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Joint Sparse Bayesian Learning for Channel Estimation in ISAC
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Abstract—1In this letter, we investigate channel estimation in
integrated sensing and communication and propose a joint sparse
Bayesian learning (JSBL) algorithm for the estimation of sensing
and communication (S&C) channels. To capture the joint sparsity
between S&C channels arising from the commonalities between
the sensing targets and communication scatterers, we conceive
an adaptive pattern-coupled prior for S&C channel coefficients,
which allows us to formulate the joint S&C channel estimation
as a maximum a posteriori (MAP) problem. Then, a tailored
expectation-maximization (EM) method including an E-step and
an M-step is developed to solve the MAP problem. Specifically,
in the E-step, we derive the sparse Bayesian estimates for
S&C channels, while in the M-step, we dynamically update the
off-grid channel angles and prior parameters. Simulation results
demonstrate that the proposed JSBL algorithm can achieve
improved S&C channel estimation performance over existing
methods due to the exploitation of the joint sparsity between
S&C channels.

Index Terms— Channel estimation, integrated sensing and
communication (ISAC), joint sparsity, sparse Bayesian learning.

I. INTRODUCTION

NTEGRATED sensing and communication (ISAC) is

widely considered as a significant component for the
future sixth-generation (6G) wireless systems [1], [2], [3].
For example, in the 6G visions released by the International
Telecommunication Union in 2023, the ISAC is identified as
one of the six major usage scenarios. By integrating sens-
ing into communications, ISAC can potentially enhance the
environmental awareness of the network, leading to improved
system performance and enhanced ability to support various
applications.

Integrated into one system, the sensing and communica-
tion (S&C) units can share various hardware and software
resources, such as antenna arrays, radio frequency chains, and
signal processing capabilities. As a result, ISAC can achieve
desired S&C performance with fewer resources, leading to the
integration gain [4]. Besides the integration gain, recent works
have delved into exploring the coordination gain in ISAC,
which aims at exploiting the mutual assistance between S&C
to improve the performance of both functions [1]. One promis-
ing approach to achieving the coordination gain is exploiting
the commonalities between S&C channels [5]. Specifically,
certain sensing targets, such as environmental objects, may
also serve as the scatterers of communication channels. These
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commonalities motivate us to perform joint S&C channel
estimation (JSCCE). By utilizing independent observations of
S&C signals from the same path, the JSCCE has the potential
to improve the channel estimation performance of both S&C
functions.

Channel estimation typically uses signal processing algo-
rithms for channel parameter estimation. Among existing
parameter estimation methods, Bayesian inference, which aims
at maximizing the posterior probability of channel parame-
ters, has the potential to achieve the optimal estimation [6].
Given sparse properties of S&C channels, sparse Bayesian
learning (SBL), which incorporates a sparse prior into the
Bayesian inference framework, has gained widespread adop-
tion [7]. However, the sparse prior in conventional SBL usually
assumes independent sparsity for S&C channels, and thus
does not adapt to the JSCCE. In [8], a joint sparse prior is
proposed to exploit joint sparsity between uplink and downlink
channels and an off-grid SBL (OGSBL) is developed for
channel estimation. However, the joint sparse prior in [8] is
designed for scenarios where the support sets (SSs) of the
channels are fully identical, and is not suitable for JSCCE
where S&C channels share only partially identical SSs.

In this letter, we propose a joint sparse Bayesian learn-
ing (JSBL) algorithm for JSCCE. To capture the joint
sparsity between S&C channels, we conceive an adaptive
pattern-coupled prior for S&C channel coefficients, which
allows us to formulate the JSCCE as a maximum a posteriori
(MAP) problem. Then, a tailored expectation-maximization
(EM) method including an E-step and an M-step is devel-
oped to solve the MAP problem. Specifically, in the E-step,
we derive the sparse Bayesian estimates for S&C channels,
while in the M-step, we dynamically update the off-grid
channel angles and prior parameters.

Notations: Lowercase and uppercase bold symbols denote
vectors and matrices, respectively. [A].,, denotes the mth
column of a matrix A. [a],, denotes the mth entry of a vector
a. ()T, ()4, diag(a), and tr(-) denote transpose, Hermitian
transpose, a matrix with vector a as its diagonal entries, and
the trace operator, respectively. oc, R, C, and CN(-) denote
proportionality, real numbers, complex numbers, and complex
Gaussian distribution, respectively.

II. SYSTEM MODEL

We consider an ISAC system including one ISAC base sta-
tion (BS) and K single-antenna users. The ISAC BS employs
a transmitter with /V; antennas and a collocated receiver with
N, antennas, where the antennas are arranged in uniform linear
arrays with half-wavelength intervals. In the considered ISAC
system, the transmitter emits sensing signals for environment
sensing and the users transmit uplink pilots for channel estima-
tion. Meanwhile, the receiver simultaneously collects the echo
signals and uplink pilots. We assume orthogonal frequency
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resources are allocated to the transmitter and K users so that
their signals can be separated at the receiver. As a result, the
receiver can collect K +1 independent signals. We specify that
the first received signal corresponds to the echo signal and the
kth, for k > 2, received signal corresponds to the uplink pilots
of the (k — 1)th user. The collected echo signals by the BS
can be expressed as

y, = His+ny, (D

where s € CNt*! and ny € CN-*! denote the transmit
sensing signals and additive Gaussian noise, respectively.
H; € CN->*Nt denotes the sensing channels and can be

modeled as
Ly
l
=2 aa(
=1

where L, §§”, and 951) denote the number of targets, the
channel gain of the [th target, and the channel angle of the /th
target, respectively. «(-) denotes the channel steering vector
and is defined as

a(N,0) = , eI TN =D T, 3)
Similarly, the collected uplink pilot of the kth user, for k =
1,2,..., K, can be expressed as

Y1 = hpp12p +npg, “)
where x; and myy; denote the transmit pilot and additive
Gaussian noise, respectively. hj, 1 € CY*! denotes the

communication channel and can be modeled as
L4t

Z &)1

where Lyj.1, 5 1o and 9,&3_1 denote the number of channel
paths, the channel gain of the /th path, and the channel angle
of the /th path, respectively. We stack the collected signals
from the transmitter and K users together as

Y = [y17y25'~-7yK+1]' (6)

Then, we focus on recovering S&C channels from Y by
proposing a JSBL algorithm.

Nr70§l))a(Ntu9§l))H> (2)

[1, o

i1 = B0, 5)

III. JOINT SPARSE BAYESIAN LEARNING
A. Off-Grid Sparse Bayesian Learning Framework
Define EY’ 2 DN, oHH

=
s and 5121 §k+1 r for

k=12,... K. Then both (1) and (4) can be rewritten as
yk—Zﬁk (N, 0 + mg, (7)
for k = 1,2,-- ,K —i— 1. From (7), both echo signals and

uplink pilots can be expressed as the combination of channel
steering vectors. We quantize the channel angle into M
samples with the mth sample expressed as ¢, = —14(2m —
1)/M. Suppose the quantization is fine enough and the real
channel angles are located in the quantized samples. Then,
we can stack (7) in a more compact form as

Y =AW + N, (8)
where [A]. 2 a(N;,om)s N 2 [ny,ns,... . ng 1], and

W denotes the corresponding channel coefficients. In practice,
the real channel angles usually deviate from the quantized
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ones. To this end, a set of variables B = [31, B2, - , Bur]T
are introduced to deal with the deviation. Then, (8) can be
rewritten as

Y=ApB)W+ N, )

Where [A(ﬁ)],m é a(NI‘7 @7” + 6’!”)'
Usually, both S&C channels have limited paths. As a result,
most entries in W would be zero, i.e., W is sparse. To char-

acterize the sparsity of W, the SBL framework provides a
two-stage hierarchical prior as [7]

K+1

p(W|G) = [] CN (w0, diag(g,) ), (10a)
k=
Ml

0 = | Tlgmuia+1.b). (10b)

m=1
In (10a), G € RM*(K+1) denotes the stack of variances for
entries in W, wy, = [W].x, and g, = [G].x. In (10b),
Imk = [Gplm and T(gmx;a + 1,b) denotes the Gamma
distribution.
Under the assumption of independently identical Gaussian

noise, we have

K+1

I eV (nilo,¢ '),
k=1

where ¢! denotes the noise variance. Specifically, ¢ is mod-
eled as a Gamma distribution to provide a broad hyperprior,

ie, p(Q) =T(¢a+1,b).

p(N|¢) = (1)

B. Joint Sparsity Exploration

The communication channels are usually composed of the
line-of-sight (LoS) path and non-LoS (NLoS) paths. The NLoS
paths, which involve reflections from scatterers, contribute to a
substantial portion of the communication channels. Therefore,
accurately estimating the channel angles associated with these
scatterers is crucial for reconstructing the communication
channels. On the other hand, these scatterers could also be
detected as sensing targets. Therefore, the collected echo
signals may also contain information about the channel angles
of the scatterers. This correlation indicates that the SSs of
S&C channels have some overlaps because of the fact that the
communication scatterers could also be the sensing targets.
Besides, the sensing channels may have their individual SSs
because part of targets may not serve as scatterers for any user
channels. Moreover, the communication channels may also
have their individual SSs because the communication channels
may have LoS paths that do not pass through any scatterers.
Based on the above discussions, we propose the following
criterion for the joint sparsity.

Joint Sparsity Criterion: If an entry in the sensing SS is zero
or non-zero, the corresponding entry in the communication SS
is more likely to be zero or non-zero than the case that the
entry in the sensing SS is non-zero or zero, respectively.

Remark 1: We provide an example to verify the Joint
Sparsity Criterion. Consider an ISAC system with L; =
6 targets, L, = 4 communication channel paths, and M =
32 angle samples. Suppose L, = 2 targets serve as the
communication scatterers. We define the events Sp and S; as
an entry in the sensing support set being zero and non-zero,
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respectively. Similarly, the events Cy and C; represent an entry
in the communication support set being zero and non-zero,
respectively. Then, we have p(C1|Sy) = 1/13, p(Co|Sp) =
12/13, p(Co|S1) = 2/3, and p(C1]S1) = 1/3. We can find that
p(ColSo) > p(Co|S1) and p(C1|S1) > p(C1|So), thus verifying
the Joint Sparsity Criterion.

Note that the two-stage hierarchical prior in (10) only
considers the independent sparsity and neglects the joint
sparsity between S&C channels. To exploit the joint sparsity,
we replace the prior in (10a) with an adaptive pattern-coupled
prior, expressed as

p(wi]g;) = CN (w10, diag(g,) "),
P(Wen k| Gm, 15 Gmokes Prmke)
o CN( 1) - CN (wm 1[0, g, %),
k=23 K+1. (12)

To simplify the expression, we define a matrix P €
RM*(K+1) o keep pmks i-€s [Plmk = pm.k, Where we
specify p,,,1 = 0 for consistency. In (12), the prior of w is the
same as that in (10a) and only relies on g,, which implies that
we provide an independent prior for the coefficients of sensing
channels. However, the prior of wyg, for £ > 2, is coupled
with the prior of w; with p,, , adaptively adjusting the
coupling effects, which implies that we provide a joint prior
for the coefficients of communication channels. According to
the Gaussian reproduction lemma [9], we have
P(Win k| Gm, 15 G ks Pmk)

o< CN (W k|0, (Pm kGm1 + gmi) ™), (13)
for k =2,3,---, K + 1. From (13), if wy, 1 equals zero, its
variance g;hll would be a small value that approaches zero.
Then, g,,1 would be a large value that approaches infinity.
As a result, the variance of wy, ; would also approach zero
due to the small variance, which provides a more sparse prior
for wy, 1 and means that w,, ; would be more likely to be
zero than independent prior in (10a). On the contrary, if wp, 1
is non-zero, its variance gml1 would be a large value and g, 1
would be a small value. As a result, the impact of w,, 1 on
Wy, wWould be negligible, which indicates that w,, , would
be more likely to be non-zero than the case that w,, 1 equals
zero. Based on the above discussions, the prior of W in (12)
aligns with Joint Sparsity Criterion, and has the potential to
exploit the joint sparsity between S&C channels.

Remark 2: In scenarios where the Joint Sparsity Criterion
is not satisfied and the S&C channels have no correlations, the
conventional SBL algorithm is sufficient to effectively solve
the channel estimation problem, without the need to employ
the proposed JSBL algorithm.

C. Detailed Implementation of the JSBL Algorithm

Following the procedures of conventional SBL [7], [8], the
JSBL algorithm does not explicitly estimate W, but treats W
as hidden variables and infers (j, G, P and 8 by maximizing
the posterior p(¢, G, P,8|Y), i

(¢*,G*, P*,3) = arg max p(C G,P,8lY). (14)

7 ) 7

According to the Bayes’ Theorem, (14) is reformulated as
*G* P, 3%) = np(Y,(,G,P,3). (15
(C ) ) 7/8 ) argc}él%giﬁ np( 7(’ 3 7ﬁ) ( )

1827

In fact, directly solving (15) is difficult due to its integral form
with respect to the hidden variables W [7], [8]. Alternatively,
the EM algorithm, which iteratively calculates the posterior
distribution of W in the E-step and updates the parameters in
the M-step, is adopted to maximize the joint distribution with
hidden variables and find solutions for (15) [7], [8]."

The EM algorithm begins by initializing ¢, G, P, and 3 as

{0 =1, (6", =[a@”)"

(P, =1, for k> 2, and [ﬁ( )}m —0, (16)
respectively. Then, we iteratively perform the E-step and M-
step of the EM algorithm until the maximum number of
iterations, @, is reached.? In the qth iteration, for ¢ > 1,
we denote the updated ¢, G, P and 3 in the last 1terat10n

asc2ia) Gag " " pap ) amaBe iy,
respectively. Then, we elaborate on the detalls of the E-step
and M-step as follows.

In the E-step of the gth iteration, we compute the posterior

distribution of W as

Ln,k‘
(0)

K+1
p(W|Y,(,G, P,B) x H p(wk |y, C, G Prs B)
o
o ] eN(wilpy, =), (17)
where -
my = (SeAB) "y, G 2 [Glik, Py, = [Pl
=y = (diag(gy) + diag(g,)p + CAB)"AB) . (18)

Then, we compute the expectation of lnp(Y, W, (, G, 3, P)
over W, where
p(Y,W.(,G,B,P)
x p(Y|W,(,B)p(W|G, P)p(G)p(¢).  (19)
In the M-step of the gth iteration, we update ¢, G, P, and
B by maximizing E{lnp(Y,W,(,G, P,3)}, ie.,

(@ = mCaXIE{lnp(Y, W.(¢,G,P,B)}, (20a)
G\ = mGaXIE{lnp(Y7 w.(9, G P.B)}, (20b)
ﬁ(q) = mgx ]E{hlp(Y, W, E(q)y é(q)v Pa B)}a (ZOC)
B = maxE(p(v, w.00.G" PV, 9. 200

Subsequently, we provide how we update ¢, G, P, and 3
based on (20).
1) Updating ¢: From (19) and (20a), we have

lnp(Y7 Wa Caéa ?a B)
x (M(K+1)+a)In¢

K+1 .
~o( X I - ABwlz +0)

k=1

2

IThe detailed implementation of the JSBL algorithm follows the standard
procedures of the SBL developed in [7]. Interested readers can refer to [7]
and [8] for further information.

2Qur simulation results show that the EM algorithm converges within
100 iterations. Therefore, we recommend setting @ as 100 in the implemen-
tation.
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Then, we have

]E{h’lp(Y, W7 C7éa F7 B)}OC(M(K + 1) + a) h’l( - CRa

(22)
where
K+1 B B
R&b+ Z lyx—AB) 1|3+ Tr(AB) T AB) k). (23)
Letting (’9]E{1np(Y7 W.(,G,P,B)}/0¢ =0, we have
(9 =R/(M(K +1) +a). (24)
2) Updating G: From (19) and (20b), we have
lnp(Y w,(9 G, P,B)
K+1
x Z (Klngm 1— ( > Pk wm k] +b)gm 1)
m=1 k=2
M K+1
+ 3> ((at+ D Ingmg — 0+ [wom k) gmi) - (25
m=1 k=1
Then, we have
E{lnp(Y,W,(%,G,P,B)}
M K+1
% z <K Ingm1 — gm,l( Z Pk ke + b>>
m=1 k=2
M K+1
+ 3> (a4 DIngmg — (b+0mn)gmn) . (26)
m=1 k=1
where
NMmk = Hl‘k]m|2 + [Zk]m,m- 27

Letting OE{Inp(Y, W, (9, G, P, B)}/gm ., = 0, we have

K+1
Im,1 = (K + 1 + a)/( Z Pm,kTm,k + T, 1 + b)a
k=2

Imk = (@+1)/ (N +b) for k> 2. (28)
3) Updating P: From (19) and (20c), we have
np(Y, w,0, &, P, B)
M K+1
X Z Z In Pm,k — pm,kgm,1|wm,k|2- (29)
m=1 k=2
Then, we have
E{np(Y, W,(9, G, P,B)}
M K+1
< > ok — Pk Gm T k- (30)
m=1 k=2

Letting OE{lnp(Y, W,E(‘J),é(q),Pﬁ)}/apmk:O, we have

Pmk = 1/(gm,10m i), for k > 2. 31
4) Updating B: From (19) and (20d) we have
np(y, w,(0,6" P, )
K+1 )
= Yy — AB)wk ;. (32)
k=1
Then, we have
E(lp(y,w.(?.¢", P g))
K+1 )
=Y ([lur — ABi; + Tr(AB) T A(B)Z)). (33)
k=1
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Algorithm 1 Joint Sparse Bayesian Learning Algorithm
1: Input: N, K, Q, Aand Y.
2: Initialize ¢, G, P, and 3 via (16). ¢ — 0.

3: while ¢ < @Q do

4 Update (@, e P and 5 ) Via (24), (28), (31)
and (33), respectlvely.

5 qg+—q+1.

6: end while

7: Obtain hy, for k =1,2,..., K + 1, via (34).

8: Obtain 0\", for I =1,2,..., Ly via (35).

9: Output: hy, and 5%1).

Due to the complicated expressions in (33), it is difficult to
obtain a closed-form solution for (20d). Following [8], we find
a local solution for 3 via the gradient descent.

D. Channel Reconstruction

After () iterations, we denote the estimated 3 and p,
as B and p,, respectively. Note that g, is the posterior
mean of the channel coefficient wj,. Therefore, we reconstruct
communication channels as

he =A@y, k=2,3,-- K +1. (34)

Suppose L, targets are detected based on 1. We define a set
X to keep the indices of the L; largest absolute values in fi;.
Then the estimated target angles can be expressed as

0 = -1+ @i - 1)/M+ Blpg, L=1,...,L1. (35)

Now, we evaluate the computational complexity of the
proposed JSBL algorithm. The JSBL algorithm undergoes
@ iterations, where each iteration contains the E-step and
M-step. The computational complexity of the E-step mainly
comes from updating 3 in (18), which involves the matrix
inversion and has a computational complexity of O(M?3).
Since we provide closed-form expressions for updating ¢, G
and P in (24), (28), and (31), respectively, the computational
complexity of the M-step mainly comes from updating (3
in (33), which employs the gradient descent. Note that the
gradient descent is a widely adopted method. We omit the
detailed analysis and denote its computational complexity as
O(D). In total, the computational complexity of the proposed
JSBL algorithm is O(Q((K + 1)M? + D)).

Finally, we summarize the proposed JSBL algorithm in
Algorithm 1.

IV. SIMULATION RESULTS

Now, we evaluate the performance of the proposed JSBL
algorithm. We consider an ISAC system that contains one
BS and four users. The ISAC BS employs a transmitter and
a receiver both with 32 antennas to sense six targets. The
communication channels between the users and the ISAC BS
are supposed to contain four paths. In each implementation
of Monte Carlo simulations, we randomly select part of
the targets to serve as the communication scatterers, which
indicates that the S&C channels have their individual SSs in
addition to the common SSs. The channel angles distribute
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Fig. 1. Comparisons of the parameter estimation performance for the OGSBL
and proposed JSBL.
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Fig. 2. Comparisons of the communication channel estimation performance
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Fig. 3. Comparisons of the target angle estimation performance for different
methods.

randomly within [—1, 1] and the channel gains obey the com-
plex Gaussian distribution with a mean of zero and a variance
of one. The classic orthogonal matching pursuit (OMP) and
the off-grid SBL (OGSBL) [8], neither exploiting the joint
sparsity between S&C channels, are adopted as benchmarks
for comparisons.

In Fig. 1, we compare the parameter estimation perfor-
mance of the OGSBL and proposed JSBL, taking the sensing
channel as an example. The x-axis and the y-axis denote
the estimated channel angles and the corresponding estimated
channel coefficients, respectively. We set the signal-to-noise
ratio (SNR) as —5 dB. From the figure, the proposed JSBL
can achieve a more sparse channel representation and a better
parameter estimation performance than the OGSBL owing to
the conceived pattern-coupled prior.
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In Fig. 2, we compare the communication channel esti-
mation performance for different methods in terms of the
normalized mean squared error (NMSE). The least squares
based on ideal SS (LSISS), which assumes the channel angles
are known and estimates the channel coefficients with the LS,
is adopted as a benchmark. From the figure, the JSBL signif-
icantly outperforms the OMP and OGSBL and can approach
the LSISS for all SNRs, which verifies that exploiting the joint
sparsity between S&C channels can effectively improve the
channel estimation performance of communications. Notably,
the JSBL slightly outperforms the LSISS when the SNR is
less than —17.5 dB. This can be attributed to the fact that the
JSBL only infers part of channel paths and treats the remaining
paths as noise due to the large noise powers, resulting in an
NMSE close to 0 dB. However, the large noise power leads to
significant channel gain estimation errors for LSISS, resulting
in a larger NMSE than JSBL.

In Fig. 3, we compare the target angle estimation perfor-
mance for different methods in terms of the mean squared
error (MSE). From the figure, the proposed JSBL outperforms
OMP and OGSBL due to the exploitation of the partially joint
sparsity between S&C channels. Specifically, the JSBL can
achieve an MSE performance of nearly 10~° when the SNR
is 10 dB, which demonstrates its superior angle estimation
capability.

V. CONCLUSION

In this letter, channel estimation in ISAC systems has been
investigated and a JSBL algorithm has been proposed. To cap-
ture the joint sparsity between S&C channels, an adaptive
pattern-coupled prior for the channel coefficients has been con-
ceived. Simulation results have demonstrated the effectiveness
of the proposed JSBL algorithm and shown that exploiting the
joint sparsity can improve channel estimation performance for
both S&C systems.
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