
Since it is difficult to directly obtain a solution for this non-
convex FP problem, it is divided into three sub-problems that
are alternately solved. The two sub-problems optimizing the
transceiving beamforming at the BS are transformed into typical
convex quadratic constraint quadratic programming (QCQP)
ones using quadratic transformation. The other sub-problem
optimizing the RIS passive beamforming is transformed into
a manifold optimization one using Dinkelbach transformation.

We use the following notations in our paper. Symbols for
vectors (lower case) and matrices (upper case) are in bold-
face. (·)T, (·)∗ and (·)H denote the transpose, conjugate and
conjugate transpose (Hermitian), respectively. The set of p× q
complex-valued matrices is denoted by Cp×q . ∥A∥F, ∥a∥2 and
|a| denote the Frobenius norm of a matrix A, the ℓ2-norm
of a vector a and the absolute value of a variable a. [A]i,j
represents the element on the ith row and jth column of A.
The complex Gaussian distribution is denoted by CN . In is
the n-dimensional identity matrix. We use diag{a} to denote
a square diagonal matrix with the elements of a on the main
diagonal. vec{A} means the vectorization of A.
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II. SYSTEM MODEL

As shown in Fig. 1, a RIS-aided mmWave ISAC system
includes a BS, a RIS, K single-antenna communication UEs,
and a target. The RIS is connected to the BS via a wired link
so that the BS can change the parameters of the RIS in real
time. The RIS is equipped with Nr reflecting elements, which
can passively reflect the incident signal. Each element of the
RIS, which functions as a phase shifter for the incident signal,
is independently controlled by the BS.

The BS is equipped with a uniform linear array (ULA)
having Nt antennas and NR radio frequency (RF) chains to
simultaneously serve communication UEs and detect the target.
The number of reflecting elements at the RIS is Nr. The
transmit beamforming matrix of the BS can be written as

F = [f1,f2, · · · ,fK ,F s], (1)

where fk ∈ CNt , k = 1, 2, · · · ,K, represents the beamforming
vector to transmit the communication signal to the kth user
and F s ∈ CNt×(NR−K) represents the beamforming matrix to
transmit sensing signal to detect the target.

The radar receiver at the BS is equipped with a single RF
chain and a ULA with Nt antennas. We use w ∈ CNt to
denote the beamforming vector of the receiving ULA. The self
interference can be eliminated with hardware isolation [12]. It
is typically assumed that the channel between the BS and the
RIS only contains a line-of-sight (LoS) path expressed as

H = gα(Nr, ϕ1)α
H(Nt, ϕ2), (2)

where g ∼ CN (0, 1), ϕ1 and ϕ2 represent the channel gain, the
angle of departure (AoD) at the BS and the angle of arrival
(AoA) at the RIS, respectively. The channel steering vector
α(N, θ) as a function of N and θ is defined as

α(N, θ) ≜
1√
N

[1, ejπ cos(θ), ejπ2 cos(θ), · · · , ejπ(N−1) cos(θ)]T,

(3)
where N represents the number of antennas and θ represents
the AoD or the AoA.

A. Communication Model

For wireless communications, we consider the downlink
channel where the BS-UE LoS path and the BS-RIS-UE path
both exist. We denote the channel between the RIS and the kth
UE as hk and the channel between the BS and the kth UE as
uk, which can be written as

hk = ξkα(Nr, θk),
uk = ekα(Nt, αk).

(4)

Here ξk ∼ CN (0, 1), ek ∼ CN (0, 1), αk, and θk represent the
channel gain of the RIS-UE LoS path, the channel gain of the
BS-UE LoS path, the AoA of the BS-UE LoS path, and the
AoA of the RIS-UE LoS path for the kth UE, respectively.

We use the SINR of each user to evaluate the communication
performance. The SINR of the kth user can be written as

SINRk =
|cHk fk|2∑K

i=1,i̸=k |cHk f i|2 + ∥cHk F s∥22 + σ2
c

, (5)
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UE UE
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Fig. 1. Illustration of the RIS-aided mmWave ISAC system.

where the equivalent communication channel of the kth user
is cHk ≜ (uH

k + hH
k V H), the diagonal matrix V = diag{v}

represents the passive beamforming of the RIS, and σ2
c is the

variance of the complex Gaussian noise. We define

v ≜ [ejv1 , ejv2 , · · · , ejvNr ]T, (6)

where vi, i = 1, 2, · · · , Nr, is the phase shifts generated by the
ith reflecting element of the RIS.

B. Target Sensing Model

For target sensing, the LoS path of BS-target can be expressed
as

hd = bdα(Nt, βd), (7)

where bd and βd represent the channel gain and the AoD of the
LoS path, respectively. We suppose there are L clutter patches
contributing to L channel paths in the sensing area. The channel
contributed by the lth clutter patch can be expressed as

hc,l = blα(Nt, βl), (8)

where bl and βl represent the channel gain and the AoD
corresponding to the lth clutter patch, respectively.

Similarly, the LoS path of RIS-target and the LoS path
between the RIS and the lth clutter patch can be written
respectively as

gd = κdα(Nr, γd),
gc,l = κlα(Nr, γl),

(9)

where κd and κl represent the channel gain of gd and gc,
respectively, and γd and γl represent the AoD of gd and gc,
respectively.

Due to the channel reciprocity, the round-trip channel for
target sensing can be expressed as

Hs = (hd +HHV Hgd)(h
H
d + gH

dV H). (11)
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max
F

(
µ1

∥wHHsF ∥22∑L
l=1 ∥wHGs,lF ∥22

+ µ2 min
k

|cHk fk|2∑K
i=1,i̸=k |cHk f i|2 + ∥cHk F s∥22︸ ︷︷ ︸
SINR−related terms

)
,

s.t. ∥F ∥2F ≤ PT.

(10)

Similarly, the round-trip channel corresponding to the lth clutter
patch can be expressed as

Gs,l = (hc,l +HHV Hgc,l)(h
H
c,l + gH

c,lV H). (12)

Since the SCNR is an important metric closely related to the
detection probability and distance estimation of the target, we
can express the SCNR as

SCNR =
∥wHHsF ∥22∑L

l=1 ∥wHGs,lF ∥22 + σ2
s

, (13)

where σ2
s is the variance of the complex Gaussian noise. Since

the communication signal passing through K RF chains can
also be used for target sensing, all the RF chains are involved
in the computation of the SCNR.

III. FP-BASED AO BEAMFORMING SCHEME

In this section, we design the transceiver beamforming of
the BS and the passive beamforming of the RIS for the RIS-
aided mmWave ISAC system. Our objective is to maximize
the weighted sum of the SCNR for sensing and the lowest
SINR among all K UEs under the hardware constraints. The
optimization problem can be written as

max
w,F ,v

(
µ1SCNR+ µ2 min

k
SINRk

)
,

s.t. ∥F ∥2F ≤ PT,

∥w∥22 ≤ 1,

|[v]i| = 1, i = 1, 2, · · · , Nr,

(14)

where µ1 and µ2 are two weighting coefficients for the trade-
off between the sensing and communication performance, and
PT represents the transmit power of the BS.

This problem is a multi-ratio FP problem including the maxi-
mization of the minimum value, where obtaining a closed-form
solution is difficult. In [13], different forms of FP problems in
communications are investigated. The quadratic transformation
can handle the fractional objective function with the non-convex
quadratic numerator. In addition, to deal with the muti-variable
FP, the existing works usually introduce the AO [12]. Therefore,
we first exploit AO to divide (14) into three FP sub-problems
and then solve them respectively.

A. Receive Beamforming Design

Given F and v, the optimization of w can be written as

max
w

∥wHHsF ∥22∑L
l=1 ∥wHGs,lF ∥22

,

s.t. ∥w∥22 ≤ 1,

(15)

which is a single-ratio FP problem. Since the nominator and the
denominator are both quadratic forms of w, we use quadratic
transformation to convert the problem into a convex one.
Introducing an auxiliary vector z ∈ CNR , (15) is equivalent
to the following optimization problem as

min
w,z

(
∥z∥2wHRw − 2ℜ{wHHsFz}

)
,

s.t. ∥w∥22 ≤ 1,
(16)

where R =
∑L

l=1 Gs,lFFHGH
s,l. Fixing z, the optimization of

w is a typical convex QCQP optimization problem, which can
be solved by the existing toolbox such as CVX. On the other
hand, fixing w, z can be updated by

z = FHHH
s w. (17)

Then we use AO to alternately optimize z and w with I1 itera-
tions. I1 should be large enough to guarantee the convergence.

B. Transmit Beamforming Design
Given w and v, the optimization of F can be written as (10).

This is a multi-ratio max-min FP problem. Define f ≜ vec{F }.
The nominator and the denominator are both quadratic forms
of f . Thus, we use quadratic transformation to convert (10)
into a QCQP problem. For the max-min problem, we transform
the SINR-related terms into K constraints with K auxiliary
variables.

Such transformation dynamically searches for the maximum
value of the minimum SINR among all the UEs, which makes
it difficult to rigidly use µ1 and µ2. Thus, in this subproblem,
we define a variable p to approximately represent the trade-off
between sensing and communications. Note that we will rigidly
use µ1 and µ2 in the next subsection for the optimization of v
to ensure (14).

Define the auxiliary matrices Ak, A and D as

Ak ≜ [0, · · ·0︸ ︷︷ ︸
k−1

, INt
,0, · · ·0︸ ︷︷ ︸

NR−k

],

A ≜ [INt
, · · · , INt︸ ︷︷ ︸
NR

],

D ≜ [0, · · · ,0︸ ︷︷ ︸
K

, INt , · · · , INt︸ ︷︷ ︸
NR−K

].

(18)

With quadratic transformation and the auxiliary variables, we
transform (10) into the following optimization problem as

min
f

(
|b|2fHTf − 2ℜ{bwHHsAf}

)
,

s.t. ∥f∥22 ≤ PT,

2ℜ{bkcHk Akf} − |bk|2(fHQkf)− t0 ≥ 0,

k = 1, 2, · · · ,K.

(21)
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max
v

(
µ1

∥wHHs(v)F ∥22∑L
l=1 ∥wHGs,l(v)F ∥22

+ µ2 min
k

|cHk (v)fk|2∑K
i=1,i̸=k |cHk (v)f i|2 + ∥cHk (v)F s∥22

)
,

s.t. |[v]i| = 1, i = 1, 2, · · · , Nr.

(19)

max
v

(
µ1

(
∥wHHs(v)F ∥22 − t1

L∑
l=1

∥wHGs,l(v)F ∥22
)
+

µ2

K

( K∑
k=1

(|cHk (v)fk|2 − t2(

K∑
i=1,i̸=k

|cHk (v)f i|2 + ∥cHk (v)F s∥22))
))

,

s.t. |[v]i| = 1, i = 1, 2, · · · , Nr.
(20)

In (21), b, t0 and bk are auxiliary variables and can be updated
by

b = fHAHHH
s w,

bk = fHAH
k ck,

t0 = pmin
k

SINRk,

(22)

where SINRk can be calculated by (5) in each iteration. Both
T and Qk are Hermitian matrices, and can be expressed
respectively as

T =
∑L

l=1 AGs,lwwHGH
s,lA

H,

Qk =
∑K

i=1,i̸=k A
H
i ckc

H
k Ai +DHckc

H
k D.

(23)

Fixing b, t0 and bk, (21) is a typical QCQP problem and can
be solved by the existing toolbox. Similarly, we use AO to
alternately optimize b, t0, bk and f with I2 iterations.

C. RIS Passive Beamforming Design

Given w and F , the optimization of v can be written as (19).
This is a multi-ratio max-min FP problem with constant mod-
ulus constraints. The denominators and the nominators of the
SCNR are quartic polynomials of v. Here we use Dinkelbach
transformation to deal with the fractional form. Introducing the
auxiliary variables t1 and t2, (19) is equivalent to (20).

If (20) can be solved, then we can alternately update t1 and
t2 respectively by

t1 =
∥wHHs(v)F ∥22∑L

l=1 ∥wHGs,l(v)F ∥22
, (24)

t2 = min
k

|cHk fk|2∑K
i=1,i̸=k |cHk f i|2 + ∥cHk F s∥22

. (25)

In (20), the objective function and the constant modulus
constraints are both non-convex. To deal with the non-convex
constant modulus constraint, thirteen typical methods are sum-
marized, such as semidefinite relaxation, unit projection and
rank-one equivalent [14]. In this paper, we use the Riemannian
manifold optimization to solve (20).

The feasible region of unit modulus constraint is known
as complex circle manifold (CCM). The CCM optimization
requires to calculate the gradient of the objective function
in Euclidean space. Then it can be solved with the existing
method [15]. Thus, we look into the objective function of v and

its gradient in Euclidean space. In fact, the objective function
in (20) consists of quartic polynomials of v, which can be
written as

L(v) = µ1

(
vHB1vv

TB2v
∗ − t1

∑L
l=1 v

HB1lvv
TB2lv

∗)
+µ1

(
2ℜ{vTkvHKv} − t1

∑L
l=1 2ℜ{vTklv

HKlv}
)

+µ1

(
2ℜ{vHxvHXv} − t1

∑L
l=1 2ℜ{vHxlv

HX lv}
)

+vHM1v + vTM2v
∗ + 2ℜ{vHPv∗}

+2ℜ{q1v}+ 2ℜ{q2v
∗}+ C.

(26)
Here B1, B2, B1l, B2l, k, kl, K, Kl, x, xl, X , X l, M1,
M2, P , q1, q2 and C are the coefficients of the quartic
polynomial. They are the functions of all channel matrices, w,
F and µ2. Due to the limitation of pages, their expressions are
not shown here.

Then the gradient in the Euclidean space can be obtained via
the differentiation of L, which can be written as

l(v) = µ1

(
2vTB2v

∗B1v + 2vHB1vB
T
2 v)

−t1µ1

∑L
l=1

(
2vTB2lv

∗B1lv + 2vHB1lvB
T
2lv

)
+2µ1

(
vTkKv + kHv∗KHv + vHKvk∗)

−2t1µ1

∑L
l=1

(
vHKlvkl + vHklKlv + kH

l vK
H
l v

)
+2µ1

(
vHXvx+ vHxXv + xHvXHv

)
−2t1µ1

∑L
l=1

(
vHX lvxl + vHxlX lv + xH

l vX
H
l v

)
+2M1v + 2MT

2 v + 2(P + PT)v∗ + 2qH
1 + 2qT

2 .
(27)

Based on (26) and (27), (20) can be transformed into a
standard CCM optimization problem, which can be solved by
the existing toolbox [15]. Similarly, we use AO to alternately
optimize t1, t2 and v with I3 iterations.

Then we alternately solve the three subproblems until the
objective function converges to a certain value. Note that both
the SCNR and the minimum SINR can converge. For simplicity,
here we set the stop condition of the AO iteration as

|SCNR(t)− SCNR(t− 1)|
SCNR(t)

≤ ν, (28)

where t is the iteration index and ν is a small number. The
complete steps of the FP-based AO beamforming scheme for
the RIS-aided mmWave ISAC system can be summarized in
Algorithm 1.
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Algorithm 1 FP-based AO Scheme
1: Input: H , uk, hk, hd, gd, hc,l, gc,l, I1, I2, I3.
2: Initiation: Randomly select f and v.
3: while (28) is not satisfied do
4: Update i by i← i+ 1.
5: for j = 1 to I1 do
6: Obtain wj by solving (16).
7: Update z via (17).
8: end for
9: Update w ← wj .

10: Obtain T and Qk via (23).
11: for j = 1 to I2 do
12: Obtain f j by solving (21).
13: Update b, bk and t0 via (22).
14: end for
15: Obtain L(v) and l(v) via (26) and (27), respectively.
16: for j = 1 to I3 do
17: Obtain v by solving (20).
18: Update t1 and t2 via (24) and (25), respectively.
19: end for
20: Update Hs, Gs,l via (11) and (12), respectively.
21: Update cHk by cHk ← uH

k + hH
k V H .

22: end while
23: Output: v, w, F .

IV. NUMERICAL RESULTS

In this section, we evaluate the performance of the proposed
scheme base on the given hardware resources.

Assume that there are K = 3 single-antenna UEs and one
target in the RIS-aided mmWave ISAC system. The BS is
equipped with a ULA consisting of Nt = 32 antenna elements
and NR = 4 RF chains. To sense the target, one dedicated
RF chain is used, while three communication RF chains assist
with their energy leakage. PT is set to be 20dBW. The RIS is
equipped with Nr = 32 reflecting elements.

We assume that the locations of each UE and target are
different in angular domain. The AoDs of the three BS-UE
paths are 30◦, 90◦ and 130◦. The AoDs of the three RIS-UE
paths are 30◦, 50◦ and 80◦. The AoDs of the BS-target and
RIS-target paths are 60◦ and 115◦, respectively. For the channel
between the BS and the RIS, the AoD and the AoA are set to be
45◦ and 90◦, respectively. We assume that the path loss of all
communication paths is set the same to be −90dB. The round-
trip path loss of the BS-target and RIS-target paths is all set
to be −110dB. The receiving gains of the BS and the UEs are
set to be −40dB and −60dB, respectively. The variance of the
Gaussian noise is assumed to be σ2

c = σ2
s = −70dBm. Under

such parameter settings, the SCNR and the SINR are at the
comparable level and we set µ1 = µ2 = 1 in the simulations;
otherwise, µ1 or µ2 should be multiplied by a factor in advance
to ensure that the SCNR and SINR are at the comparable level.

First, we illustrate the relationship between the system per-
formance and transmit power and the improvement brought by
the RIS. For comparisons, the benchmark scheme uses the zero
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Fig. 2. Weighted sum of SCNR and SINR for different transmit power of the
BS.

0 20 40 60 80 100 120 140 160 180

Angle (degree)

-30

-25

-20

-15

-10

-5

0

N
o
rm

a
liz

e
d
 b

e
a
m

 g
a
in

 (
d
B

)

Fig. 3. Beam patterns of the BS with µ1 = µ2 = 1.

forcing (ZF) beamforming, while the RIS uses discrete Fourier
transform (DFT) codewords.

Fig. 2 illustrates the performance of the RIS-aided mmWave
ISAC system shown by the weighted sum of SCNR and SINR
versus the transmit power of the BS. Compared with the ZF-
DFT scheme with RIS, FP-based AO beamforming scheme
with RIS can achieve at least 9dB performance improvement
for the transmit power larger than 26dBm. Comparing the
schemes with RIS to those without RIS, we can see that at
least 6.6dB improvement can be achieved by the FP-based AO
beamforming scheme and 1.8dB improvement by the ZF-DFT
scheme.

Then we look into the beam patterns of the BS when µ1 =
µ2 = 1. From Fig. 3, we can see that the BS exploit three
BS-UE paths with three communication beams. The other two
beams of the BS align with the BS-RIS and BS-target paths.
In particular, the FP-based AO beamforming scheme not only
reduces the mutual interference among different RF chains but
also allocates the power to different paths based on the rigid
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Fig. 5. Beam patterns of the RIS when the BS-UE LoS paths do not exist.

objective function. The mutual interference among different RF
chains for the ZF-DFT scheme is larger than that of the FP-
based AO scheme.

Fig. 4 compares the beam patterns of the RIS of two schemes.
Since the BS-UE LoS paths exist, the BS allocates all the
communication power to the beams aligned with the BS-UE
LoS paths and does not use the BS-RIS path.

Then we look into the beam patterns at the RIS when the
BS-UE LoS paths do not exist. Here the SINR is replaced with
the SNR. In Fig. 5, we can see that three communication beams
are aligned with the three BS-UE paths and one sensing beam is
aligned with the BS-RIS-target path. Note that the power alloca-
tion of FP-based AO beamforming and ZF-DFT beamforming
schemes is different. The FP-based AO beamforming scheme
uses the rigid value obtained from the optimization, while the
ZF-DFT beamforming scheme directly sets the weights of DFT
codewords.

V. CONCLUSION

In this paper, we have proposed an FP-based AO beamform-
ing scheme for the RIS-aided mmWave ISAC system to jointly
design the transceiver beamforming at the BS and the passive
beamforming at the RIS. The weighted sum of the SCNR and
the smallest SINR among all UEs has been maximized under
the hardware constraint. The optimization has been divided into
three FP sub-problems that are alternately solved. Simulation
results have verified the effectiveness of the proposed schemes.
Future work will focus on the joint resource allocation for the
RIS-aided mmWave ISAC system.
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