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Abstract—In this paper, radar-aided multiuser beam tracking
and target detection are investigated for integrated sensing
and communication (ISAC). A multiuser beam tracking scheme
based on the collaboration of radar sensing and uplink commu-
nication is proposed. It is first proved that the echoes of each
communication signal can be extracted from the mixed echoes
of multiple communication signals, by performing point-wise
division and two-dimensional discrete Fourier transform. Based
on it, the scheme enables the road side unit (RSU) to perform
multiuser beam tracking and target detection with only two
radio frequency chains, no matter how many users are served
by the RSU. To distinguish the users from the targets and further
improve the beam tracking by extended Kalman filtering, uplink
pilots from the users to the RSU are employed. Then the
digital beamformer can be designed to mitigate the multiuser
interference. Simulation results show that the proposed scheme
outperforms the conventional beam tracking scheme and can
approach the performance of independent beam tracking of each
user.

Index Terms—Beam tracking, integrated sensing and commu-
nication (ISAC), multiuser interference, target detection.

I. INTRODUCTION

Integrated sensing and communication (ISAC) has aroused
wide attention due to its great potential in improving the
overall performance of both the communication systems and
the sensing systems [1]. Combining communication and sens-
ing together enables the sharing of hardware and spectrum
between the two originally independent systems, which not
only saves the hardware costs and the installed space but also
alleviates the rising shortage of spectrum resources. Besides,
in the ISAC system, the communication or the sensing can
operate with the seamless aid from the other functionality.
As a result, both the performance of communication and the
performance of sensing are enhanced [2].

Although ISAC has broad prospects in improving the
spectrum efficiency, hardware efficiency and system perfor-
mance, the development of ISAC faces numerous challenges,
including the interference management, the resource alloca-
tion, the dual-functional designs, the efficient reciprocity, and
so on. Many significant and interesting explorations have
been conducted to overcome the difficulties [3]–[5]. In [3],
the authors consider the coexistence of communication and
sensing, where two reconfigurable intelligent surfaces are de-
ployed for enhancing communication signals and suppressing

mutual interference. In [4], the authors focus on the dual-
functional beam design which aims at approaching the objec-
tive radar beam pattern under the communication performance
constraints. In [5], the authors investigate the joint power
allocation for the coexistence of radar and communication
systems, where the radar and communication share the spec-
trum resources.

Particularly, ISAC is considered to be an important part
in the vehicle to everything (V2X) networks because of the
perfect match between the ISAC and the V2X. On one hand,
the vehicles usually have large values of radar cross section
(RCS) and high speed, which facilitates the radar sensing. On
the other hand, the fast moving vehicles are more prone to the
beam misalignment, which will deteriorate the performance of
communication. Therefore, the researchers intend to exploit
the sensing ability of road side unit (RSU) to assist the beam
alignment of communication in the V2X networks [6]–[8].
In [6], the radar functionality of the RSU is exploited to sense
the user and an extended Kalman filtering (EKF) framework
is proposed to assist the communication beam tracking. In [7],
a novel message passing algorithm based on factor graph is
proposed to estimate the motion parameters of vehicles in
real time. In [8], a radar-aided communication scheme, which
focuses on extracting range and velocity information from the
radar echoes, is proposed.

In this work, we propose a novel multiuser beam tracking
scheme based on the collaboration of radar sensing and uplink
communication. We first prove that the echoes of each com-
munication signal can be extracted from the mixed echoes of
multiple communication signal, by performing point-wise di-
vision and two-dimensional discrete Fourier transform. Based
on it, the scheme enables the RSU to perform multiuser beam
tracking and target detection with only two radio frequency
chains, no matter how many users are served by the RSU.
To distinguish the users from the targets and further improve
the beam tracking by extended Kalman filtering, we employ
uplink pilots from the users to the RSU. Then, we design
the digital beamformer to mitigate the multiuser interference
based on the uplink pilots.

The notations are defined as follows. (·)T and (·)H denote
the transpose and conjugate transpose (Hermitian), respec-
tively. C, N , CN , E{·}, Var{·}, Re{·}, Im{·}, IN , j, | · |
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Fig. 1: Illustration of the radar-aided multiuser beam tracking.

and ‖ · ‖2 denote the set of complex number, the Gaussian
distribution, the complex Gaussian distribution, the expecta-
tion of a random variable, the variance of a random variable,
the real part of a complex number, the imaginary part of a
complex number, an N ×N identity matrix, the square root
of −1, the absolute value of a scalar and `2-norm of a vector,
respectively.

II. SYSTEM MODEL

As shown in Fig. 1, we consider the radar-aided multiuser
beam tracking for the RSU, where a MIMO-OFDM RSU
consisting of a communication transceiver and a collocated
receiver serves K moving users. The hybrid beamforming
structure is adopted at both the transceiver and the receiver
while the analog beamforming structure is adopted at each
user to improve the energy efficiency. The transceiver is
equipped with MT radio frequency (RF) chains and an NT-
antenna uniform linear array (ULA). The receiver is equipped
with MR RF chains and an NR-antenna ULA. For each user,
an NU-antenna ULA is employed. The antenna spacing of
all the antenna arrays is d = λc/2, where λc is the wave-
length of the carrier frequency. The number of subcarriers is
denoted as S. Suppose the block-wise OFDM transmission
is adopted, where the number of symbols in a block is
denoted as P . The beamformers at both the transceiver and
the receiver are assumed to be the same in one block. During
the communication, the transceiver sends data streams to the
users. Meanwhile, the receiver collects the echoes from the T
targets, which consists of K users and T−K non-cooperative
targets. Then, for the pth symbol on the sth subcarrier, the
received signals at the receiver of the RSU can be expressed
as

y(p)
s = WH

RFH
(p)
r,s FRFx̃

(p)
s +WH

RFηr, (1)

where WRF ∈ CNR×MR denotes the analog beamformer at
the receiver, FRF ∈ CNT×MT denotes the analog beamformer
at the transceiver, x̃(p)

s , FBB,sx
(p)
s , FBB,s ∈ CMT×K

denotes the digital beamformer, x(p)
s ∈ CK×1 denotes the

modulated symbols and ηr ∼ CN (0, σ2
r INR

) denotes the
additive white Gaussain noise (AWGN). In (1), the digital
beamformer at the receiver is set as the identity matrix, which
implies that we only need the analog beamformer to perform
the proposed multiuser beam tracking scheme. H(p)

r,s denotes

the reflected channel of the T targets, which can be expressed
as

H(p)
r,s =

T∑
i=1

γ(i)
s,pα

(
NR, θ

(i)
r

)
α
(
NT, θ

(i)
r

)H

, (2)

where γ(i)
s,p , g

(i)
r e−j2π(s−1)τ(i)

r ∆fej2π(p−1)f(i)
r Ts , g(i)

r , τ (i)
r ,

f
(i)
r and θ(i)

r denote the channel gain, the channel delay, the
Doppler frequency and the channel angle-of-departure (AoD)
of the ith target, respectively. ∆f and Ts denote the subcarrier
spacing and the duration of one OFDM symbol. The function
α(·) denotes the channel steering vector and can be expressed
as

α(N, θ) = [1, ejθ, · · · , ej(N−1)θ]T. (3)

To support high-speed transmission, a large-scale antenna
array is equipped at the RSU to form directional beams, which
increases the training overhead for beam alignment while pro-
viding high beam gains [9], [10]. An efficient way to reduce
the overhead for beam alignment is the beam tracking [6].
Based on the assumption that the echoes from the user and
the downlink communication to the user experience the same
channel, the beam tracking problem based on communication
pilots is equivalently converted to the target tracking problem
based on sensing [6]–[8]. Then, the angles of users extracted
from the echoes in (1) are used to assist the beam alignment
for communication.

Although the procedure above works well for the single-
user scenario, some critical issues for the multiuser scenarios
are missed:

1) Different from the sensing procedure in conventional
radar systems that transmit unified waveform for all targets,
the RSU simultaneously transmits multiple data streams with
multi-directional beams to users. As a result, the received
signals in (1) contain echoes of multiple data streams. Novel
sensing schemes for multiuser scenarios are needed.

2) In practice, both cooperative users and non-cooperative
targets exist in the coverage of the RSU, where motion
parameters of the cooperative users are what the RSU is
interested in. The conventional radar sensing distinguishes the
users from non-cooperative targets based on the kinematic
model, which is error-prone especially when the users and
targets are crowded. What is worse, the conventional radar
sensing can not correctly distinguish the users from targets
if the confusion between the users and the targets happens.
How to identify each user from other users or targets needs
to be considered.

3) As shown in Fig. 1, the RSU serves multiple users simul-
taneously, where multiuser interference exists in the system
inevitably due to the multipath effects and the energy leakage.
However, the existing procedure transmits data streams only
relying on the estimated line-of-sight (LoS) paths, which
misses the important part of multiuser interference cancella-
tion. How to effectively eliminate the multiuser interference
needs to be considered.

In this work, to solve the three issues above, we propose a
radar-aided multiuser beam tracking based on the collabora-
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tion of communication and sensing, which will be discussed
in the next section.

III. RADAR-AIDED MULTIUSER BEAM TRACKING

In this section, we first extract the echoes of each commu-
nication signal from the mixed echoes of multiple commu-
nication signals by performing point-wise division and two-
dimensional discrete Fourier transform. Then, we perform
target detection based on the extracted echoes with only two
radio frequency chains. To distinguish the users from the
targets and further improve the beam tracking by extended
Kalman filtering, we employ uplink pilots from the users to
the RSU taking the cooperativeness of the users into account.
After that, we design the digital beamformer to mitigate the
multiuser interference based on the uplink pilots.

A. Extraction of Echoes for Each User

To perform the multiuser beam tracking, we first focus on
the echoes of the T targets in (1) to obtain θ(i)

r , τ (i)
r and f (i)

r

based on the received signal y(p)
s . Note that the transceiver

and the receiver of the RSU are collocated. Therefore, it
is convenient for the receiver to get the duplication of the
transmit signals. Then, by performing the point-wise division,
we can obtain

z
(p)
k,s = y(p)

s /[x̃(p)
s ]k

=

K∑
m=1,m6=k

WH
RFH

(p)
r,s [FRF]:,m

[x̃
(p)
s ]m

[x̃
(p)
s ]k

+WH
RFH

(p)
r,s [FRF]:,k + η̃r, (4)

where η̃r ,WH
RFηr/[x̃

(p)
s ]k. We take the received signals of

the bth RF chain as an example and stack the bth entry of z(p)
k,s

for the S subcarriers and the P symbols as Z(b)
k ∈ CS×P .

Denote the N×N DFT matrix for arbitrary N as DN . Then,
we have

Ẑ
(b)
k = DH

SZ
(b)
k DP

=
K∑

m=1,m6=k

T∑
i=1

G(i)
mD

H
S (Λ(i) ◦Xm)DP

+

T∑
i=1

G
(i)
k D

H
SΛ

(i)DP +N , (5)

where

G(i)
m = g(i)

r w
H
b α

(
NR, θ

(i)
r

)
α
(
NT, θ

(i)
r

)H

fm,

G
(i)
k = g(i)

r w
H
b α

(
NR, θ

(i)
r

)
α
(
NT, θ

(i)
r

)H

fk,

wb = [WRF]:,b, fm = [FRF]:,m, fk = [FRF]:,k,

[Λ(i)]s,p = e−j2π(s−1)τ(i)
r ∆fej2π(p−1)f(i)

r Ts ,

[Xm]s,p = [x̃(p)
s ]m/[x̃

(p)
s ]k. (6)

and N is the AWGN matrix regarding the fact that the
linear combination of independent Gaussian random variables
is still a Gaussian random variable. In (5), Ẑ(b)

k consists

of DH
SΛ

(i)DP and DH
S (Λ(i) ◦Xm)DP , where the former

denotes the reflections of the kth data stream and the latter
denotes the reflections of other data streams. To unveil the
properties ofDH

S (Λ(i)◦Xm)DP , we have the follow Lemma.
Lemma 1. Define A , DH

S (Λ(i) ◦ Xm)DP . When PS
tends to infinity, each entry of A converges to the Gaussian
distribution.

proof: see Appendix A.
Lemma 1 indicates that when detecting the kth user, we

can focus on the echoes of the communication signal for
the kth user and treat the echoes of other communication
signals as the Gaussian noise if PS is large. In other words,
the echoes of the communication signal for the kth user
can be separated from the mixed echoes of the multiple
communication signals with the point-wise division in (4) and
the two-dimensional Fourier transform in (5), which enables
the RSU to collect the echoes of multiple users for target
detection with only one RF chain.

B. Target Sensing

According to Lemma 1, the received signals for the kth
user in (5) can be rewritten as

Z
(b)

k =

T∑
i=1

G
(i)
k D

H
SΛ

(i)DP + Ñ

=

T∑
i=1

G
(i)
k

√
PScdT + Ñ , (7)

where

Ñ =

K∑
m=1,m6=k

T∑
i=1

G(i)
mD

H
S (Λ(i) ◦Xm)DP +N ,

[c]s = Ξ(S, 2(s− 1)/S − 2τ (i)
r ∆f),

[d]p = Ξ(P, 2f (i)
r Ts − 2(p− 1)/P ),

Ξ(N,ψ) = ej(N−1)π/2 sin(Nψπ/2)/ sin(ψπ/2). (8)

Note that Z
(b)

k in (7) denotes the well-known range-velocity
map, which contains the range and velocity information of
targets [11]. To improve the detection performance of the
targets from the range-velocity map, the analog beamformer
FRF and the analog beamformer wb need to be designed to
form directional beams. Recall that the block-wise OFDM
transmission is adopted in (1). Based on the assumption that
the angles of users are approximately invariant for a block,
we can perform beam tracking block by block. Suppose the
predicted AoD for the kth user at the tth block for t ≥ 2 is
denoted as θ

(t)

k , where the case when t = 1 can be obtained
with the existing channel estimation methods, such as [12].
We design FRF for the tth block as[

F
(t)

RF

]
:,k

=
√
NTα

(
NT, θ

(t)

k

)
. (9)

We then turn to the design of the analog beamformer wb
at the receiver. Two objectives need to be achieved via the
design of wb. The first objective is to form directional beams
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to receive the echoes of the K users and the second objective
is to obtain the angles of the targets by designing wb for b =
1, 2, · · · ,MR. As the analog beamformer is used to receive
echoes of the K users, it is natural to assume that wb has
equal beam gains along the K directions. Then, we formulate
the design of wb as

max
wb

min
k=1,2,··· ,K

∣∣∣wH
b α

(
NR, θ

(t)

k

)∣∣∣
s.t. |[wb]m| = 1/

√
NR, m = 1, 2, · · · , NR. (10)

We solve (10) following the method in [13] and denote the
solution as w(t)

b . Then, we focus on the second objective.
To determine the LoS path of one target, two independent
receptions with two RF chains are needed, i.e., MR = 2.
Borrowing the idea from the [14], the analog beamformers
for the two RF chains are designed as

w̃1 = [ŵ, 0]
T
, w̃2 = [0, ŵ]

T
, ŵ =

[
w

(t)T
b

]
1:NR−1

. (11)

Substituting wb = w̃1 and wb = w̃2 to (7) in turn, we
denote the received signals for the kth data stream as Z̃(1)

k and
Z̃

(2)
k , respectively. As Z̃(1)

k and Z̃(2)
k have similar structure,

we detect the targets from Z̃
(1)
k without loss of generality.

A widely adopted way to detect targets from the range-
velocity map Z̃(1)

k is the constant false alarm rate (CFAR)
detector [11]. As the CFAR detector is mature, we omit the
detailed procedure and denote the set of the indices of the
detection results as Ψ = {(ŝ1, p̂1), (ŝ2, p̂2), · · · , (ŝQ, p̂Q)},
where Q denotes the number of detected targets, ŝq and p̂q
for q = 1, 2, · · · , Q denote the row index and the column
index of the qth detected target on the range-velocity map,
respectively. The estimated range and the estimated velocity
of the qth detected target can be expressed as

r̂q =
(ŝq − 1)c

S∆f
, v̂q =

(p̂q − 1)λc

PTs
, (12)

where c denotes the speed of light. For the qth target, we
focus on the entry on the ŝqth row and the p̂qth column of
Z̃

(1)
k and Z̃(2)

k , which have the largest power. Then, we have

Γq =
[
Z̃

(2)
k

]
ŝq,p̂q

/[
Z̃

(1)
k

]
ŝq,p̂q

≈ ejπϑq , (13)

where ϑq denotes the angle of the qth detected target. The
estimation of ϑq is denoted as

ϑ̂q = ang {Γq}
/
π, (14)

where ang(·) denotes the phase of a complex number.

C. Collaboration of Communication and Sensing

In Sec. III-B, Q targets are detected within the communi-
cation beam coverage of

[
F

(t)

RF

]
:,k

. To identify the kth user

from the Q targets, we intend to employ a small number of
uplink pilots from the users to the RSU.

Suppose the beam alignment at the user has been completed
and the designed analog beamformer of the kth user is
denoted as v̂k. Then, the kth user transmits NP uplink pilots

to the RSU with v̂k. The nth received signal for the kth user
at the RSU is expressed as

u
(n)
k,s = f̃

(n)H
k H

(n)
k,s v̂k + f̃

(n)H
k ηc, (15)

where f̃ (n)
k denotes the hybrid beamformer for the kth user

and ηc ∼ CN (0, σ2
cINU) denotes the AWGN. In (15), we

set the transmit symbols as “1”. H(n)
k,s denotes the channel

between the transceiver and the kth user, which can be
expressed as

Hk,s =

Lk∑
l=1

χ(l)
s,pα

(
NT, φ

(l)
k

)
α
(
NU, ψ

(l)
k

)H

, (16)

where χ
(l)
s,p , g̃

(l)
k e−j2π(s−1)τ

(l)
k ∆fej2π(p−1)f

(l)
k Ts , Lk, g̃(l)

k ,
τ

(l)
k , f (l)

k , φ(l)
k and ψ

(l)
k denote the number of paths, the

channel gain, the propagation delay, the Doppler effect, the
channel angle-of-arrival (AoA) and the channel AoD of the
lth path between the kth user and the transmitter, respectively.
Similar to (11), we set NP = 2, and design f̃ (n)

k as

f̃
(1)
k = [f̂ , 0]T, f̃

(2)
k = [0, f̂ ]T, f̂ = [[F

(t)

RF]:,k]T1:NT−1. (17)

Stack the received signals for the kth user as Uk , [u1,u2],
where un = [u

(n)
k,1 , u

(n)
k,2 , · · ·u

(n)
k,S ] for n ∈ {1, 2}T. We

identify the kth user from the Q detected targets through a
least square approach, which can be expressed as

q∗ = arg min
q=1,2,··· ,Q

∥∥∥∥∥Uk − tr(ŨH
q Uk)

tr(ŨH
q Ũq)

Ũq

∥∥∥∥∥
F

, (18)

where

[Ũq]s,n = e−j2π(s−1)∆f
r̂q
c ej2π(n−1)Ts

v̂q
λc f̃

(n)H
k α

(
NT, θ̂q

)
.

We solve (18) by testing all the Q detected targets one by
one. The estimated parameters of the kth user are denoted as

r̃tk = r̂q∗ , ṽtk = v̂q∗ θ̃tk = ϑ̂q∗ . (19)

Define the kinematic parameters of the kth user at the
tth block as sk[t] = [x[t], y[t], vx[t], vy[t]]T, where x[t],
y[t], vx[t] and vy[t] denote the x-axis coordinate, the y-axis
coordinate, the velocity component in the x-axis direction
and the velocity component in the y-axis direction. Then, the
estimated parameters of the kth user in (19) and the predicted
state vector sk[t] are exploited by the widely-adopted EKF
for target tracking. The filtered state vector at tth block after
performing EKF is denoted as s̃k[t]. Then, the predicted state
vector for (t+ 1)th block is expressed as

sk[t+ 1] =


1 0 ∆T 0
0 1 0 ∆T
0 0 1 0
0 0 0 1

 s̃k[t], (20)

where ∆T denotes the duration of one block. The predicted
angle of the kth user is computed as

θ
t+1

k = arctan(y[t+ 1]/x[t+ 1]). (21)

Then F
t+1

RF can be designed via (9) and the beam tracking at
the RSU is completed.
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Algorithm 1 Radar-aided Multiuser Beam Tracking Scheme

1: Input: NT, NR, MT, MR, S, P , ∆f , Ts, K, ∆T , θ
t

k.
2: Obtain Z̃(1)

k and Z̃(2)
k via (7).

3: Obtain r̂q , v̂q and ϑ̂q via (12) and (14).
4: Obtain r̃tk, ṽtk, and θ̃tk via (19). Obtain θ

t+1

k via (21).
5: Obtain F

t+1

RF via (9). Obtain F
t+1

BB,s via (23).
6: Output: F t+1

RF and F
t+1

BB,s.

D. Multiuser Interference Mitigation

After obtaining F
t+1

RF , the K users transmit uplink pilots
to mitigate the multiuser interference. Stacking {uk,s, k =
1, 2, · · · ,K} in (4) together as us = [u1,s, u2,s, · · · , uK,s]T,
where the superscript “(n)” is omitted because only one pilot
for each user is needed. Define fk , [F

t+1

RF ]:,k we have us =
FH

BB,sHe,s, where

He,s =


f

H

1H1,sv̂1 f
H

1H2,sv̂2 · · · f
H

1HK,sv̂K

f
H

2H1,sv̂1 f
H

2H2,sv̂2 · · · f
H

2HK,sv̂K
...

...
. . .

...
f

H

KH1,sv̂1 f
H

KH2,sv̂2 · · · f
H

KHK,sv̂K

 .
(22)

Note that each entry of He,s can be obtained from the
uplink pilots. The designed digital beamformer under the
zero-forcing (ZF) criterion can be expressed as

F
t+1

BB,s = He,s(H
H
e,sHe,s)

−1. (23)

Finally, we summarize the proposed beam tracking scheme
in Algorithm 1

IV. SIMULATION RESULTS

Now we evaluate the performance of the proposed radar-
aided multiuser beam tracking scheme. As shown in Fig. 2,
we consider a scenario consisting of two users and one non-
cooperative target. The velocity of both the user and the target
is set to be 20m/s. Both the transceiver and the receiver at the
RSU are equipped with 64 antennas and two RF chains. The
number of paths for the two users is set to be 3, where the
power ratio between the LoS path and the non-LoS (NLoS)
paths is 20 dB. We set ∆f = 15 KHz, S = 1024, P = 375,
∆T = 25 ms, λc = 0.01 m in OFDM. The radar cross section
(RCS) of the target is set to be uniformly distributed between
[10, 100] m2 [11]. The transmit power of the users is set to
be 20 dBm. The power of the noise is set to be −109 dBm.

In Fig. 3, we compare the proposed radar-aided multiuser
beam tracking scheme with the beam tracking scheme in [6]
in terms of the spectral efficiency. The transmit power of the
RSU is set to be 40 dBm. To demonstrate the effectiveness
of the proposed signal extraction method in Sec. III-A, the
performance of independent beam tracking (IBT) of each user
is also adopted as a benchmark. It is shown in Fig. 3 that
the proposed scheme outperforms the scheme in [6] almost
in the whole process of tracking. When the tracking time is

RSU: (0,100) m
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Fig. 2: Illustration of the considered multiuser beam tracking scenario.
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Fig. 3: Comparisons of the spectral efficiency for different schemes.
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Fig. 4: Comparisons of the average spectral efficiency for different schemes.

less than 5 seconds, the superiority of the proposed scheme
mainly comes from the mitigation of the multiuser interfer-
ence. When the tracking time is greater than 5 seconds, the
superiority of the proposed scheme comes from the assistance
of the communication to the sensing. In addition, the proposed
scheme has similar performance to the IBT, which verifies
the effectiveness of the proposed signal extraction method in
Sec. III-A.

In Fig. 4, we compare different schemes in terms of the
average spectral efficiency of the whole process for vari-
ous transmit power. It is shown that the proposed scheme
outperforms the scheme in [6] for various transmit power.
That is because the proposed scheme performs the multiuser
interference cancellation and takes the cooperativeness of
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the users into consideration, where the former leads to a
larger signal-to-interference-and-noise-rate (SINR) and the
latter leads to more robust beam alignment. In addition, the
proposed scheme can approach the performance of the IBT,
which verifies again the effectiveness of the proposed signal
extraction method in Sec. III-A.

V. CONCLUSION

In this paper, radar-aided multiuser beam tracking and
target detection has been investigated for ISAC. A multiuser
beam tracking scheme based on the collaboration of radar
sensing and uplink communication has been proposed. Future
work will be continued with efficient beam tracking in ISAC.
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APPENDIX A
According to (5), we have

[A]s,p =

S∑
n=1

P∑
t=1

[x̃
(t)
n ]m

[x̃
(t)
n ]k

[Λ(i)]n,tZ−t(p−1)
P Zn(s−1)

S , (24)

where Zba = e2bπ/a. Denote the real part of [A]s,p as ARe
s,p

and we have

ARe
s,p =

S∑
n=1

P∑
t=1

XRe
n,t cos θn,t,s,p −XIm

n,t sin θn,t,s,p, (25)

where

XRe
n,t = Re{[x̃(t)

n ]m[Λ(i)]n,t/[x̃
(t)
n ]k},

XIm
n,t = Im{[x̃(t)

n ]m[Λ(i)]n,t/[x̃
(t)
n ]k},

θn,t,s,p = 2π((s− 1)n/S − (p− 1)t/P ). (26)

Note that cos θn,t,s,p and sin θn,t,s,p in (25) are constants with
| cos θn,t,s,p| ≤ 1 and | sin θn,t,s,p| ≤ 1, while XRe

n,t and XIm
n,t

are random variables regarding the randomness of x(t)
n . We

assume E{[x̃(t)
n ]m} = 0, |[x̃(t)

n ]m| 6= 0, max |[x̃(t)
n ]m| =

Amax, min |[x̃(t)
n ]m| = Amin, E{1/|[x̃(t)

n ]m|2} = ζ2 and
Var{[x̃(t)

n ]m} = ξ2. Define γn,t , XRe
n,t cos θn,t,s,p −

XIm
n,t sin θn,t,s,p, µn,t , E{γn,t}, ρ2

n,t , Var{γn,t} and
C2 , Var{ARe

s,p}. We have

µn,t = E{XRe
n,t} cos θn,t,s,p + E{XRe

n,t} sin θn,t,s,p = 0,

ρ2
n,t ≤ Var{[x̃(t)

n ]m[Λ(i)]n,t/[x̃
(t)
n ]k} ≤ ξ2ζ2,

C2 =

S∑
n=1

P∑
t=1

ρ2
n,t. (27)

∀ε > 0, we have∫
{
x
∣∣|x|≥εC}(x− µn,t)2fn,t(x)dx

≤ G2
maxξ

2ζ2P{|γn,t| ≥ εC}
(a)

≤
G2

maxξ
2ζ2ρ2

n,t

ε2C2
, (28)

where fn,t(x) denotes the distribution function of γn,t and
(a) holds because of the Chebyshev inequality [15]. Then,
we have

1

C2

S∑
n=1

P∑
t=1

∫
{
x
∣∣|x|≥εC} x2fn,t(x)dx≤G

2
maxξ

2ζ2

ε2C2
. (29)

Note that lim
S,P→∞

C2 = ∞, and lim
S,P→∞

G2
maxξ

2ζ2

ε2C2 = 0. We

have

lim
S,P→∞

1

C2

S∑
n=1

P∑
t=1

∫
{x:|x|≥εC}

x2fi,l(x)dx = 0, (30)

which indicates that the Lindeberg’s condition is satis-
fied [15]. According to the the Lindeberg-Feller theorem,
ARe
s,p converges to N (0, C2). Similarly, AIm

s,p converges to
N
(
0,Var

{
AIm
s,p

})
. Then, [A]s,p = ARe

s,p + j ·AIm
s,p converges

to the complex Gaussian distribution.
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