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Abstract—This paper considers near-field multiuser communi-
cations based on sparse arrays (SAs). First, for the uniform SAs
(USAs), we analyze the beam gains of channel steering vectors,
which shows that increasing the antenna spacings can effectively
improve the spatial resolution of the antenna arrays to enhance
the sum rate of multiuser communications. Then, we investigate
nonuniform SAs (NSAs) to mitigate the high multiuser interference
from the grating lobes of the USAs. To maximize the sum rate of
near-field multiuser communications, we optimize the antenna po-
sitions of the NSAs, where a successive convex approximation-based
antenna position optimization algorithm is proposed. Moreover,
we find that the channels of both the USAs and the NSAs show
uniform sparsity in the defined surrogate distance-angle (SD-A)
domain. Based on the channel sparsity, an on-grid SD-A-domain
orthogonal matching pursuit (SDA-OMP) algorithm is developed
to estimate multiuser channels. To further improve the resolution
of the SDA-OMP, we also design an off-grid SD-A-domain iterative
super-resolution channel estimation algorithm. Simulation results
demonstrate the superior performance of the proposed methods.

Index Terms—Antenna position optimization, channel estima-
tion, near-field multiuser communications, sparse arrays,
successive convex approximation.

I. INTRODUCTION

N EXT-GENERATION wireless communications are ex-
pected to improve user experience and support compelling

applications. These anticipated developments entail comprehen-
sively heightened demands on future communications, such as
enhanced transmission rates and improved network connectivity.
To meet these demands, various novel technologies have been
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developed [1]. Among them, near-field communications have
attracted widespread attention for the potential to improve the
spatial resolution, communication capacity and transmission
security [2], [3], [4], [5], [6], [7], [8].

According to the array aperture and the propagation distance,
the radiation field of the electromagnetic (EM) waves can be
divided into the far field, the radiative near field, and the reactive
near field [2], [3], [4], [5], [6]. In the far field, where the
propagation distance is sufficiently large, the EM waves exhibit
a planar wavefront. As the propagation distance decreases and
the radiative near field is reached, the EM waves show a spher-
ical wavefront and the phase differences among antennas are
nonlinear functions of the antenna indices. In the reactive near
field, where the propagation distance is even closer than that of
the radiative near field, the amplitudes of EM waves vary across
the array in addition to the nonlinear phases. Since the radiative
near field usually has a much larger coverage than the reactive
near field [3], [4], [5], we mainly focus on the radiative near field
in this work.

Due to the distinctions in propagation characteristics, the near-
and far-field channels are described by the spherical- and planar-
wave models, respectively. By exploiting the unique propagation
characteristics in the near-field, various improvement can be
achieved compared to far-field communications [9], [10], [11],
[12]. For example, in near-field data transmission, the single-
user communications can benefit from the increased channel
degrees of freedom (DoF) to improve system capacity [9] while
the multiuser communications can exploit the increased spatial
resolution to serve users at the same angle but different dis-
tances [10]. Since the EM waves exhibit a spherical wavefront,
the near-field steering vector depends on both the angle and
distance, enabling the near-field sensing and localization [11].
Moreover, for the near-field physical-layer security, the BS can
use the near-field beamforming to simultaneously provide high
beamforming gains for legitimate users while low beamforming
gains for eavesdroppers even if they share the same angle [12].
The improvement indicates that near-field communications can
provide superior communication capacity and broader applica-
tions compared to the far-field ones.

In fact, the implementation of the near-field communica-
tions relies on the near-field effects, which are characterized
by the spherical wavefront of the EM waves and caused by
large array apertures. To form large-aperture arrays, most of
the existing works utilize the extremely large-scale multiple-
input multiple-output (XL-MIMO), which employs much more
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antennas than the conventional massive MIMO. However, this
approach entails exorbitant hardware costs. To reduce the hard-
ware costs, in [13] and [14], the widely-spaced multi-subarray
(WSMS) architecture is developed, where the entire array is
divided into several subarrays and the spacings between adjacent
subarrays are widened to increase the array aperture. Although
this approach outperforms the conventional massive MIMO, its
adaptability is constrained because only the spacings between
subarrays can be adjusted and the design flexibility is limited.
Different from the existing XL-MIMO and WSMS, we expand
the array aperture by increasing the spacings between adjacent
antennas. In fact, this idea coincides with the concept of sparse
arrays (SAs) [15], [16], [17], [18]. Compared to the existing
XL-MIMO, the SAs enable us to exploit the near-field effects
for performance improvement with much lower hardware costs.
Compared to the existing WSMS, the SAs increase the spacings
between adjacent antennas instead of between subarrays and
thus have more design flexibility.

Many studies have been conducted on SAs [15], [16], [17],
[18]. For the far field, through adjusting spacings between
antennas, the SAs can improve the system performance and
reduce the hardware costs [15], [16]. For example, better DoA
estimation performance can be achieved [15] and fewer antennas
are needed to synthesize the same beams by the SAs [16] than the
conventional half-wavelength arrays. Besides, some researchers
have also explored the potential of SAs in the near field. For
example, the near-field localization based on sparse cross arrays
and the sparse array optimization for near-field imaging are
investigated in [17] and [18], respectively. Despite these efforts,
to the best knowledge of the authors, so far there has been no
work reporting the near-field communications based on SAs.

In this paper, we consider near-field multiuser communi-
cations based on SAs. By expanding the array aperture via
increasing the antenna spacings, the spatial resolution of the
antenna arrays is improved and the hardware costs are reduced.
The main contributions of this paper are summarized as follows,
where the second point is included in the conference paper [19].
� We investigate near-field multiuser communications based

on uniform SAs (USAs) and analyze the beam gains of
channel steering vectors. Based on the analysis, we high-
light three unique properties of the USA channels, which
shows that enlarging the antenna spacings can effectively
enhance the spatial resolution of the antenna arrays and
improve the sum rate of multiuser communications.

� Then, we investigate nonuniform SAs (NSAs) to mitigate
the high multiuser interference from the grating lobes of
USAs. To maximize the sum rate of near-field multiuser
communications, we optimize the antenna positions of the
NSAs in the antenna panel. Since the antenna position
optimization problem is nonconvex, a successive convex
approximation-based antenna position optimization (SCA-
APO) algorithm is proposed.

� We explore the channel sparsity of both the USAs and
the NSAs. We find that the channels of the USAs show
uniform and periodic sparsity in the defined surrogate
distance-angle (SD-A) domain while the channels of the
NSAs show uniform and aperiodic sparsity in the SD-A

Fig. 1. Illustration of the system model.

domain. Based on the channel sparsity, channel sparse
representation matrices are designed for the USAs and
the NSAs, respectively. Then, an SD-A-domain orthogonal
matching pursuit (SDA-OMP) algorithm is proposed to
estimate the multiuser channels. To further improve the
resolution of the SDA-OMP, an SD-A-domain iterative
super-resolution channel estimation (SDA-ISRCE) algo-
rithm is further proposed.

The rest of this paper is organized as follows: The model of
near-field multiuser communications based on sparse arrays is
introduced in Section II. The analysis of the USAs is presented
in Section III. The antenna position optimization of the NSAs
is proposed in Section IV. The channel estimation and beam-
forming are discussed in Section V. The proposed methods are
evaluated in Section VI. The paper is concluded in Section VII.

The notations are defined as follows: Symbols for matrices
(upper case) and vectors (lower case) are in boldface. (·)H
denotes the conjugate transpose (Hermitian). [a]n represents the
nth entry, [A]:,n denotes thenth column, and [A]m,n refers to the
entry at the mth row and nth column of matrix A. Additionally,
j is the square root of −1, | · | is the absolute value of a scalar,
| · |F is the Frobenius norm of a matrix,E denotes the expectation
operation, C is the set of complex numbers, Z is the set of
integers, and CN represents the complex Gaussian distribution.
Furthermore, f ′(·) and f ′′(·) represent the first-order and the
second-order derivatives of f(·), respectively.

II. SYSTEM MODEL

As shown in Fig. 1, we consider the uplink transmission
between K users and a BS. The BS employs an antenna panel
with a length of D to accommodate an N -element sparse linear
array. To simplify the expressions, we assume N is an odd
number so that M � (N − 1)/2 is an integer. However, the
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proposed methods can be extended to antenna arrays with an
even number of elements. To fully exploit the spatial DoF of
near-field communications, the fully digital structure is adopted
at the BS, which implies that each antenna is connected to a
radio frequency chain. For the SAs, due to the much larger
antenna spacing than the conventional half-wavelength-interval
uniform linear array (HULA), the number of antennas can be
much smaller for a fixed antenna panel. Therefore, the budget of
RF chains for SAs with fully digital structure can be affordable.
For uplink channel estimation, the K users transmit orthogonal
pilots to the BS.1 Therefore, received signals from the K users
can be effectively separated at the BS. In this work, we focus on
the processing at the BS and assume that users are equipped with
only one antenna for simplicity. However, the proposed methods
can be extended to the scenarios with multi-antenna users. Then,
the received signals from the kth user, for k = 1, 2, . . . ,K, can
be expressed as

yk = hkzk + η, (1)

where hk ∈ C
N represents the channel between the kth user

and the BS, and zk denotes the transmit pilot of the kth user.
η denotes the additive white Gaussian noise and follows η ∼
CN (0, σ2I). We establish a Cartesian coordinate system to
characterize the channels, where the tangent direction, normal
direction, and center of the antenna panel are designated as the
x-axis, the y-axis, and the origin, respectively. Naturally, the
left and right boundaries of the antenna panel are −D/2 and
D/2, respectively. Denote the coordinate of the nth antenna,
for n = −M, . . . , 0, . . . ,M , as (xn, 0). Typically, antenna po-
sitions are restricted to the boundaries of the antenna panel, i.e.,
xn ∈ [−D/2, D/2]. To intuitively show the sparsity of the SAs,
we define p � 2D

(N−1)λ , which denotes the ratio of the length of
the antenna panel to the array aperture of the N -element HULA.
For simplicity, we refer to “p” as the array sparsity factor.

In the radiative near field, according to the uniform spherical-
wave model [4], the channel between the kth user and the BS
can be expressed as

hk =

Lk∑
l=1

γ
(l)
k α

(
x, r

(l)
k , θ

(l)
k

)
, (2)

whereLk andx � [x−M , . . . , x0, . . . , xM ]T denote the number
of paths between the kth user and the BS, and the stack of the
antenna positions, respectively. γ(l)

k , r(l)k , and θ
(l)
k denote the

channel gain, channel distance, and channel physical angle-of-
departure (AoD) of the lth path between the kth user and the BS,
respectively.γ(l)

k follows the complex Gaussian distribution with

a mean of zero and a variance of ξ(l)k . In (2), we assume equal path
loss from all antennas in the radiative near field. The accuracy of
this approximation may degrade for non-broadside directions,
which are usually not the interested directions of the BS due to
the severe gain degradation [21]. Therefore, the spherical-wave
model in (2) would be accurate in the radiative near field under

1Usually, the near-field communications are expected to support more users
than the far-field ones. In this condition, the BS may not be able to allocate
orthogonal pilots to all users for channel estimation. In our future work, we will
investigate the pilot sharing techniques to address this issue [20].

a reasonable application environment. α(x, r
(l)
k , θ

(l)
k ), which

is a function of x, r(l)k and θ
(l)
k , denotes the channel steering

vector for the lth path between the kth user and the BS. We omit
the superscript and subscript in r

(l)
k and θ

(l)
k for simplicity and

express α(x, r, θ) as

[α (x, r, θ)]n = ej2π(r̃
(n)−r)/λ, (3)

for n = −M, . . . , 0, . . . ,M , where λ denotes the carrier wave-
length. r̃(n) represents the distance between the nth antenna of
the SA and the user and can be expressed as

r̃(n) =
√

r2 − 2rxn sin θ + x2
n. (4)

The complex expression in (4) poses great difficulties to the
system implementation and performance analysis. To simplify
the expression, we approximate r̃(n) by

r̃(n) ≈ r − xn sin θ +
x2
n(1− sin2 θ)

2r
, (5)

according to
√
1 + ε ≈ 1 + ε/2− ε2/8, which is verified to be

accurate in the radiative near field, i.e., r ≥ 0.62
√

D3/λ [4].
Considering a communication system with D = 1 m and λ =
0.01 m, we have 0.62

√
D3/λ = 6.2 m, which is much smaller

than the typical coverage of the BS. Therefore, in this work, we
mainly focus on the radiative near field with r ≥ 0.62

√
D3/λ.

Define Θ � sin θ and

b � (1−Θ2)

2r
. (6)

Note that b is a distance-dependent function. Therefore, we refer
to “b” as the “surrogate distance”. In addition, Θ represents the
angle information of channel paths. Therefore, we refer to “Θ”
as the “angle” for simplicity. Since the physical AoD usually
satisfies θ ∈ [−90◦, 90◦], we have Θ ∈ [−1, 1]. When r is very
large, b is close to zero. When Θ equals zero and r equals the
minimum distance of the BS coverage, b achieves its maximum
value of bmax. Therefore, we have b ∈ [0, bmax]. Substituting (5)
and (6) into (3), the channel steering vector can be simplified as

[α(x, r, θ)]n ≈ ej2π(bx
2
n−Θxn)/λ. (7)

From (7), the simplified channel steering vector is a function of
x, b, and Θ. We denote the simplified channel steering vector as
γ(x, b,Θ) with

[γ(x, b,Θ)]n = ej2π(bx
2
n−Θxn)/λ. (8)

III. ANALYSIS OF UNIFORM SPARSE ARRAYS

A direct approach to designing an SA is uniformly enlarging
the antenna spacings of the HULA, which leads to the USA.
First, we analyze the beam gains of channel steering vectors
for USAs. Based on the analysis, we highlight three unique
properties of the USAs, which shows that enlarging the antenna
spacings can effectively enhance the spatial resolution of the
antenna arrays and improve the sum rate of multiuser commu-
nications.

In the context of USAs, the antennas are arranged uniformly in
the antenna panel. Then, the x-axis coordinate of thenth antenna
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can be expressed as xn = pnλ/2. Substituting xn into (8), the
channel steering vector can be rewritten as

[γ(x, b,Θ)]n = ejπ(b̃p
2n2−Θpn), (9)

where x � [x−M , . . . , x0, . . . , xM ]T and b̃ � bλ/2. For an ar-
bitrary channel steering vector u � γ(x, k,Ω), its beam gain
can be defined as

G(u, b,Θ) � Nγ(x, b,Θ)Hu

=
M∑

n=−M
ejπ(p(Θ−Ω)n−p2(b̃−k̃)n2)

(a)
=

M∑
n=−M

ejπ(p(Θ̃−Ω)n−p
2(b̃−k̃)n2), (10)

where k̃ � kλ/2 and

Θ̃ � mod

(
Θ− Ω+

1

p
,
2

p

)
− 1

p
+Ω. (11)

In (10), (a) holds because of the periodicity of the complex sinu-
soidal functions. Following [22], we approximate the summation
in (10) with the integral and have

G(u, b,Θ) ≈
∫ M+1/2

−M−1/2
ejπ(p(Θ̃−Ω)z−p

2(b̃−k̃)z2)dz

=

∫ ∞
−∞

U(z)ejJ(b,Θ,z)dz, (12)

where

U(z) =

{
1, −M − 1/2 ≤ z ≤M + 1/2,
0, others,

(13)

and

J(b,Θ, z) � π
(
p
(
Θ̃− Ω

)
z − p2

(
b̃− k̃

)
z2
)
. (14)

An effective way to approximate the integral in (12) is the
principle of stationary phase (PSP) [23], [24]. This method
first determines the stationary phases of J(b,Θ, z) by finding
z that satisfies J ′(b,Θ, z) = 0. According to the expression of
J(b,Θ, z), the zero points of J ′(b,Θ, z) are

z̃m =
Θ− Ω− 2m/p

2p
(
b̃− k̃

) , (15)

for m ∈ T , where

T � {m|m ∈ Z, |Ω+ 2m/p| < 1 + 1/p} . (16)

Then, based on the stationary phases, the PSP approximates (12)
as

G(u, b,Θ) ≈
∑
m∈T

√
−2π

J ′′(z̃m, b,Θ)
e−jπ/4U(z̃m)ejJ(b,Θ,z̃m)

=
∑
m∈T

e−jπ/4√
p2
(
b̃− k̃

)U(z̃m)ejJ(b,Θ,z̃m)

=
∑
m∈T

G̃m(u, b,Θ), (17)

where

G̃m(u, b,Θ) � e−jπ/4√
p2
(
b̃− k̃

)U(z̃m)ejJ(b,Θ,z̃m). (18)

The amplitudes of beam gains usually play a more significant
role than the phases in the analysis of multiuser communications.
Taking the absolute value of G̃m(u, b,Θ), we have∣∣G̃m(u, b,Θ)

∣∣ = 1√
p2
∣∣̃b− k̃

∣∣U(z̃m)

=

⎧⎨⎩
1√

p2

∣∣̃b−k̃∣∣ , −N
2 ≤ z̃m ≤ N

2

0, others

(a)
=

⎧⎨⎩
1√

p2

∣∣̃b−k̃∣∣ , Θ ∈ Bm

0, others,
(19)

where

Bm�
[
Ω−p

∣∣̃b− k̃
∣∣N+

2m
p

,Ω+p
∣∣̃b− k̃

∣∣N+
2m
p

]
. (20)

In (19), we obtain (a) by considering the expression of z̃m in
(15).

Fig. 2 illustrates the absolute beam gain of u. For the USA,
we set N = 33, λ = 0.01 m and p = 5. For the channel steering
vector u, we set k = 0.05 and Ω = 0, which corresponds to
r = 10 m. In Fig. 2(a), we illustrate the calculated beam gain of
u. The y-axis and the x-axis represent the surrogate distance (b)
and angle (Θ), respectively. Therefore, we term the spatial do-
main in Fig. 2(a) as the surrogate distance-angle (SD-A) domain,
where the surrogate distance and angle serve as the primary
coordinates for characterizing the channel steering vectors. In
Fig. 2(b), we compare the calculated beam gain in (10) with
the approximated beam gain in (19) by taking the angle cross-
section as an example, where we set b = 0.1. From the figure,
the concise approximation in (19) accurately characterizes the
spatial region and beam gain of u in the SD-A domain, which
provides an intuitive understanding of the correlations between
near-field channel steering vectors. Based on the analysis from
(10) to (20) and the intuitive illustration in Fig. 2, we then delve
into exploring the unique properties of channel steering vectors
for USAs. First, we summarize the overall characteristics in
Property 1.

Property 1 (Overall Characteristics): The beam pattern of
u is periodic with a period of 2/p, where the beam gain and
beam coverages in each period are approximated in (19) and
(20), respectively.

This property can be analytically verified based on the analysis
from (10) to (20) and intuitively checked based on the illustration
in Fig. 2. From the figure, the beam gain ofu is constituted ofp =
5 parts and the period is 2/p = 0.4, which are consistent with
(16) and (17). In addition, the beam patterns of different parts
are the same, following the approximations in (19) and (20).

Due to the relatively small array aperture, the beamforming
of the conventional HULA can only steer energy to a specific
direction. However, as observed in Fig. 2, the beamforming of
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Fig. 2. Illustration of |G(u, b,Θ)|: (a) The calculated beam gain of u in the SD-A domain; (b) Comparisons of calculated and approximated beam gains.

USAs allows for precise energy focusing on a specific region.
To systematically assess this beam focusing ability in the SD-A
domain, we introduce Property 2.

Property 2 (Beam Focusing): For the beam gain of u, we
denote the beamwidth and beam depth of its mainlobe as
BUSA and B̃USA, respectively. Then, we have BUSA = 2

pN and

B̃USA = min{ 14
λp2 N2 , bmax}.

Proof: To compute BUSA, we first resort to the angle cross-
section of the mainlobe, which is |G(u, k,Θ)|. From (10), we
have

|G(u, k,Θ)| =
∣∣∣∣∣

M∑
n=−M

ejπp(Θ−Ω)n

∣∣∣∣∣
=

∣∣∣∣ sin(πp(Θ− Ω)N/2)

sin(π(Θ− Ω)N/2)

∣∣∣∣ . (21)

In fact, (21) represents the array response of a far-field channel
steering vector for USAs and its beamwidth is typically set as
2

pN . Therefore, we have BUSA = 2
pN .

To compute B̃USA, we resort to the distance cross-section of
the mainlobe, which is |G(u, b,Ω)|. From (10), we have

|G(u, b,Ω)| =
∣∣∣∣∣

M∑
n=−M

ejπ(p
2 (̃b−k̃)n2)

∣∣∣∣∣
(a)
≈
∣∣∣∣∣
∫ M+1/2

−M−1/2
ejπ(p

2 (̃b−k̃)z2)dz

∣∣∣∣∣
=

√
2C (ζ)2 + 2S (ζ)2

p2 |̃b− k̃|
, (22)

where we approximate the summation as integral in (a), ζ �√
2p2 |̃b−k̃|(M + 1/2), C(ζ) �

∫ ζ

0 cos(πz2/2)dz and S(ζ) �∫ ζ

0 sin(πz2/2)dz are the Fresnel functions. As shown in Fig. 3,

Fig. 3. Illustration of |G(u, b,Ω)|.

we illustrate the beam gain of the distance cross-section
|G(u, b,Ω)|, where the parameter settings are the same as in
Fig. 2. From the figure, the absolute beam gains, |G(u, b,Ω)|,
can be well approximated with the expressions in (22). By
substituting |̃b− k̃| = κ

p2 N2 , where κ is the scaling factor, into
(22), we have

|G(u, b,Ω)|/N =

√
2C(
√

κ/2)2 + 2S(
√

κ/2)2

κ
. (23)

From (23), |G(u, b,Ω)|/N is only related toκ. Therefore, we can
determine the beam depth for different numbers of antennas by
selecting a suitableκ. Whenκ = 3.5, we have |G(u, b,Ω)|/N ≈
0.7036, which corresponds to−3.05 dB. Note that b̃ = bλ/2 and
k̃ = kλ/2. Therefore, the 3 dB beam depth is approximately

14
λp2 N2 . In some scenarios, where the array aperture is small, the
3 dB beam depth may be larger than the BS coverage. Therefore,
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we normalize B̃USA as

B̃USA = min

{
14

λp2 N2
, bmax

}
, (24)

which completes the proof.
Property 2 indicates that the beamforming of the USAs has

the ability to focus energy on a specific region in near field.
In addition, the beamwidth and beam depth of the mainlobe
are related to both the number of antennas, N , and the array
sparsity factor, p. Specifically, the beamwidth decreases linearly
with pN while the beam depth decreases quadratically with pN .
Therefore, besides increasing the number of antennas, increasing
the antenna spacing to form USAs can also improve the beam
focusing ability and therefore enhance the spatial resolution.
Note that the evaluation of near-field beam focusing ability has
been conducted in previous works, such as [4] and [5]. However,
these works assess beam focusing in the physical space, where
the beam focusing ability is nonuniform and dependent on the
specific locations of the focused points. In contrast, in Property 2,
the evaluation of beam focusing is performed for the considered
USA in the SD-A domain, where the beam focusing ability
remains uniform across all locations and is solely determined by
the array configurations. The concise expression in Property 2
gives a more intuitive understanding of the near-field beam
focusing than the existing works.

From Property 1, the beam gain of u has several mainlobes
and those that do not fit with the channel parameters are usually
termed as the grating lobes. In multiuser communications, the
users distribute randomly in the space. When the users are
located in the grating lobe, the strong interference between users
may significantly deteriorate the sum rate of multiuser commu-
nications. To dispel this concern, we introduce Property 3.

Property 3 (Spatial Resolution): Denote the total coverage of
the mainlobes for a USA as CUSA. Denote the coverage of the
mainlobe for a conventional HULA as CHULA. Then we have
CUSA ≤ CHULA.

Proof: Since the HULA usually has a small array aperture,
the beam depth of the its mainlobe in the SD-A domain is the
BS coverage, i.e., B̃HULA = bmax. In addition, the beamwidth
of the mainlobe of the HULA is typically set as BHULA = 2/N .
Therefore, we have

CHULA = BHULAB̃HULA = 2bmax/N. (25)

On the other hand, the USA has p mainlobes and the coverage of
each mainlobe can be expressed asBUSAB̃USA. With Property 2,
we have

CUSA = pBUSAB̃USA ≤ 2bmax/N. (26)

Comparing (25) and (26), we have CUSA ≤ CHULA, which
completes the proof.

Although the beamforming of the USA usually has grating
lobes, the union of the grating lobes still has a smaller coverage
than the conventional HULA according to Property 3. In other
words, the USA can provide a higher spatial resolution than the
HULA for multiuser communications even under the influence
of grating lobes. This improved spatial resolution can lead to
the higher sum rate of multiuser communications with the USA

than that with the HULA. Note that the angle resolution of
USAs has been analyzed in [5]. However, it does not address
the comparison of spatial resolution, which encompasses both
the angle resolution and distance resolution, between USAs and
HULAs.

IV. ANTENNA POSITION OPTIMIZATION OF NONUNIFORM

SPARSE ARRAYS

One potential challenge associated with the USAs is the
grating lobes induced by the identical and wide spacing between
antennas. To address this challenge, we propose the NSAs. By
introducing additional DoF through adjusting antenna spacings,
NSAs offer a viable solution to mitigating grating lobes and
enhancing system performance. To maximize the sum rate of
near-field multiuser communications, we optimize the antenna
positions of the NSAs. Since the antenna position optimization
problem is nonconvex, an SCA-APO algorithm is proposed.

The multiuser sum rate can be expressed as

Rsum =

K∑
k=1

log2(1 + Γk). (27)

Γk denotes the signal-to-interference-plus-noise ratio of the kth
user and can be expressed as

Γk =
|hH

k fk|2∑K
i=1,i�=k |hH

k f i|2 + σ2
, (28)

where fk denotes the beamformer for the kth user. In practice,
once antennas are installed, their positions are typically fixed and
cannot be easily changed. Consequently, we need to optimize the
antenna positions by considering all potential multiuser channels
rather than focusing solely on the channels observed in specific
instances. Then the antenna position optimization problem can
be formulated as

(P1) max
x

E{Rsum} (29a)

s.t. |xn − xm| ≥ λ/2 (29b)

xn ≥ −D/2, xn ≤ D/2

m,n = −M, . . . , 0, · · ·M, m �= n, (29c)

where the objective in (29a) aims at maximizing the expectation
of the sum rate with respect to hk, the constraint in (29b)
denotes the minimum antenna spacing limitation to avoid the
coupling effects between adjacent antennas, and the constraint in
(29c) denotes the space limitation of the antenna panel. Indeed,
solving the problem in (29) is difficult due to three challenges:
1) Calculating the expectation of the sum rate with respect to hk

is challenging due to the highly nonlinear relationships. 2) The
minimum antenna spacing constraint in (29b) is not convex. 3)
The objective in (29a) is a nonconvex function of the antenna
positions. Subsequently, we focus on overcoming these three
challenges and find solutions for (29).
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A. Overcoming the First Challenge

According to Jensen’s inequality, we have

E{Rsum} ≥
K∑

k=1

log2(1 +
(
E{Γ−1k }

)−1
). (30)

To streamline our analysis, we opt to optimize the lower bound
of E{Rsum}, i.e.,

∑K
k=1 log2(1 + E{Γ−1k }−1). In addition,

E{Γ−1k }would be the same for all the users since the expectation
transverses all possibilities of the channels. Therefore, we focus
on the analysis of an arbitrary user and convert (29) to

(P2) min
x

E{Γ−1k } (31a)

s.t. (29b) and (29c). (31b)

To further simplify (31), we adopt the maximum ratio combin-
ing, which is widely employed for multiuser sum rate analysis
due to its ability to assess the MUI [25]. By setting fk =
hk/h

H
k hk, fork = 1, 2, . . . ,K, the denominator ofE{Γ−1k }will

be a constant. Thus, the minimization of E{Γ−1k } in (31a) can
be converted to the minimization of the numerator of E{Γ−1k },
i.e., E{

∑K
i=1,i�=k |hH

k hi|2/|hH
i hi|2 + σ2}. Note that

E

⎧⎨⎩
K∑

i=1,i�=k

∣∣hH
k hi

∣∣2/∣∣hH
i hi

∣∣2 + σ2

⎫⎬⎭
(a)
= E

⎧⎨⎩
K∑

i=1,i�=k

∣∣hH
k hi

∣∣2/∣∣hH
i hi

∣∣2⎫⎬⎭+ σ2

(b)
= (K − 1)E

{∣∣hH
k hi

∣∣2/∣∣hH
i hi

∣∣2}+ σ2, (32)

where (a) holds because σ2 is a constant and (b) holds because
the expectation of MUI is the same for all users. Then, the
objective in (31) can be converted to the minimization of

E

{∣∣hH
k hi

∣∣2/∣∣hH
i hi

∣∣2}
(a)
=

Lk∑
l=1

Li∑
u=1

E

⎧⎪⎨⎪⎩
∣∣∣γ(l)
k γ

(u)
i

∣∣∣2∣∣hH
i hi

∣∣2
∣∣∣∣α(x,r(l)k ,θ

(l)
k

)H
α
(
x,r

(u)
i ,θ

(u)
i

)∣∣∣∣2
⎫⎪⎬⎪⎭

(b)
=

Lk∑
l=1

Li∑
u=1

ξ
(l)
k ξ̃

(u)
i E

{∣∣∣∣α(x,r(l)k ,θ
(l)
k

)H
α
(
x,r

(u)
i ,θ

(u)
i

)∣∣∣∣2
}
,

(33)

where (a) holds because E{γ(l)
k } = 0, and (b) holds because

ξ
(l)
k = E{|γ(l)

k |2} and ξ̃
(u)
i � E{

∣∣γ(u)
i

∣∣2/∣∣hH
i hi

∣∣2}. Due to the
expectation operation, the minimization of (33) can be converted
to the minimization of

E

{∣∣∣∣α(x,r(l)k ,θ
(l)
k

)H
α
(
x,r

(u)
i ,θ

(u)
i

)∣∣∣∣2
}

(a)
≈ E

{∣∣∣∣γ (x, b(l)k ,Θ
(l)
k

)H
γ
(
x, b

(u)
i ,Θ

(u)
i

)∣∣∣∣2
}

= E

⎧⎨⎩
∣∣∣∣∣

M∑
n=−M

e
j2π

((
b
(u)
i −b(l)k

)
x2
n+

(
Θ

(l)
k −Θ

(u)
i

)
xn

)
/λ

∣∣∣∣∣
2
⎫⎬⎭

(b)
= E

⎧⎨⎩
∣∣∣∣∣

M∑
n=−M

e
j2π

(
bx2

n+Θxn

)
/λ

∣∣∣∣∣
2
⎫⎬⎭ , (34)

where (a) holds by adopting the approximation in (8), and

we define b � b
(u)
i − b

(l)
k and Θ � Θ

(l)
k −Θ

(u)
i in (b). Note

that (34) essentially represents the correlations between chan-
nel steering vectors, which depend solely on the antenna con-
figurations and are irrelevant to the specific channel state
information.

One remaining problem is how to calculate the expectation
in (34). Obtaining the closed-form solution of the expectation
in (34) is challenging due to the highly nonlinear relationships.
Therefore, we turn to calculating (34) via numerical methods.
Note that b(u)i , b

(l)
k ∈ [0, bmax] and Θ

(l)
k ,Θ

(u)
i ∈ [−1, 1]. There-

fore, we have b ∈ [−bmax, bmax] and Θ ∈ [−2, 2]. We quantize

the intervals of b and Θ into S and T samples, respectively,

where the sth sample of b and tth sample of Θ can be expressed
as

b̂s = −bmax +
2(s− 1)bmax

S
,

Θ̂t = −2 +
4(t− 1)

T
. (35)

Then, we calculate the distribution of different samples. Without
loss of generality, we assume b

(u)
i and b

(l)
k follow the uniform

distribution within [0, bmax] while Θ
(l)
k and Θ

(u)
i follow the

uniform distribution within [−1, 1].2 The probability distribution

functions of b and Θ can be expressed as

f
(
b
)
=

1

bmax
− 1

b2max

∣∣∣b∣∣∣ , for b ∈ [−bmax, bmax], (36)

and

g
(
Θ
)
=

1

2
− 1

4

∣∣∣Θ∣∣∣ , forΘ ∈ [−2, 2]. (37)

With (35), (36) and (37), the expectation in (34) can be expressed
as

E

⎧⎨⎩
∣∣∣∣∣

M∑
n=−M

e
j2π

(
bx2

n+Θxn

)
/λ

∣∣∣∣∣
2
⎫⎬⎭

≈ 1

ST

S∑
s=1

T∑
t=1

wt,s

∣∣∣∣∣
M∑

n=−M
ej2π(b̂sx

2
n+Θ̂txn)/λ

∣∣∣∣∣
2

�h(x), (38)

where wt,s � f (̂bs)g(Θ̂t).

2In fact, we only need to change (36) and (37) to adapt to other distributions,
which will not change the following procedures.
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B. Overcoming the Second Challenge

Now, we turn to solving the nonconvex constraint in (29b).
This constraint is designed to regulate the separation between
adjacent antennas. In the context of linear arrays, the antennas
are arranged in a line. We can ensure adherence to the minimum
spacing constraint by maintaining a specified distance between
the current antenna and the former one. Consequently, the con-
straint in (29b) can be converted to

xn − xn−1 > λ/2, forn = −M + 1, . . . , 0, . . . ,M, (39)

which is a convex constraint.

C. Overcoming the Third Challenge

Based on (38) and (39), (P2) can be converted to

(P3) min
x

h(x) (40a)

s.t. (39) and (29c). (40b)

Note that (P3) is an optimization problem with convex con-
straints but nonconvex objective. To deal with the nonconvex
objective in (40a), we then propose a successive convex
approximation-based antenna position optimization (SCA-
APO) algorithm.

First of all, we randomly initialize the antenna positions
as x(0).

In the qth iteration, for q ≥ 1, the key point of the SCA is to
find a convex surrogate function that can locally approximate
the original function around x(q−1) and is also the upper bound
of the original function. According to the Taylor’s theorem [26],
we have

h(x) ≤ h
(
x(q−1)

)
+∇h

(
x(q−1)

)T (
x− x(q−1)

)
+

χ

2

(
x− x(q−1)

)T (
x− x(q−1)

)
� h

(
x,x(q−1)

)
, (41)

where ∇h(x(q−1)) denotes the gradient vector and χ denotes
the maximum eigenvalue of the Hessian matrix ∇2h(x(q−1)).
The gradient vector∇h(x) and the Hessian matrix∇2h(x) are
provided in (42) and (43), respectively, which are shown at the
bottom of this page. Then, the qth subproblem can be expressed
as

(P3-q) min
x

h
(
x,x(q−1)

)
(44a)

s.t. (39) and (29c). (44b)

Algorithm 1: Successive Convex Approximation-based An-
tenna Position Optimization (SCA-APO) Algorithm.

1: Input: D, Q and N .
2: Initialization: q ← 0. Generate x(0) randomly.
3: while q < Q do
4: q ← q + 1.
5: Obtain x(q) by solving (P3-q).
6: end while
7: x̂← x(Q).
8: Output: x̂.

Obviously, (P3-q) is a convex problem and therefore can be
effectively solved. We omit the details and denote the solution
of (P3-q) as x(q).

We iteratively solve (P3-q) until the maximum number of
iterations Q is reached, where we denote the optimized antenna
position as x̂. Finally, we summarize the SCA-APO algorithm
in Algorithm 1.

Now we analyze the convergence of the SCA-APO algorithm.
Note that

h(x(q))
(a)

≤ h(x(q),x(q−1))
(b)

≤ h(x(q−1),x(q−1))
(c)
= h(x(q−1)),

(45)

where we obtain (a) according to (41), obtain (b) because x(q)

is the optimal solution of (44), and obtain (c) by comparing the
expressions ofh(x(q−1),x(q−1)) andh(x(q−1)) in (41). Accord-
ing to (45), we have h(x(q)) ≤ h(x(q−1)), which indicates that
the objective value will decrease with the iteration and therefore
the SCA-APO algorithm converges.

We also analyze the computational complexity of the SCA-
APO algorithm. The SCA-APO algorithm containsQ iterations.
In each iteration, the computational complexity mainly comes
from solving (44). In fact, (44) is a typical convex quadratic
programming problem and its computational complexity is
O(N3.5). In total, the computational complexity of the proposed
SCA-APO algorithm is O(QN3.5).

V. CHANNEL ESTIMATION AND PRECODING

In this section, we first explore the channel sparsity for USAs
and NSAs. Based on the sparsity in the SD-A domain, an on-grid
SDA-OMP algorithm is proposed to estimate multiuser channels
for SAs. To further improve the resolution of the SDA-OMP,
an off-grid SDA-ISRCE algorithm is further developed. Then,
beamforming is performed to mitigate the MUI based on the
estimated channels.

[∇h (x)]n =

S∑
s=1

T∑
t=1

4πwt,s(2b̂sxn + Θ̂t)

STλ

M∑
v=−M

sin

(
2π

λ

(
b̂s(x

2
v − x2

n) + Θ̂t(xv − xn)
))

. (42)

[
∇2h (x)

]
m,n

=

⎧⎨⎩
∑S

s=1

∑T
t=1

8π2wt,s(2b̂sxn+Θ̂t)(2b̂sxm+Θ̂t)
STλ2 cos

(
2π
λ

(
b̂s(x

2
m − x2

n) + Θ̂t(xm − xn)
))

, m �= n,∑S
s=1

∑T
t=1

8πwt,sb̂s
STλ

∑M
v=−M sin

(
2π
λ

(
b̂s(x

2
v − x2

n) + Θ̂t(xv − xn)
))

, m = n.
(43)
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A. Sparsity Exploration for SAs

1) Sparsity Exploration for USAs: From Property 2, the
beamforming of USAs allows for energy focusing on a specific
point in the SD-A domain. Therefore, the channels of USAs
exhibit sparsity in the SD-A domain. However, Property 2 only
focuses on a specific channel steering vector. To unveil the
relationship among multiple channel steering vectors, we have
Proposition 1.

Proposition 1 (Translation Invariance): For another chan-
nel steering vector, u = γ(x, k,Ω), we have G(u, b,Θ) =
G(u, b+Δk,Θ+ΔΩ), where Δk = k − k and ΔΩ =
Ω− Ω.

Proof: Define k̂ � kλ/2. Then, from (10), we have

G(u, b,Θ) = Nγ(x, b,Θ)Hu

=

M∑
n=−M

ejπ(p(Θ−Ω)n−p
2(b̃−k̂)n2)

=

M∑
n=−M

ejπ(p(Θ−Ω+Ω−Ω)n−p2(b̃−k̃+k̃−k̂)n2)

= G
(
u, b+ k − k,Θ+Ω− Ω

)
= G (u, b+Δk,Θ+ΔΩ) , (46)

which completes the proof.
Proposition 1 indicates that the beam gain of u is the trans-

lation of that of u. As a result, different from the polar-domain
sparsity in [3], the SD-A-domain sparsity of USA channels is
uniform. Moreover, from Property 1, the focused points are
periodic in the SD-A domain with a period of 2/p. Therefore, the
channels of the USA also exhibit periodic sparsity in the SD-A
domain besides the uniform sparsity. Based on this sparsity, we
establish an SD-A-domain representation of the USA channels
by uniformly sampling the surrogate distance b within [0, bmax]
with S samples and sampling the angle Θ within [−1/p, 1/p]
with T samples. To mitigate the potential inaccuracies in sparse
representation caused by large sampling intervals, we ensure
a minimum correlation by setting S ≥ bmax/B̃USA and T ≥
2/(pBUSA). Then, the representation matrix can be expressed
as

[WUSA]:,d = γ
(
x, b̂s, Θ̂t

)
, (47)

where d = (s− 1)T + t, b̂s = (s− 1)bmax/S, Θ̂t = (1 +
2t− T )/(pT ), s = 1, . . . , S, and t = 1, . . . , T .

2) Sparsity Exploration for NSAs: Based on the optimized
antenna position x̂, the expression of an arbitrary channel steer-
ing vector û = γ(x̂, k,Ω) can be obtained via (8). Then, the
beam gain of û can be obtained via (10). Fig. 4 illustrates the
absolute beam gain of û, where we set N = 33, λ = 0.01 m,
p = 5, k = 0.05 and Ω = 0. From the figure, the beamforming
of NSA can focus energy on a specific location in the SD-A
domain and does not have grating lobes. In addition, the beam
gain of NSA channel steering vectors also satisfies the translation
invariance, which can be easily verified following Proposition 1.
Therefore, the channels of NSA exhibit uniform and aperiodic

Fig. 4. Illustration of |G(û, b,Θ)|.

sparsity in the SD-A domain. Based on this sparsity, we establish
an SD-A-domain representation for the NSA channels.

First of all, we determine the coverage of mainlobes of channel
steering vectors for the NSAs. Since the antenna positions of the
NSAs are usually irregular, it is hard to obtain the coverage of
the mainlobe via analytical methods. Alternatively, we resort
to the numerical methods. Due to the translation invariance
property, the shapes of the mainlobes are the same for differ-
ent channel steering vectors. Therefore, we can determine the
beamwidth and beam depth for an arbitrary channel steering vec-
tor and apply them to other channel steering vectors. We denote
the determined beamwidth and beam depth for the optimized
NSA as BNSA and B̃NSA, respectively. Then, we quantize the
channel parameters b and Θ into S and T samples, respectively.
To mitigate the potential inaccuracies in sparse representation
caused by large sampling intervals, we ensure a minimum corre-
lation by setting S ≥ bmax/B̃NSA and T ≥ 2/BNSA. Then, the
representation matrix can be expressed as

[WNSA]:,d = γ
(
x̂, b̂s, Θ̂t

)
, (48)

where d = (s− 1)T + t, b̂s = (s− 1)bmax/S, Θ̂t = (1 +
2t− T )/(pT ), s = 1, . . . , S, and t = 1, . . . , T .

B. SD-A-Domain Orthogonal Matching Pursuit Algorithm

Based on the sparsity of SA channels in the SD-A domain, we
then propose an SDA-OMP algorithm to estimate the multiuser
channels. Since the received pilots of the K users are indepen-
dent, we take the kth user as an example.

We define a residual vector r to represent the deviation
between the received signal and sparse representation vector
and initialize r as r ← yk. Denote the sparse representation
dictionary as W̃ , which corresponds to either WUSA or WNSA

based on the array configuration. We also define an empty setR
to keep the indices of selected vectors in the dictionary.

In the lth iteration, we first find the index of the vector in
the dictionary, along which residual vector r has the maximum
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Algorithm 2: SD-A-Domain Orthogonal Matching Pursuit
(SDA-OMP) Algorithm.

1: Input: yk, W̃ and L̃k.
2: Initialization: r ← yk,R ← ∅ and l← 1.
3: while l ≤ L̃k do
4: Obtain d∗ via (49).
5: UpdateR, A, r via (50), (51), (52), respectively.
6: l← l + 1.
7: end while
8: Obtain ĥk via (53).
9: Output: ĥk andR.

projection via

d∗ = arg max
d∈{1,...,ST }\R

∣∣∣[W̃ ]H:,dr
∣∣∣2 . (49)

We incorporate the selected index intoR as

R = R∪ d∗. (50)

Then the corresponding selected vectors can be expressed as

A =
[
W̃
]
:,R

. (51)

With the selected vectors, we can update r by removing the
projection of yk on A, which can be expressed as

r = yk −A(AHA)−1AHyk. (52)

We iteratively operate (49)–(52) until the maximum number
of iterations L̃k is reached. Then the estimated channel can be
expressed as

ĥk = A(AHA)−1AHyk. (53)

Finally, we summarize the proposed SDA-OMP algorithm in
Algorithm 2.

C. SD-A-Domain Iterative Super-Resolution Channel
Estimation Algorithm

One drawback of the SDA-OMP is the limited resolution
induced by the quantization. To deal with this problem, we then
propose an off-grid SDA-ISRCE algorithm, where the kth user
is taken as an example.

The original sparse channel estimation problem can be ex-
pressed as

min
Υ k,bk,Θk

‖Υ k‖0, s.t. ‖yk −AkΥ k‖22 ≤ ε, (54)

where ‖Υ k‖0 denotes the number of non-zero entries in Υ k and
means the number of estimated channel paths L̂k, i.e., Υ k =

[γ
(1)
k , . . . , γ

(L̂k)
k ]T. Denote bk and Θk as the stacks of the L̂k

channel surrogate distances and channel angles, respectively.
Ak includes the corresponding channel steering vectors and can
be expressed as

Ak=
[
γ (x, [bk]1, [Θk]1) ,· · · ,γ

(
x, [bk]L̂k

, [Θk]L̂k

)]
. (55)

Algorithm 3: SD-A-Domain Iterative Super-Resolution
Channel Estimation (SDA-ISRCE) Algorithm.

1: Input: yk, x,R, δ, 
, ρ and μ.

2: Initialization: Initialize b̂
(0)

k and Θ̂
(0)

k withR, i← 0,

3: Υ̂
(0)

k ← √μ1 and Υ̂
(−1)
k ← 0.

4: while
∥∥Υ̂ (i)

k − Υ̂
(i−1)
k

∥∥2
2
≥ μ do

5: i← i+ 1.

6: Obtain b̂
(i)

k and Θ̂
(i)

k by solving (60).

7: Obtain Υ̂
(i)

k via (59).
8: if

∣∣γ̂(i)
l

∣∣2 ≤ ρ then
9: Discard the corresponding channel path.

10: end if
11: end while
12: ĩ← i.
13: Obtain ĥk via (61).
14: Output: ĥk.

The optimization in (54) is an NP-hard problem and is difficult
to solve. An alternative approach involves using the sparse-
encouraging log-sum functions, which can efficiently approx-
imate the �0-norm to obtain sparse solutions [27]. Then, (54)
can be converted to

min
Υ k,bk,Θk

L̂k∑
l=1

log
(∣∣γ(l)

k

∣∣2 + δ
)
, s.t.‖yk−AkΥ k‖22 ≤ ε,

(56)

where δ > 0 is introduced to guarantee the objective is well-
conditioned. By introducing a weighted factor 
, (56) can be
converted to an unconstrained optimization problem as

min
Υ k,bk,Θk

F (Υ k, bk,Θk)

�
L̂k∑
l=1

log
(
|γ(l)

k |2 + δ
)
+
‖yk −AkΥ k‖22. (57)

Inspired by the majorization-minimization approach, (57) can
be effectively solved by iteratively approximating the log-sum
function with an upper-bound surrogate function expressed
as [28]

min
Υ k,bk,Θk

I(i)(Υ k,bk,Θk)�ΥH
k D

(i)Υ k+
‖yk−AkΥ k‖22,

(58)

where i is the number of iteration,D(i) is a diagonal matrix with
its lth diagonal entry expressed as 1/(|γ̂(i−1)

l |2 + δ) and γ̂
(i−1)
l

denotes the estimation of γ(l)
k in the (i− 1)th iteration.

Note that I(i)(Υ k,bk,Θk) is a convex function with respect
to Υ k. Given bk and Θk, the optimal solution of Υ k in the ith
iteration can be expressed as

Υ̃
(i)

k = (D(i)/
 +AH
k Ak)

−1AH
k yk. (59)
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Substituting (59) into (58), we can convert (58) to

min
bk,Θk

Ĩ(i)(bk,Θk)� −yH
k Ak

(
D(i)/
 +AH

k Ak

)−1
AH

k yk.

(60)

The optimization problem in (60) is unconstrained and can be
solved via numerical methods, such as gradient descent. We omit

the details and denote the results as b̂
(i)

k and Θ̂
(i)

k . Substituting

b̂
(i)

k and Θ̂
(i)

k into (59), we can obtain Υ̂
(i)

k , which prepares for

the next iteration, i.e., [Υ̂
(i)

k ]l = γ̂
(i)
l .

We iteratively solve (58) until
∥∥Υ̂ (i)

k − Υ̂
(i−1)
k

∥∥2
2

is smaller
than a predefined threshold μ. The number of the iteration at

this point is expressed as ĩ. Replacing b and Θ in (55) with b̂
(̃i)

k

and Θ̂
(̃i)

k , we can obtain Â
(̃i)

k . Then, the estimated channel can
be expressed as

ĥk = Â
(̃i)

k Υ̂
(̃i)

k . (61)

One remaining problem is how to initialize the SDA-ISRCE
algorithm. During the channel estimation, we do not know the
real number of channel paths and the intervals of real channel
parameters. Note that the SDA-OMP can obtain estimates near
the real ones. To help the convergence of the SDA-ISRCE
algorithm, we take the estimation results of the SDA-OMP as the
initial values. In addition, the SDA-OMP usually obtains more
channel paths than the real ones. Throughout the iteration, we
dynamically discard the estimated channel paths with smaller
power than a predefined threshold ρ to improve the sparsity of
the estimation results.

Finally, we summarize the SDA-ISRCE algorithm in Algo-
rithm 3.

D. Multiuser Beamforming

Based on the estimated channels, we then perform the beam-
forming to mitigate the MUI. In the existing literature, various
beamforming methods, such as zero-forcing, minimum mean
squared error (MMSE) and weighted MMSE, have been devel-
oped. Taking the MMSE as an example, we design the digital
beamformer as

F̂ = Ĥ
H
(
ĤĤ

H
+ σ2IK

)−1
, (62)

where Ĥ � [ĥ1, ĥ2, . . . , ĥK ]. To satisfy the total transmit
power constraint, we normalize F̂ as F =

√
KF̂ /

∥∥F̂∥∥2
F

.

VI. SIMULATION RESULTS

Now, we evaluate the performance of the proposed near-field
multiuser communications based on the USAs and NSAs. The
BS employs an SA with 33 antennas to serve K users. The
communication systems operate at the carrier frequency of
30 GHz, which corresponds to the carrier wavelength of 0.01 m.
The channel between the BS and the kth user contains one
line-of-sight path and two non-line-of-sight paths, where the
Ricean K-factor is denoted as κ. The total power of the users is
normalized as K and the SNR is calculated as 10 log10(σ

−2).

Fig. 5. Comparisons of different methods in terms of the NMSE for different
SNRs.

For the SCA-APO algorithm, we set the maximum number of
iterations as Q = 100. We also perform the multiuser commu-
nications with the uniform circular array (UCA) in [22] and the
conventional HULA, which are adopted as benchmarks. For a
fair comparison, the UCA and HULA have the same simulation
configurations as the proposed USA and NSA.

In Fig. 5, we compare the normalized mean squared er-
ror (NMSE) of different channel estimation methods for dif-
ferent SNRs. The channel angles distribute randomly within
[−
√
3/2,
√
3/2], while the channel distances distribute ran-

domly within [10,100] m. The Ricean K-factor is set as κ =
−10 dB. Since the NSA has the most complicated structure
among all antenna configurations, we take the channel estima-
tion of the NSA as an example and set the array sparsity factor as
p = 10. We adopt the far-field OMP and least squares (LS) as the
benchmarks. The SD-A-domain simultaneous iterative gridless
weighted (SDA-SIGW) algorithm, which is developed from the
polar-domain SIGW in [3] is also adopted as a benchmark. The
genie-aided LS method, which assumes that the channel angles
and distances are known and then estimates the channel gains
with the LS method, is employed as the lower bound [29]. From
the figure, the far-field OMP has the worst performance among
all the methods. This is because the significantly expanded
array aperture of NSA leads to the inaccuracy of the far-field
assumption and the far-field channel estimation method is not
effective in this condition. In addition, the SDA-ISRCE outper-
forms the far-field OMP and SDA-OMP thanks to its off-grid
characteristics. The SDA-ISRCE outperforms the LS due to
the exploitation of the SD-A-domain sparsity. The SDA-ISRCE
outperforms the SDA-SIGW because the former considers both
the channel sparsity and data fitting accuracy while the latter only
considers the data fitting accuracy. Moreover, the SDA-ISRCE
has a small gap with the genie-aided LS method, which verifies
the effectiveness of the SDA-ISRCE.

In Fig. 6, we evaluate the performance of multiuser com-
munications for different kinds of arrays, considering different
SNRs. The sum rate is employed as the metric for evaluating
the performance of multiuser communications, following the
works in [30]. Specifically, we set κ = −20 dB and K = 28.
The array sparsity factor, the distribution of the channel angles
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Fig. 6. Comparisons of different arrays in terms of sum rate for different SNRs.

Fig. 7. Comparisons of different arrays in terms of sum rate for different
numbers of users.

and the distribution of the channel distances are the same as those
in Fig. 5. From the figure, when the SNR is low, e.g., less than
−10 dB, the four arrays achieve similar performance. In fact, this
similarity arises from the substantial deterioration caused by the
noise, which impacts the effectiveness of each method. How-
ever, at high SNRs, the four arrays have different performance.
Specifically, the sum rate of the UCA is notably lower than those
of the other three arrays. This is because the adoption of a circular
array configuration for a fixed number of antennas results in a
significantly reduced array aperture compared to the other three
arrangements. This diminished array aperture, in turn, adversely
affects angle resolution and exacerbates the MUI. In contrast,
the proposed USA and NSA demonstrate significantly higher
sum rate than the UCA and HULA. This improvement can be
attributed to the larger array apertures of the former two arrays.
The expanded array apertures of the USA and NSA enable the
exploitation of near-field effects, which increases the spatial
resolution and consequently increases the sum rate in multiuser
communications. Notably, despite similar array apertures, the
NSA outperforms the USA. This superior performance is due to
NSA’s ability of removing the grating lobes, thereby reducing
MUI and increasing the sum rate.

In Fig. 7, we compare the sum rates of multiuser commu-
nications for different kinds of arrays, considering different

Fig. 8. Comparisons of different arrays in terms of sum rate for different
distances.

numbers of users. We fix the SNR as 20 dB. The array sparsity
factor, the distribution of the channel angles and the distribution
of the channel distances are the same as those in Fig. 6. When
the number of users is small, e.g., K ≤ 5, all the four arrays
can provide enough spatial DoF to separate multiple users. As a
result, the four arrays have similar performance in terms of sum
rate. With the increase of K, the sum rates of the four arrays
all initially increase and then decrease. This trend is attributed
to the detrimental impact of strong MUI on the performance of
multiuser communications when dealing with a larger number
of users. Notably, the four arrays achieve the maximum sum
rates at different user counts. Specifically, the UCA, HULA,
USA and NSA achieve their peak sum rates when the number
of users equals 10, 21, 25 and 28, respectively. This observation
indicates that the sparse arrays have the potential to serve more
users than the conventional HULA.

In Fig. 8, we compare the sum rates of multiuser commu-
nications for different kinds of arrays, considering different
distances. The channel distances distribute randomly within
[10, r], where r varies from 100 m to 800 m. The number of users
is fixed as K = 28. The array sparsity factor, the distribution of
the channel angles and the SNR are the same as those in Fig. 7.
From the figure, the proposed USA and NSA perform better
than the UCA and HULA due to their larger array apertures.
The UCA and HULA show similar performance for different
distances, as their channels are predominantly influenced by
the far-field components, leading to the nearly invariant perfor-
mance with changing distances. Conversely, the performance of
the proposed USA and NSA diminishes as distance increases.
This decline is attributed to the channels shifting towards far-
field characteristics as the distance increases. The consequent
reduction in spatial resolution deteriorates the performance of
multiuser communications for these sparse arrays. Note that
the Rayleigh distance of the considered system is 512 m. The
proposed arrays demonstrate superior performance to the exist-
ing ones in different distances, ranging from 100 m to 800 m.
Therefore, the proposed arrays outperform the existing ones in
both near and far fields.

In Fig. 9, we compare the sum rates of two users for different
kinds of arrays, considering variations in channel angles. First,
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Fig. 9. Comparisons of different arrays in terms of sum rate for of varying
angles.

Fig. 10. Comparisons of different arrays in terms of sum rate for different
antenna spacings.

we fix the x-axis and y-axis coordinates of the first user as 0 m and
100 m, respectively, corresponding to the channel angle Θ = 0
and channel distance of 100 m. Subsequently, we maintain the
channel surrogate distance of the second user the same as the first
user while varying its channel angle. For simplicity, we assume
that the channels for both users only contain the line-of-sight
path. From the figure, the USA has ten nulls, which are caused
by the grating lobes. Furthermore, the widths of the nulls for
both USA and NSA are considerably smaller than those of the
UCA and HULA. This discrepancy indicates that USA and NSA
have higher angle resolution due to their larger array apertures.

In Fig. 10, we compare the sum rates of multiuser communi-
cations for different antenna spacings. From the figure, the NSA
outperforms the USA due to the mitigation of grating lobes.
Furthermore, the sum rates of both USA and NSA exhibit an
increasing trend with p. When K = 10, the sum rates show
a gradual increase, whereas a significant increase is observed
when K = 20. This is because antenna arrays with smaller
apertures can provide sufficient spatial resolution to separate
multiple users when the number of users is small. Conversely,
as the number of users increases, arrays with smaller apertures
cannot provide adequate spatial resolution. This observation
underscores the effectiveness of sparse arrays in enhancing

multiuser communication performance by augmenting the array
aperture.

VII. CONCLUSION

In this paper, near-field multiuser communications based on
SAs have been considered. First, for the USAs, the beam gains
of channel steering vectors have been analyzed. The NSAs have
been investigated to mitigate the high MUI from the grating
lobes of USAs. To maximize the sum rate of near-field mul-
tiuser communications, the antenna positions of the NSAs have
been optimized and a successive convex approximation-based
antenna position optimization algorithm has been proposed.
Moreover, we have found that channels of both USAs and NSAs
show uniform sparsity in the SD-A domain. Then, an on-grid
SDA-OMP algorithm and an off-grid SDA-ISRCE algorithm
have been proposed. Simulation results have demonstrated the
superior performance of the proposed methods.

For future works, we will investigate the beam training for
near-field communications based on SAs. In addition, we will
exploit the spatial correlation in Rician fading channel model
to improve the performance of near-field communications, fol-
lowing the works in [31] and [32]. Furthermore, we will explore
the potential of the SAs in enhancing the capacity of near-field
communications.
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