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Abstract— In this paper, beam training and beam tracking
are investigated for extremely large-scale multiple-input-multiple-
output communication systems with partially-connected hybrid
combining structures. Firstly, we propose a two-stage hybrid-
field beam training scheme for both the near field and the far
field. In the first stage, each subarray independently uses multiple
far-field channel steering vectors to approximate near-field ones
for analog combining. To find the codeword best fitting for the
channel, digital combiners in the second stage are designed to
combine the outputs of the analog combiners from the first stage.
Then, based on the principle of stationary phase and the time-
frequency duality, the expressions of subarray signals after analog
combining are analytically derived and a beam refinement based
on phase shifts of subarrays (BRPSS) scheme with closed-form
solutions is proposed for high-resolution channel parameter
estimation. Moreover, a low-complexity near-field beam tracking
scheme is developed, where the kinematic model is adopted to
characterize the channel variations and the extended Kalman
filter is exploited for beam tracking. Simulation results verify
the effectiveness of the proposed schemes.

Index Terms— Beam tracking, beam training, extremely large-
scale MIMO, hybrid combining, near field.

I. INTRODUCTION

MASSIVE multiple-input-multiple-output (MIMO) is a
key technology for the fifth-generation wireless com-
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munications [1], [2]. Equipped with large antenna arrays,
the base station (BS) can achieve high spectral efficiency
dramatically by exploiting the spatial degree of freedom [3],
[4]. To further enhance the spectral efficiency for the
future sixth-generation wireless communications, extremely
large-scale MIMO (XL-MIMO) that uses far more antennas
than the existing massive MIMO is developed [5], [6], [7].

Due to high power consumption, the fully-digital structure
that allocates each antenna with a dedicated radio frequency
(RF) chain is impractical for large antenna arrays [8]. Conse-
quently, the hybrid precoding structure, where a small number
of RF chains are connected to a large number of antennas,
is developed for XL-MIMO systems [9]. According to the
ways how the RF chains are connected to the antennas,
the hybrid precoding structure can generally be divided into
two categories, i.e., fully-connected hybrid precoding structure
and partially-connected hybrid precoding structure. Although
the fully-connected hybrid precoding structure can achieve
better spectral efficiency than the partially-connected hybrid
precoding structure, the latter is more practical than the former,
owing to its low hardware complexity as well as its flexibility
to be extended to different sizes of antennas in blocks [10].

One important difference between XL-MIMO and the exist-
ing massive MIMO is the channel features. According to the
distance between the user and the BS, the radiation field
can be divided into the near field and the far field. The
boundary to separate the near field and the far field is referred
to as the Rayleigh distance [11], [12], [13]. On one hand,
the Rayleigh distance increases linearly with the wavelength.
On the other hand, when fixing the wavelength, the Rayleigh
distance increases quadratically with the number of antennas.
As a result, the far field assumption in existing massive MIMO
may not hold for the XL-MIMO, especially when a user is
close to the BS. In this context, channel state information (CSI)
acquisition methods for XL-MIMO should consider both the
near-field and far-field effects.

In general, CSI acquisition includes channel estimation and
beam training [14]. Channel estimation usually focuses on
efficient estimation of the high-dimensional channel matrix
by exploiting advanced signal processing techniques, such as
compressed sensing. However, the beam training can avoid the
estimation of the high-dimensional channel matrix and obtain
considerable beamforming gain, especially in low signal-to-
noise ratio (SNR). In [9], to estimate the near-field channels
in XL-MIMO, a polar-domain simultaneous orthogonal match-
ing pursuit (P-SOMP) algorithm is proposed, where random
beamforming instead of the directional beamforming is used.
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For the two-phase beam training (TPBT) method in [15], the
first phase determines the candidate channel angles while the
second phase finds the channel distance based on shortlisted
candidate angles from the first phase. For the distance-based
hierarchical beam training (DHBT) method in [16], the code-
book is designed by equally sampling the distance. Although
these methods work well for the fully-connected hybrid
precoding structure, they are not tailored for the practical
partially-connected hybrid precoding structure.

One common challenge in beam training is the limited
resolution of the predefined codebook. To achieve high-
resolution channel parameter estimation, the low-complexity
beam refinement is widely adopted [17], [18], [19]. In [17],
based on the monopulse signals, beam refinement with a
closed-form solution is developed. In [18], an efficient angle-
of-arrival estimator is designed by approximating the power of
the array response as a Gaussian function. In [19], an auxiliary
beam pair is designed to provide high-resolution estimates for
the angles of the channel. These beam refinement methods are
for far-field channels and more investigations are desired for
near-field channels.

With far more antennas than massive MIMO, XL-MIMO
systems suffer from the heavy burden of training overheads.
An efficient way to reduce the training overhead is the beam
tracking, which exploits the correlations of the channels at
different time instants to narrow down the sets of training
candidates [20]. To meet the demands for high reliability
and massive connectivity in future wireless communications,
beam tracking is usually characterized by high beamforming
gain, low training overhead and low computational complexity.
There are a variety of beam tracking schemes for the far-field
channels [21], [22], [23], [24]. In [21], well-designed pairs of
auxiliary beams can capture the angle variations. The beam
zooming-based beam tracking scheme in [22] exploits the
delay-phase precoding structure to flexibly control the angular
coverage of frequency-dependent beams. In the adaptive track-
ing framework in [23], beam direction is updated according to
measurements of the current data beam. The grid-based hybrid
tracking scheme in [24] searches the surroundings of the for-
mer beam and selects the best beam according to the changing
trend of the previously used beams. For the near field, user
tracking has also been investigated in a variety of works, such
as [25], [26], and [27]. However, the approaches of these
works are incompatible with the beam training framework.
More investigations are needed for efficient beam tracking in
the near field.

In this paper, for XL-MIMO systems with partially-
connected hybrid combining structure, we investigate beam
training, beam refinement and beam tracking, which are three
progressive techniques to accomplish the beam alignment. Our
contributions are summarized as follows.

• We propose a two-stage hybrid-field beam training
(THBT) scheme, which works for both the near and far
fields. In the first stage, we use far-field channel steering
vectors of subarrays to approximate the near-field ones for
analog combining so that beam training for both the near
and far fields can be performed simultaneously. In the sec-
ond stage, digital combiners are designed to combine the
outputs of the analog combiners from the first stage. Then
from the predefined hybrid-field codebook, we select the

codeword corresponding to the dedicated digital combiner
that achieves the largest combining power as the result
of the THBT.

• We propose a beam refinement based on phase shifts of
subarrays (BRPSS) scheme. Based on the principle of
stationary phase (PSP) and the time-frequency duality,
the expressions of subarray signals after analog combin-
ing are analytically derived, where the phases of these
signals change quadratically with the subarray indices.
By exploiting the phase shifts of subarrays, closed-form
estimates of channel parameters can be obtained.

• We develop a low-complexity near-field beam tracking
(NFBT) scheme. As the near-field channels are related
to both the angle and distance of the radiation source,
the kinematic model is adopted to characterize the chan-
nel variations. In addition, the BRPSS scheme is used
to estimate the real-time channel parameters. Then the
kinematic model and real-time estimates are exploited by
the extended Kalman filter (EKF) to track and predict the
near-field channel parameters.

The rest of this paper is organized as follows. Section II
introduces the model of the XL-MIMO systems. In Section III,
we propose the two-stage hybrid-field beam training scheme.
The beam refinement based on phase shifts of subarrays
scheme is provided in Section IV. The near-field beam tracking
scheme is discussed in Section V. The simulation results
are presented in Section VI, and the paper is concluded in
Section VII.

The notations are defined as follows. Symbols for matrices
(upper case) and vectors (lower case) are in boldface. The set
is represented by bold Greek letters. (·)T and (·)H denote the
transpose and conjugate transpose (Hermitian), respectively.
[A]:,m denotes the mth column of a matrix A. j denotes
the square root of −1. In addition, | · | and ∥ · ∥2 denote the
absolute value of a scalar and ℓ2-norm of a vector, respectively.
C denotes the set of complex numbers. The complex Gaussian
distribution is denoted by CN . ⌊·⌋ and blkdiag{·} denote
the floor operation and the block diagonalization operation,
respectively. Moreover, O and mod(·) denote the order of
complexity and the operation of modulo, respectively.

II. SYSTEM MODEL

We consider uplink beam training for an XL-MIMO system
with a user and a BS. As shown in Fig. 1, the BS employs
a large-scale uniform linear array (ULA) of N antennas
with half wavelength interval and a partially-connected hybrid
combining structure with NRF RF chains, where the hybrid
combining includes analog and digital combining. In practice,
the BS with a hybrid structure has far more antennas than
RF chains, i.e., N ≫ NRF. The ULA is formed by NRF

non-overlapping subarrays, where each subarray has M =
N/NRF antennas and is solely connected to an RF chain after
analog combining. Then all the NRF RF chains are connected
to a digital baseband processing unit for digital combining.
In this work, we focus on the processing at the BS and
consider a single-antenna user for simplicity. However, the
proposed schemes can be extended to scenarios with multi-
antenna users.

During uplink beam training, the pth transmit pilot signal
by the user is denoted as xp for p = 1, 2, . . . , P , where P is
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Fig. 1. Illustration of a partially-connected hybrid combining structure.

the pilot length. The channel vector between the user and the
BS is denoted as h ∈ CN . Then the signal after the analog
combining at the BS side can be expressed as [10]

yp = vpW phxp + vpW pη, (1)

where W p ∈ CNRF×N is the analog combiner, vp ∈ C1×NRF

is the digital combiner, and η ∈ CN is an additive white
Gaussian noise (AWGN) vector obeying η ∼ CN

(
0, σ2IN

)
.

If the digital combiner is a matrix, we may treat each row of
it as a different vp, so that we can perform parallel baseband
processing.

Generally, two kinds of channels, namely the near-field
channel and the far-field channel, are considered in the existing
literature according to the distance between the user and the
BS [11], [12]. The commonly used boundary distance to
distinguish the near field and the far field is the Rayleigh
distance

Z = 2D2/λ, (2)

where D denotes the array aperture and λ denotes the wave-
length. In other words, when the distance between the user
and the BS is larger than Z, the wireless channel is regarded
as the far-field channel; otherwise, it is the near-field channel.
Since a half-wavelength-interval ULA is adopted in this work,
the array aperture at the BS is D = Nλ/2, and therefore
Z = N2λ/2.

As shown in Fig. 2, a near-field channel composed of
one line-of-sight (LoS) path and several non-line-of-sight
(NLoS) paths between the BS and the user is considered. N
antennas of the BS are placed along the y-axis in the Cartesian
coordinate system and the coordinate of the nth antenna is
(0, δnλ), where δn ≜ (2n−N−1)/4 for n = 1, 2, . . . , N . The
coordinate of the user is denoted as p1 = (r1 cos θ1, r1 sin θ1),
where r1 is the distance between the user and the origin, and
θ1 ∈ [−π/2, π/2] is the angle of the user relative to the
positive x-axis. Similarly, the coordinate of the scatterer on
the lth path for l ≥ 2 is denoted as pl = (rl cos θl, rl sin θl),
where rl is the distance between the scatterer on the lth path
and the coordinate origin, and θl ∈ [−π/2, π/2] is the angle
of the scatterer on the lth path relative to the positive x-axis.
The distance between pl and the nth antenna can be expressed
as

r
(n)
l =

√
r2
l + δ2

nλ2 − 2rlΩlδnλ, (3)

Fig. 2. Illustration of a near-field channel model.

for l ≥ 1, where Ωl ≜ sin θl ∈ [−1, 1]. Then the channel
vector between the user and the BS can be expressed as

h =
L∑

l=1

glα(N, Ωl, rl), (4)

where L and gl denote the number of paths and the path gain
of the lth path, respectively. The channel steering vector, α(·),
is defined as

α(N, Ωl, rl)=
1√
N

[
e−j 2π

λ (r
(1)
l −rl),. . ., e−j 2π

λ (r
(N)
l −rl)

]T
.

(5)

Note that the channel steering vector in (5) can be used to
describe both the far-field channel and the near-field channel.

If rl > Z, r
(n)
l in (3) can be approximated as r

(n)
l ≈ rl −

Ωlδnλ because δnλ/rl ≈ 0 and
√

1 + ϵ ≈ 1 + 1
2ϵ [9]. As a

result, α(N, Ωl, rl) in (5) can be approximated as

α(N, Ωl, rl) ≈
1√
N

[
ej2πΩlδ1 , . . . , ej2πΩlδN

]T
. (6)

Multiplying a constant phase factor e−j2πΩlδ1 to all the entries
of α(N, Ωl, rl) in (6), we have

e−j2πΩlδ1α(N, Ωl, rl) ≈
1√
N

[
1, ejπΩl , . . . , ejπ(N−1)Ωl

]T
≜ β(N, Ωl). (7)

In fact, β(N, Ωl) is the far-field channel steering vector
independent of rl.

If rl ≤ Z, the approximation in (7) is not accurate enough.
Alternatively, we approximate r

(n)
l as r

(n)
l ≈ rl − Ωlδnλ +

δ2
nλ2(1−Ω2

l )
2rl

according to
√

1 + ϵ ≈ 1 + 1
2ϵ − 1

8ϵ2, which is
verified to be accurate if r

(n)
l ≥ 0.5

√
D3/λ [9], [12]. Note

that the ratio of Z to 0.5
√

D3/λ is
√

8N , which indicates
that the latter is much smaller than the former, especially for
XL-MIMO systems. For example, if N = 512, 0.5

√
D3/λ is

only 1/64 of Z, which is nearly negligible. Therefore, in this
work, we focus on the near field with r

(n)
l ≥ 0.5

√
D3/λ.

Then α(N, Ωl, rl) in (5) can be approximated as

α(N,Ωl,rl)≈
1√
N

[
ej2π(Ωlδ1−ρlδ

2
1),. . .,ej2π(ΩlδN−ρlδ

2
N )
]T

(8)
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where ρl ≜ λ(1−Ω2
l )

2rl
. Define bl ≜ Ωl + ρl(N +

1)/2 and kl ≜ −ρl/2. Multiplying a constant fac-
tor e−j2π(Ωl(δ1−1/2)−ρl(N+1)2/16) to all the entries of
α(N, Ωl, rl) in (6), we have

e−j2π(Ωl(δ1−1/2)−ρl(N+1)2/16)α(N, Ωl, rl)

≈ 1√
N

[
ejπ(kl+bl),. . ., ejπ(kln

2+bln), . . . ,ejπ(klN
2+blN)

]T
≜ γ(N, Ωl, rl). (9)

Note that β(N, Ωl) is a special case of γ(N, Ωl, rl) with
ρl = 0. Therefore, γ(N, Ωl, rl) can be used to approximate
both the far-field and the near-field channel steering vectors.

III. TWO-STAGE HYBRID-FIELD BEAM TRAINING

In this section, we will use the far-field channel steering
vectors of a subarray to approximate its near-field channel
steering vectors. Then we propose a THBT scheme for both
the near field and far field.

A. Hybrid-Field Beam Sweeping

To estimate the multipath channel, codebook-based beam
training is widely adopted [3]. Since the user is either in the
far field or near field, a hybrid-field codebook considering both
the near-field and far-field effects will be developed in the
following. First, we establish a far-field codebook Cf ∈ CN×Q

based on the far-field channel steering vectors [3], where
Q denotes the quantized number of the angle and the qth
column of Cf is denoted as

[Cf ]:,q ≜ β

(
N,

2q − 1−Q

Q

)
(10)

for q = 1, 2, . . . , Q. Then we establish a near-field codebook
Cn ∈ CN×(QS). Since the near-field channel is relevant to
both the distance and the angle, we quantize the distance and
the angle by S samples and Q samples, respectively. The qth
angle sample is Θq = (2q − 1 − Q)/Q for q = 1, 2, . . . , Q.
According to the polar-domain sparsity in [9], the sth distance
sample can be expressed as

dq,s =
N2λ(1−Θ2

q)
8βs

(11)

for s = 1, 2, . . . , S, where β is a factor to adjust the coher-
ence of the adjacent codewords. By setting N2λ/(8βS) =
0.5
√

D3/λ, we have β =
√

N
2S2 . Then (11) can be rewritten

as

dq,s =
N3/2λS(1−Θ2

q)

4
√

2s
. (12)

Let Cn ≜ {C1, C2, . . . ,CQ}, where the sth column of [Cq]
is [Cq]:,s = α(N, Θq, dq,s). Accordingly, the hybrid-field
codebook is defined as

Ch ≜ {Cn, Cf} ∈ CN×(QS+Q). (13)

Based on (1), we have

yp = [Ch]H:,phxp + [Ch]H:,pη (14)

for p = 1, 2, . . . , QS + Q. The beam training aims at finding
the codeword in Ch best fitting for the multipath channel,
which can be expressed as

p̃ = arg max
p=1,2,...,QS+Q

∣∣[Ch]H:,ph
∣∣. (15)

To solve (15), we need to test all the codewords in Ch one by
one, which is called the hybrid-field beam sweeping (HFBS).
To perform the HFBS, (QS + Q) times of beam training are
needed. Comparing (7) with (5), larger overhead is needed
by the near-field beam training than by the far-field beam
training because the former needs S times beam training for
different distances even for the same angle while the latter
needs only one time of beam training for the same angle.
Therefore, it would be interesting to consider how to use the
far-field beam training for the near-field channel, which will
be discussed subsequently.

B. Subarray Approximation

We define an analog combiner as

W ≜ blkdiag{w1, w2, . . . ,wNRF} (16)

and a digital combiner as v ∈ C1×NRF , where wt ∈ C1×M

for t = 1, 2, . . . , NRF. Given h, the optimal hybrid combiner
to achieve the maximum received power can be designed via
solving the problem

max
W ,v

∣∣vWh
∣∣

s.t. ∥vW ∥2 = 1,
∣∣[wt]m

∣∣ = 1 (17)

for m = 1, 2, . . . ,M and t = 1, 2, . . . , NRF. Due to the much
smaller path gain of the NLoS paths than that of the LoS path
especially in millimeter wave or terahertz band, we omit the
NLoS paths. Then (17) can be rewritten as

max
W ,v

∣∣vWα(N, Ω, r)
∣∣ (18a)

s.t. ∥vW ∥2 = 1,
∣∣[wt]m

∣∣ = 1 (18b)

for m = 1, 2, . . . ,M and t = 1, 2, . . . , NRF. In (18a), the
subscript “l” is omitted for simplicity, which goes the same
for the rest of this paper.

According to the Cauchy-Schwartz inequality, we have∣∣vWα(N, Ω, r)
∣∣ ≤ ∥v∥2 ∥Wα(N, Ω, r)∥2. (19)

The equality in (19) holds if vH = µWα(N, Ω, r), where µ is
a scaling factor. Since W and v are independent of each other,
we can achieve the equality of (19). Consequently, we may
first determine W and then design v accordingly.

The design of W can be formulated as

max
W

∥∥Wα(N, Ω, r)
∥∥

2

s.t.
∣∣[wt]m

∣∣ = 1 (20)

for m = 1, 2, . . . ,M and t = 1, 2, . . . , NRF. The entries of
W are mutually independent, implying that the maximization
of ∥Wα(N, Ω, r)∥2 is essentially the maximization of the
absolute value of each entry of Wα(N, Ω, r). Therefore, the
problem in (20) is divided into NRF independent subproblems
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and the tth subproblem for t = 1, 2, . . . , NRF can be expressed
as

max
wt

∣∣wtGtα(N, Ω, r)
∣∣

s.t.
∣∣[wt]m

∣∣ = 1 (21)

for m = 1, 2, . . . ,M , where we define Gt ≜
[0M×(t−1)M , IM ,0M×(NRF−t)M ]. The optimal solution of
(21) is

wt =
√

N
(
Gtα(N, Ω, r)

)H
(22)

for t = 1, 2, . . . , NRF.
Note that Gtα(N, Ω, r) is exactly the channel steering vec-

tor between the user and the tth subarray. From (2), the entire
array at the BS achieves larger Z than each subarray. The
Rayleigh distance decreases quadratically with the reduction
of the antenna number. In fact, the Rayleigh distance of a
subarray is only 1/N2

RF of the Rayleigh distance of the entire
array at the BS, which implies that a user in the near field
of the entire array may be in the far field of a subarray.
For example, if N = 256, λ = 0.003 m, and NRF = 4,
the Rayleigh distance of the entire array is 98.3m while the
Rayleigh distance of a subarray is only 6.1m. In other words,
the near-field effect of subarrays is much weaker than that
of the entire array. Based on the above discussion, we try
to use the far-field channel steering vectors to approximate
the near-field steering vectors for subarrays. To evaluate the
deviation of the approximation, we have the following lemmas
proved in Appendices A and B.

Lemma 1: The maximum beam gain loss of approximating
near-field channel steering vector with far-field channel steer-
ing vector for a subarray can be approximated as

Γmax = max{1−NRF/
4
√

2N, 0}. (23)

Lemma 2: Denote the sine result of the angle that points
from the center of the tth subarray to the user as Ψt and
denote the beam center of Gtα(N, Ω, r) as Bt. Then, we have
Bt ≈ Ψt.

According to Lemma 1, the beam gain loss of approximat-
ing the near-field channel steering vector with the far-field
channel steering vector is limited. For example, if N =
256 and NRF = 4, the maximum beam gain loss is only
16%. From Lemma 2, considerable beamforming gain can be
obtained if the tth subarray receives the signal from channel
Gtα(N, Ω, r) with β(M,Ψt).

Based on Lemma 1 and Lemma 2, for each subarray,
we use far-field channel steering vectors,

ŵt =
√

Mβ(M, Ψt)H (24)

for t = 1, 2, . . . , NRF to approximate the near-field channel
steering vectors in (22), which is termed the subarray approx-
imation. Therefore, we can use (24) for both the far-field and
near-field channels. Note that the subarray approximation has
also been studied in the existing works, such as [28]. The
existing works aim to design the wideband beamforming based
on the ideal CSI. However, our work performs the effective
beam training to obtain the CSI.

By substituting (24) into (16), we express the designed
analog combiner for (18) as

Ŵ = blkdiag{ŵ1, ŵ2, . . . , ŵNRF}. (25)

Since ŴŴ
H

= MINRF , we have ∥vŴ ∥2 =
√

M∥v∥2.
Then the design of v according to (18) can be expressed as

max
v

vŴα(N, Ω, r) (26a)

s.t. ∥v∥2 = 1/
√

M. (26b)

Note that (18a) can be rewritten as (26a) because we can
always adjust the phase of v so that vŴα(N, Ω, r) is
real positive and the maximum of |vŴα(N, Ω, r)| is still
achieved. The optimal v for (26) is

v̂ =

(
Ŵα(N, Ω, r)

)H

√
M
∥∥Ŵα(N, Ω, r)

∥∥
2

. (27)

Note that (25) and (27) are designed based on the continuous
space. To facilitate the implementation of beam training,
hybrid combiners for the quantized space need to be designed.
For each subarray, the commonly-used DFT codebook for
beam training is

Φ = {
√

Mβ(M, Φ1),
√

Mβ(M, Φ2), . . . ,
√

Mβ(M, ΦM )},
(28)

where

Φm = (2m− 1−M)/M (29)

for m = 1, 2, . . . ,M . In fact, the DFT codebook equally
samples the full space [−1, 1] by M angles, where the
mth angle is Φm. For the tth subarray, the index of the
codeword in Φ best fitting for the channel is

m̃t = arg min
m=1,2,...,M

|Φm −Ψt|. (30)

Therefore, the designed analog combiner and digital combiner
according to (25) and (27), respectively, are

W̃ = blkdiag{w̃1, w̃2, . . . , w̃NRF}, (31)

ṽ =

(
W̃α(N, Ω, r)

)H

√
M
∥∥W̃α(N, Ω, r)

∥∥
2

, (32)

where

w̃t = [Φ]H:,m̃t
(33)

for t = 1, 2, , . . . , NRF based on (24).
Fig. 3 illustrates the performance of the subarray approx-

imation, where N = 512, NRF = 4, Q = 512 and
S = 11. We take the subarray approximation of [C256]:,6 =
α(N, Θ256, d256,6) as an example. Based on (30), we can
obtain m̃1 = 63, m̃2 = 64, m̃3 = 65 and m̃4 = 66. The analog
combiner and the digital combiner can be designed based
on (31) and (32), respectively. Then the combined channel
steering vector is (ṽW̃ )T. We define the hybrid-field beam
gain (HFBG) of a channel steering vector u as

B(u, Ω, r) = |α(N, Ω, r)Hu|. (34)

In Fig. 3, we illustrate the HFBGs of [C256]:,6 and (ṽW̃ )T.
From the figure, the HFBG of (ṽW̃ )T is similar to that
of [C256]:,6, which verifies the effectiveness of the subarray
approximation.
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Fig. 3. Illustration of the subarray approximation.

C. Beam Training

Now we propose a two-stage hybrid-field beam training
scheme.

Note that for the partially-connected structure, each subarray
is exclusively connected to an RF chain, which indicates that
each RF chain can support an independent beam training based
on a subarray. In addition, the near-field effect is substantially
weakened once the ULA is divided into NRF subarrays.
Therefore, for each angle, we only need one time of beam
training no matter whether the user is in the near field or far
field.

Based on the above discussions, in the first stage, each sub-
array independently performs beam training with codewords
in Φ. When performing the mth beam training, the analog
combiner according to (28) can be expressed as

W m = blkdiag{
√

Mβ(M,Φm)H, . . . ,
√

Mβ(M, Φm)H}.
(35)

for m = 1, 2, . . . ,M . Based on (1), the output signal of the
mth combiner is

zm = W mhxm + W mη (36)

for m = 1, 2, . . . ,M .
Note that according to the analysis in Section III-B, the

received signals of subarrays can be combined so that the
power of combined signals can approximate the power of
signals received by the entire array. In addition, for any
codeword in Ch, the analog combiners of subarrays come
from Φ. Moreover, all subarrays have performed beam training
with Φ in the first stage. Therefore, by reusing the received
signals in the first stage and designing the digital combiners,
the power of the combined signals can approximate the power
of signals received by codewords in Ch.

Based on the above discussions, in the second stage, by uti-
lizing {z1, z2, . . . ,zM}, we design the digital combiner, vp,
for p = 1, 2, . . . , QS + Q, to test all the codewords in the
hybrid-field codebook Ch. To be detailed, for each codeword
[Ch]:,p, we can design a dedicated digital combiner vp to
combine the output of the analog combiner from the first stage.

From (13), we have

[Ch]:,p =

α (N, Θq̄, dq̄,s̄) , p ≤ QS,

β

(
N,

2(p−QS)− 1−Q

Q

)
, p > QS,

(37)

where

q̄ =
⌈
p/S

⌉
and s̄ = p− (q̄ − 1)S. (38)

Replacing α(N, Ω, r) in (18) by [Ch]:,p, we can obtain
w̃

(p)
t via (33). Similar to (31) and (32), we design the analog

combiner and the digital combiner, respectively, as

F p = blkdiag{w̃(p)
1 , w̃

(p)
2 , . . . , w̃

(p)
NRF
}, (39)

ṽp =
(F p[Ch]:,p)

H

√
M
∥∥F p[Ch]:,p

∥∥
2

. (40)

If we use F p and ṽp for combining, we have

z̃p = F phxp + F pη, (41)

and

ỹp = ṽpz̃p, p = 1, 2, . . . , QS + Q. (42)

In fact, z̃p can not be obtained directly because we do not
actually perform beam training with F p. However, each entry
of z̃p can be obtained from the beam training in (36) because
both F p and W m are composed of channel steering vectors
from the same set Φ in (28). We can obtain z̃p by setting

[z̃p]t = [zm̃t
]t, (43)

where m̃t can be obtained from (30) during the design of F p

in (39). From {ỹ1, ỹ2, . . . , ỹQS+Q}, we select the one with the
largest power, which can be expressed as

p̃ = arg max
p=1,2,...,QS+Q

∣∣ỹp

∣∣2. (44)

From the hybrid-field codebook, Ch, we select the code-
word [Ch]:,p̃ corresponding to the dedicated digital combiner
ṽp̃ that can achieve the largest combining power |ỹp̃|2 as the
result of the THBT.

Furthermore, if the user is in the near field, we can also
roughly locate the user based on the beam training results.
According to (38), the indices of the quantized angle and the
quantized distance can be calculated as

q̃ =
⌈
p̃/S

⌉
and s̃ = p̃− (q̃ − 1)S. (45)

Then the angle and the distance of the user can be roughly
estimated as

Ω̃ = (2q̃ − 1−Q)/Q and r̃ =
N3/2λS(1−Θ2

q̃)

4
√

2s̃
. (46)

Finally, The detailed steps of the proposed THBT scheme
are summarized in Algorithm 1.

Fig. 4 illustrates the procedure for the THBT scheme, where
NRF = 3. First, each subarray receives the uplink pilots
independently based on the DFT codebook. Then, we design
the digital combiners to combine the outputs of subarrays
to test codewords in the predefined codebook. Finally, from
the predefined hybrid-field codebook, we select the codeword
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Algorithm 1 Two-Stage Hybrid-Field Beam Training (THBT)
Scheme

1: Input: N , NRF, M , Q, S, λ.
2: First Stage:
3: Obtain zm, m = 1, 2, . . . ,M via (36).
4: Second Stage:
5: for p = 1, 2, . . . , QS + Q do
6: Obtain [Ch]:,p via (37).
7: Obtain F p and ṽp via (39) and (40), respectively.
8: Obtain z̃p via (43).
9: Obtain ỹp via (42).

10: end for
11: Obtain p̃ via (44).
12: Obtain Ω̃ and r̃ via (46).
13: Output: [Ch]:,p̃, Ω̃ and r̃.

Fig. 4. Illustration of the procedure for the THBT scheme.

that achieves the largest combining power as the result of
the THBT.

Now we evaluate the overhead of the THBT scheme. The
THBT scheme performs digital combining in the second stage,
which does not need any pilots. Before digital combining,
in the first stage, each subarray independently performs beam
training based on the DFT codebook and needs M times of
beam training. Therefore, the total overhead of the THBT
scheme is M .

IV. BEAM REFINEMENT BASED ON
PHASE SHIFTS OF SUBARRAYS

In this section, we focus on refining the quantized beam
training results of the THBT. Based on the PSP and the
time-frequency duality, the expressions of the subarray sig-
nals after analog combining are analytically derived and a
BRPSS scheme with closed-form solutions is proposed for
high-resolution channel parameter estimation.

After the THBT, the initial estimation of k and b in (9) can
be expressed as

k̃ = −λ(1− Ω̃2)
4r̃

and b̃ = Ω̃− k̃(N + 1). (47)

Note that the resolutions of k̃ and b̃ are limited by the quan-
tization of the hybrid codebook. To improve the estimation
accuracy of k and b, the user continues to transmit one uplink
pilot and the BS receives that with the analog combiner

W = blkdiag{wH
1 , w

H
2 , . . . ,w

H
NRF
}, (48)

where

[wt]m = ejπ(k̃((t−1)M+m)2+b̃((t−1)M+m)) (49)

for m = 1, 2, . . . ,M and t = 1, 2, . . . , NRF. Note that W
is designed based on k̃ and b̃. Thus, the near-field effects
can be alleviated and directional beams are formed to provide
high beamforming gains. Then the received signal of the tth
subarray after analog combining can be expressed as

ẑt

(a)
≈

tM∑
n=(t−1)M+1

e−jπ(k̃n2+b̃n)[h]n

(b)
≈ g

tM∑
n=(t−1)M+1

e−jπ(k̃n2+b̃n)[α(N, Ω, r)]n

(c)
≈ g̃

tM∑
n=(t−1)M+1

e−jπ(k̃n2+b̃n)[γ(N, Ω, r)]n

= g̃

tM∑
n=(t−1)M+1

ejπ(∆kn2+∆bn)

= g̃

M∑
m=1

ejπ(∆k(m+(t−1)M)2+∆b(m+(t−1)M))

= g̃ejπ(∆k(t−1)2M2+∆b(t−1)M)

·
M∑

m=1

ejπ(∆km2+∆bm+2∆kmM(t−1)), (50)

for t = 1, 2, . . . , NRF, where ∆k ≜ k − k̃, ∆b ≜ b − b̃
and g̃ ≜ gej2π(Ω(δ1−1/2)−ρ(N+1)2/16). In (50), we omit the
noise term and set xp = 1 in (a), omit the effects of
the NLoS paths in (b), and approximate α(N, Ω, r) with
γ(N, Ω, r) in (c) to simplify the analysis. The summation
in (50) is tricky due to the quadratic phase term ∆km2.
To obtain a deeper insight of ẑt, we first focus on ejπ∆km2

.
Define s ≜ [ejπ∆k, ejπ4∆k, . . . , ejπM2∆k]T. According to the
PSP [29], [30], [31], the discrete-time Fourier transform of s
is expressed as

F(ω) =
M∑

m=1

[s]me−jπmω

≈

e−jπ( ω2
4∆k + 1

4 )

√
1
−∆k

, 2∆kM≤ω≤2∆k,

0, others,

(51)
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where we assume ∆k < 0 without loss of generality. Then,
according to the time-frequency duality, we have

[s]m = ejπ∆km2

≈ 1
2

∫ 1

−1

F(ω)ejπmωdω

=
1
2

∫ 2∆k

2∆kM

e−jπ( ω2
4∆k + 1

4 )

√
1
−∆k

ejπmωdω. (52)

Substituting (52) into (50), we have (53), which is shown at
the bottom of the next page. In (53), we have

g ≜
1

2
√
−∆k

g̃ejπ((M+1)∆b/2−1/4),

∆k̃ ≜ ∆kM2,

∆b̃ ≜ (∆b + ∆k(M + 1))M,

ϕt ≜ ∆b + 2∆kM(t− 1). (54)

Remark 1: In this part, we focus on providing high beam-
forming gains for all subarrays by analyzing the relations
between the space quantization in (11) and the received signals
of subarrays in (53). From (53), the power of ẑt is determined
by the value of |B(ϕt)|. Moreover, B(ϕt) is essentially the
summation of A(ϕt, ω) with weighted factors P(ω). To pro-
vide high beam gains for all subarrays, the maximum peak
shift of A(ϕt, ω) should be less than the half-power width so
that each term of A(ϕt, (ω)) can provide high beam gain for
summation and the maximum phase shift of P(ω) should be
less than π/2 so that A(ϕt, ω) for different w will not cancel
each other. Then we have

|ϕt + ω| ≤ 1
M

, (55a)∣∣∣∣ (M + 1)ω
2

− ω2

4∆k

∣∣∣∣ ≤ 1/2, (55b)

for ω ∈ [2∆kM, 2∆k]. Substituting ϕt in (54) into (55a),
we have

|∆k| ≤ 1
M(N − 1)

− 1
Q(N − 1)

. (56)

From (55b), we have

|∆k| ≤ 1
4M2

. (57)

Note that
1

M(N − 1)
− 1

Q(N − 1)
<

1
M(N − 1)

≈ 1
NRFM2

≤ 1
4M2

(58)

for NRF ≥ 4, which is easy to be satisfied for XL-MIMO
systems. Therefore, we omit the constraint in (57) and focus
on (56) to simplify the expression. Note that

|∆k| ≤ 1
4

∣∣∣∣∣λ(1−Θ2
q)

2dq,s
−

λ(1−Θ2
q)

2dq,s+1

∣∣∣∣∣
=

√
2

2N3/2S
. (59)

Combining (56) and (59), we have

Q ≥M, and S ≥
√

2(N − 1)

2N3/2
(

1
M −

1
Q

) , (60)

which provides guidance for the settings of S and Q.

In (53), the expression of ẑt is analytically derived, where
the phase of ẑt shifts along with t. Specifically, the phase of ẑt

is related to g, C(t), and B(ϕt), where g is a constant irrelevant
to t. In addition, the phase of B(ϕt) is also irrelevant to t
because P(ω) is irrelevant to t and A(ϕt, ω) consistently takes
on positive values under the constraint in (55a). Therefore,
the unwrapped phase of ẑt is a quadratic function of t with
∆kM2 and (∆b + ∆k(M + 1))M as its coefficients, which
indicates that the parameters of the channels are estimated if
we can obtain the coefficients of the quadratic function.

Define Υt ≜ ∠ẑt, where ∠(·) denotes the phase of a com-
plex value. The first-order difference of Υt can be expressed as

∆Υt ≜ Υt+1 − Υt = π(∆k̃(2t− 1) + ∆b̃), (61)

for t = 1, 2, . . . , NRF − 1. Then the second-order difference
of Υt can be expressed as

∆2Υt ≜ ∆Υt+1 −∆Υt = 2π∆k̃, (62)

for t = 1, 2, . . . , NRF − 2. Note that

|∆2Υt| = 2π|∆k̃|
(a)
<

2πM2

M(N − 1)
=

2π

NRF
· N

N − 1
(b)
< π

(63)

where (a) can be obtained via (56) and (b) holds for NRF > 2.
To avoid phase wrap, we can shift ∆2Υt to [−π, π] by

Υ t ≜ mod(∆2Υt + π, 2π)− π. (64)

Then the estimation of ∆k can be expressed as

∆k̂ =
1

NRF − 2

NRF−2∑
t=1

Υ t

2πM2
. (65)

Now we turn to the estimation of ∆b. Define

Υ̃t ≜ ∆Υt − (2t− 1)M2∆k̂π −M(M + 1)∆k̂π. (66)

Then according to (61), we have

Υ̃t = M∆bπ + 2uπ, u ∈ N. (67)

Note that

|M∆bπ| ≤ Mπ

Q
+

(N + 1)π
(N − 1)

− M(N + 1)π
Q(N − 1)

(a)
≈ π. (68)

where (a) holds because (N +1)/(N −1) ≈ 1 for XL-MIMO
systems. Therefore, we can also shift the results in (67) to
[−π, π] to avoid phase wrap. Define Υ̂t ≜ mod(Υ̃t+π, 2π)−π.
Then the estimation of ∆b can be expressed as

∆b̂ =
1

NRF − 1

NRF−1∑
t=1

Υ̂t

Mπ
. (69)

Then the refined estimation of k and b can be expressed as

k̂ = ∆k̂ + k̃ and b̂ = ∆b̂ + b̃. (70)

Accordingly, the refined estimation of r and Ω can be
expressed as

Ω̂ = b̂ + k̂(N + 1) and r̂ = −λ(1− Ω̂2)

2k̂
. (71)

Finally, we summarize the detailed procedures of the
BRPSS scheme in Algorithm 2.
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Algorithm 2 Beam Refinement Based on Phase Shifts of
Subarrays (BRPSS) Scheme

1: Input: N , NRF, M , λ, ẑt, Ω̃ and r̃.
2: Obtain k̃ and b̃ via (47).
3: Obtain Υt = ∠ẑt, for t = 1, 2, . . . , NRF.
4: Obtain ∆Υt and ∆2Υt via (61) and (62), respectively.
5: Obtain ∆k̂ and ∆b̂ via (65) and (69), respectively.
6: Obtain k̂ and b̂ via (70).
7: Obtain Ω̂ and r̂ via (71).
8: Output: k̂, b̂, Ω̂ and r̂.

Remark 2: The overheads, computational complexity, and
hardware requirements of the proposed BRPSS scheme are
remarked here. Since the BRPSS is developed based on
the phase shifts of the subarrays, only one pilot is needed
for beam refinement benefiting from the subarray architec-
ture of the partially-connected hybrid combining structure.
The proposed BRPSS has closed-form expressions, which
no longer needs running any algorithms and therefore has
very low computational complexity. The computation of the
BRPSS mainly comes from the computing of (61), (62), (65)
and (69), which are all only related to NRF. Therefore, the
computational complexity of the BRPSS is O(NRF). Note
that the unwrapped phase of ẑt is the quadratic function of
the indices of subarrays. Therefore, at least three subarrays
are needed for the BRPSS scheme.

V. NEAR-FIELD BEAM TRACKING

In this section, we propose a low-complexity NFBT scheme,
where a kinematic model is adopted to characterize the channel
variations at different time instants and the BRPSS scheme is
used to estimate the real-time channel parameters. Then the
kinematic model and real-time estimates are exploited by the
EKF to track and predict the near-field channel parameters.

Different from the far-field channel that only depends on
the angle of the user, the near-field channel is related to
both the angle and the distance of the user. By performing
the BRPSS scheme with the channel measurements, we can

Fig. 5. Illustration of the near-field beam tracking procedure.

estimate the angles and distances of the user. Then, based on
the estimated parameters, the real-time position of the user
can be calculated. Given this, we adopt the kinematic model
to characterize the channel variations at different time instants.
In Fig. 5, we illustrate the near-field beam tracking procedure,
where the center of the BS antennas is set as the origin,
the normal direction of the BS antenna array is set as the
x-axis and the direction along the BS antennas array is set
as the y-axis. We assume the user communicates with the
BS in a block-wise way, where the duration of one block
is ∆T . The user moves along the trajectory for I blocks.
Denote the kinematic parameters of the user at the ith block
as p[i] = [ax[i], ay[i], vx[i], vy[i]]T, for i = 0, 1, 2, · · · , I ,
where ax[i], ay[i], vx[i], and vy[i] are the x-axis coordinate,
the y-axis coordinate, the velocity component in the x-axis
direction, and the velocity component in the y-axis direction,
respectively. The angle and distance of the user at the ith block
are expressed as ϑi and ζi, respectively. We then propose the
NFBT scheme, which includes initialization, beam prediction,
beam refinement, filtering, and stop conditions.

1) Initialization: We denote the initial kinematic parameters
of the user as p[0] = [ax[0], ay[0], 0, 0]T, which can be
obtained via the THBT and BRPSS schemes.

ẑt ≈ g̃ejπ(∆k(t−1)2M2+∆b(t−1)M) ·
M∑

m=1

(
1
2

∫ 2∆k

2∆kM

e−jπ( ω2
4∆k + 1

4 )

√
1
−∆k

ejπmωdω

)
ejπ(∆bm+2∆kmM(t−1))

= g̃ejπ(∆k(t−1)2M2+∆b(t−1)M) 1
2

∫ 2∆k

2∆kM

e−jπ( ω2
4∆k + 1

4 )

√
1
−∆k

(
M∑

m=1

ejπ(∆bm+2∆kmM(t−1))ejπmw

)
dω

= g̃ejπ(∆k(t−1)2M2+∆b(t−1)M) 1
2

√
1
−∆k

∫ 2∆k

2∆kM

e−jπ( ω2
4∆k + 1

4 )

(
ej(M+1)(πϕt+πω)/2 sin(M(πϕt + πω)/2)

sin((πϕt + πω)/2)

)
dω

= gejπ(∆k̃(t−1)2+∆b̃(t−1))

∫ 2∆k

2∆kM

e
jπ

(
(M+1)ω

2 − ω2
4∆k

)︸ ︷︷ ︸
P(ω)

sin(M(πϕt + πω)/2)
sin((πϕt + πω)/2)︸ ︷︷ ︸

A(ϕt,ω)

dω

= gejπ(∆k̃(t−1)2+∆b̃(t−1))︸ ︷︷ ︸
C(t)

∫ 2∆k

2∆kM

P(ω)A(ϕt, ω)dω︸ ︷︷ ︸
B(ϕt)

= gC(t)B(ϕt) (53)
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Algorithm 3 Near-Field Beam Tracking (NFBT) Scheme
1: Input:N , NRF, M , λ, p[0] and ∆T .
2: Initialization: i← 1.
3: while stop conditions in Sec. V-.5 are not satisfied do
4: Obtain p[i] via (72).
5: Obtain p̂[i] via (78).
6: Obtain p̃[i] via the EKF.
7: Obtain h̃i via (79).
8: i← i + 1.
9: end while

10: Output: h̃i.

2) Beam Prediction: Denote the filtered state vector after
performing the EKF at the (i−1)th block for i ≥ 1 as p̃[i−1],
where p̃[0] = p[0]. Then the predicted state vector at the ith
block can be expressed as

p[i] =

1 0 ∆T 0
0 1 0 ∆T
0 0 1 0
0 0 0 1


︸ ︷︷ ︸

Ξ

p̃[i− 1] (72)

where the predicted distance and angle can be respectively
expressed as

ζi =
√

ax[i]2 + ay[i]2 and ϑi = arctan(ay[i]/ax[i]). (73)

3) Beam Refinement: In the stage of beam refinement, the
user transmits one uplink pilot and the BS receives the signal
with the analog combiner

−→
W i = blkdiag{−→wH

1 ,−→wH
2 , . . . ,−→wH

NRF
}, (74)

where

[−→w t]m = ejπ(ki((t−1)M+m)2+bi((t−1)M+m) (75)

for m = 1, . . . ,M and t = 1, 2, . . . , NRF. In (75),

ki = −λ(1− sin2 ϑi)
4ζi

and bi = − sin ϑi − ki(N + 1) (76)

which are calculated based on the predicted distance and angle
in (73). Then the received signal of the tth subarray after
analog combining can be expressed as

zt = −→wH
t Gthi +−→wH

t Gtηi, (77)

for t = 1, 2, . . . , NRF, where hi denotes the channel between
the user and the BS at the ith block and ηi denotes the
AWGN. Substituting N , NRF, M , λ, zt, − sin ϑi and ζi into
Algorithm 2, we can obtain the estimated angle ϑ̂i and the
estimated distance ζ̂i of the user at the ith block. Then the
estimated state vector can be expressed as

p̂[i] =
[
ζ̂i cos ϑ̂i, ζ̂i sin ϑ̂i, 0, 0

]T
. (78)

4) Filtering: The estimated stated vector, p̂[i], and the
predicted state vector, p[i], can be exploited by the
widely-adopted EKF for effective tracking. Since the EKF has
been exhaustively introduced in a variety of works [32], [33],
[34], we omit the details and denote the filtered state vector
at the ith block after performing the EKF as p̃[i]. Then the
estimated channel steering vector of the LoS path at the ith
block can be expressed as

[h̃i]n =
1√
N

ejπ
(−→

k in
2+
−→
b in
)

−→
k i = −λ(1− sin2 ϑ̃i)

4ζ̃i

,
−→
b i = − sin ϑ̃i −

−→
k i(N + 1),

ζ̃i =
√

ãx[i]2 + ãy[i]2, and ϑ̃i = arctan(ãy[i]/ãx[i]),

(79)

for n = 1, 2, . . . , N , which can be used to design the hybrid
combiners for communication.

5) Stop Condition: We repeat Section V-.2, Section V-.3,
and Section V-.4 until the predefined maximum number
of blocks I is achieved or the communication process is
completed.

In Fig. 5, we illustrate the process of beam training using
the ith block as an example. Suppose we have obtained
the filtered state vector in the (i − 1)th block, p̃[i − 1].
Based on the kinematic model in (72), we can obtain the
predicted state vector in the ith block, p[i]. Using p[i] as a
reference, the BS designs the analog combiner

−→
W i and each

subarray independently receives the uplink pilot with
−→
W i.

Based on the measurements of subarrays, the BS performs
the BRPSS scheme to obtain the estimated state vector, p̂[i].
Then, by exploiting the EKF, the BS fuses p[i] and p̂[i] to
obtain the more accurate filtered state vector p̃[i]. During the
process of beam tracking, for each block, the BS only receives
one uplink pilot to obtain the estimated state vector. Therefore,
the overhead of the proposed NFBT scheme is one.

Finally, we summarize the detailed procedures of the pro-
posed NFBT scheme in Algorithm 3.

Remark 3: The proposed schemes are adaptable to the
multi-user scenarios with three extensions. Firstly, following
the works in [9], we can allocate mutually orthogonal pilots to
NUE users and separately perform the proposed schemes for
each user. Secondly, following the works in [35], we allocate
mutually orthogonal pilots to the NRF RF chains and perform
the downlink beam training/tracking. Then, the users can con-
currently perform the proposed schemes. Thirdly, following
the works in [10], we perform uplink beam training for the
NUE users simultaneously, where L̂ channel paths are detected
sequentially based on the beam training results. Then, the users
transmit orthogonal pilots to determine the association of the
L̂ detected paths.

VI. SIMULATION RESULTS

Now we evaluate the performance of the proposed schemes.
We consider an XL-MIMO system equipped with N = 512
antennas [7]. The antenna array is composed of NRF = 4
subarrays with each subarray having M = 128 antennas [8].
The wavelength is set to be λ = 0.003 m corresponding to
the carrier frequency of 100 GHz [9]. The channel between
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TABLE I
OVERHEADS FOR DIFFERENT BEAM TRAINING SCHEMES

Fig. 6. Comparisons of beamforming gains for different schemes.

the user and the BS is set up with L = 3 channel paths
with one LoS path and two NLoS paths, where the channel
gain of the LoS path obeys g1 ∼ CN (0, 1) and the NLoS
paths obey g2 ∼ CN (0, 0.01) and g3 ∼ CN (0, 0.01) [3].
Channel angle Ωl of the lth path obeys the uniform dis-
tribution between [−

√
3/2,
√

3/2] [9]. The HFBS, far-field
beam sweeping (FFBS) [36], TPBT [15], DHBT [16] and P-
SOMP [9] are adopted as the benchmarks. The parameters of
different schemes are set in the Parameter Settings of Table I,
where K, V and R denote the number of candidate angles, the
number of layers in the hierarchical codebook and the number
of space samples in each layer.

A. Evaluation of the THBT and BRPSS Schemes
In Fig. 6, we compare the proposed schemes with the HFBS,

FFBS, TPBT, DHBT and P-SOMP in terms of beamforming
gains for different SNRs. Suppose f is the estimated chan-
nel steering vector. Then, the beamforming gain after beam
alignment is defined as

ξ = max
l

|gl|
gm
|α(N, Ωl, rl)Hf |, (80)

where gm = maxl |gl|. The distances between the BS and
the user or scatterers obey the uniform distribution between
[6, 150] m, where the lower bound is set according to the
reactive distance [9] while the upper bound is set accord-
ing to the effective Rayleigh distance [28]. The hybrid-field
codebook is designed with Q = 512 and S = 11, which
is also used to generate the dictionary of the P-SOMP for
fair comparison. From Fig. 6, the HFBS can achieve better
performance than the other schemes when the SNR is less than
−10 dB, which lies in the fact that the HFBS exhaustively

Fig. 7. Comparisons of the beamforming gains for different schemes with
varying distances.

tests all the codewords in Ch and needs far more times
of beam training than the other schemes. In addition, the
proposed THBT with the BRPSS scheme performs the best
among all the schemes when the SNR is larger than −10 dB
because the performance of all the other schemes is limited
by the quantized error of the codebook or dictionary while
the proposed THBT with the BRPSS scheme can achieve
high-resolution estimation thanks to the beam refinement of
the BRPSS. Moreover, the performance of the proposed THBT
scheme can approach the performance of the HFBS at various
SNR conditions. The performance of P-SOMP is worse than
that of the other schemes at low SNRs, such as -15 dB,
because the random beamforming of P-SOMP cannot achieve
enough beamforming gain and will significantly degrade the
performance. The performance of the FFBS is worse than that
of the other schemes at high SNRs because the beamforming
gain of the far-field channel steering vector will decrease in
the near field. Furthermore, the TPBT performs worse than
the proposed THBT; the justification is that the first phase of
TPBT may select the incorrect middle-K angles due to the
effects of the noise and the NLoS paths. The DHBT performs
worse than the proposed THBT due to the neglect of the polar-
domain sparsity.

In Fig. 7, we compare the proposed schemes with the HFBS,
FFBS, TPBT, DHBT and P-SOMP in terms of beamforming
gains for different distances. The distances between the BS and
the user or scatterers obey the uniform distribution between
[6, r] m, where r ranges from 40 to 400. Note that 400 m
is approximately the Rayleigh distance of the considered XL-
MIMO system. The SNR is fixed to be 10 dB. From Fig. 7, the
proposed THBT with the BRPSS scheme achieves the highest
beam gain at different distances thanks to the high-resolution
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Fig. 8. Evaluation of the positioning performance for different schemes.

Fig. 9. Evaluation of the BRPSS for different settings of Q and S.

BRPSS scheme. As the distance decreases, the FFBS will
suffer from severe loss of beamforming gain because it only
considers the far-field channels. In addition, the performance
of DHBT deteriorates with the decrease of the distance as it
neglects the polar-domain sparsity, which makes it sensitive
to the near-field effects. By contrast, both the THBT scheme
and the THBT with BRPSS scheme are robust to the distance,
which indicates that the proposed beam training and beam
refinement schemes are adaptive to both the near field and the
far field.

In Fig. 8, we evaluate the positioning performance of the
proposed schemes, where the SNR is set to be 20 dB. The
distances between the BS and the user or scatterers obey the
uniform distribution between [6, 150] m, which is the same as
in Fig. 6. Since the FFBS cannot obtain the position of the user,
we only compare the proposed schemes with HFBS, TPBT,
DHBT and P-SOMP. We denote the distance between the real
position and the estimated position as E and use 105 times of
Monte Carlo simulation to calculate the cumulative distribu-
tion function (CDF). From Fig. 8, the proposed THBT with
the BRPSS scheme has the smallest positioning error among
all the schemes due to the high-resolution estimation of the
BRPSS scheme. In addition, the HFBS, TPBT, THBT and
P-SOMP share similar performance because they are based on
the same quantized angles and distances. The DHBT performs
worse than the other schemes due to the neglect of the polar-
domain sparsity.

In Table. I, we compare the training overheads of different
schemes. The training overheads of the HFBS, FFBS, TPBT,
DHBT, P-SOMP, the proposed THBT, and the proposed THBT
with the BRPSS are Q(S+1), Q, Q+K(S+1), V R, P , M and

Fig. 10. Comparisons of the beamforming gains during the tracking process.

M +1, respectively. Under the simulation settings, these seven
schemes require 6144, 512, 548, 512, 128, 128, and 129 times
of beam training, respectively. Specifically, the performance of
the proposed THBT scheme can approach that of the HFBS
with 97.92% reduction in training overhead, and the proposed
THBT with the BRPSS scheme outperforms the HFBS with
97.90% reduction in training overhead for high SNRs.

In Fig. 9, we evaluate the performance of the BRPSS for
different settings of Q and S. To avoid the effects of the NLoS
paths and the prior beam training failure, we set L = 1 and
suppose that the beam training has found the codeword best fit-
ting for the channel in the hybrid-field codebook. The distances
between the BS and the user obey the uniform distribution
between [10, 30] m. From Fig. 9, if we fix Q = 256 or
S = 8, the positioning error decreases with the increase of
S or Q. This is because beam gain losses of subarrays will
occur if the conditions of Q and S in (60) are not satisfied,
which will deteriorate the performance of beam refinement.
However, if the conditions of Q and S in (60) are satisfied,
i.e. Q = 256 and S = 8, continuing to increase Q and S can
only slightly improve the performance of beam refinement,
which verifies that (60) is appropriate for the settings of Q
and S.

B. Evaluation of the NFBT Scheme
Now we evaluate the performance of the proposed NFBT

scheme. We set p0 = [50, 50
√

3, 0, 0], ∆T = 0.05 s, I = 180,
and [vx[i], vy[i]]T = [−5,−5

√
3]T for i = 1, 2, . . . , I .

In Fig. 10, we evaluate the tracking performance of differ-
ent schemes in terms of the beamforming gains during the
tracking process. We extend the neighboring search in [24]
to the hybrid-field neighboring search (HFNS), which tests
the additional four codewords adjacent to the best codeword
of the previous block. The BRPSS and the far-field beam
tracking (FFBT) [21] are also adopted as benchmarks, where
the BRPSS is performed based on the estimation of the
previous block. The SNR is set to be 0 dB. From the
figure, the performance of the HFNS drops dramatically at
the 7.5th second and that of the BRPSS drops dramatically
at the 8th second because the deviation between the posi-
tions of the adjacent blocks is too large and the deteriorated
beamforming gains cannot support effective beam tracking.
In addition, the performance of the FFBT drops dramatically at
the 6th second because the near-field channel differs gradually
from the far-field channel with the decrease of the distance.
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Fig. 11. Comparisons of the spectral efficiency during the tracking process.

TABLE II
OVERHEADS FOR DIFFERENT BEAM TRACKING SCHEMES

However, the proposed NFBT scheme can maintain high
beamforming gains during the whole process of beam tracking.
It is also worth noting that the performance of the proposed
NFBT scheme decreases slightly with the increase of time.
This is because the near-field effect strengthens gradually with
the decrease of distance and the same tracking error will lead
to larger beamforming gain loss for smaller distances.

In Fig. 11, we compare the proposed NFBT with the HFNS,
BRPSS and FFBT in terms of the average spectral efficiency
during the tracking process for different SNRs. From the
figure, the proposed NFBT performs the best among the four
schemes and can approach the upper bound when SNR is
larger than −5dB, which demonstrates the effectiveness of the
proposed schemes.

In Table II, we also compare the overheads of different beam
tracking schemes. Since the HFNS tests the best codeword
of the previous block and additional four codewords adjacent
to the best codeword, it needs five times of beam training.
In addition, the FFBT tests the best codeword of the previous
block and the additional two codewords adjacent to the best
codeword, and it needs three times of beam training. Accord-
ing to Section IV, the overhead of the BRPSS scheme is one.
Similarly, the overhead of the NFBT scheme, which is based
on the BRPSS scheme, is also one. In summary, the proposed
NFBT scheme outperforms existing ones with lower overhead.

VII. CONCLUSION

In this paper, a THBT scheme has been proposed. In the
first stage, each subarray independently uses multiple far-field
channel steering vectors to approximate near-field channel
steering vectors for analog combining. In the second stage,
digital combiners are designed to combine the outputs of the
analog combiners from the first stage to find the codeword in
the predefined hybrid-field codebook best fitting for the chan-
nel. Then, based on the PSP and the time-frequency duality,
the expressions of subarray signals after analog combining

have been analytically derived, and the BRPSS scheme with
closed-form solutions has been proposed for high-resolution
channel parameter estimation. Moreover, a low-complexity
NFBT scheme has been proposed, where the kinematic model
has been adopted to characterize the channel variations at
different time instants and the EKF has been exploited for
beam tracking. For future works, we will try to perform
effective beam refinement for XL-MIMO systems with the
power of received signals.

APPENDIX A
First of all, we calculate the maximum received powers with

the near-field and the far-field steering vectors, respectively.
Suppose the tth subarray receives signals with far-field steering
vector

√
Mβ(M,Ω). Then, the absolute value of the received

signal after analog combining can be calculated as

|G(Gth, Ω)| =
√

Mβ(M,Ω)HGth

≈

∣∣∣∣∣∣
tM∑

n=(t−1)M+1

ejπ(kn2+bn)e−jπnΩ

∣∣∣∣∣∣
=

∣∣∣∣∣
M∑

n=1

ejπ(kn2+bn)e−jπnΩ

∣∣∣∣∣
≈

∣∣∣∣∣
∫ M

1

ejπ(kχ2+(b−Ω)χ))dχ

∣∣∣∣∣
=
∣∣∣∣∫ ∞

−∞
U(χ)ejπ(kχ2+(b−Ω)χ))dχ

∣∣∣∣ , (81)

where

b ≜ b + 2k(t− 1)M, U(χ) =

{
1, 1 ≤ χ ≤M,

0, others.
(82)

According to the PSP [29], [30], [31], (81) can be approxi-
mated as

|G(Gth, Ω)| ≈

∣∣∣∣∣
√

−2π

Φ′′(χ0, Ω)
U(χ0)

∣∣∣∣∣
=


√

1
−k

, b+2kM≤Ω≤b+2k,

0, others,
(83)

where Φ(χ, Ω) ≜ π(kχ2 + (b − Ω)χ)) and χ0 = Ω−b
2k . The

relation in (83) indicates that the maximum received powers
with near-field channel steering vectors can be approximated
as
√

1
−k . On the other hand, when the analog combiner is

aligned with the channel steering vector, the modulus of the
maximum received signal after analog combining is M . There-
fore the beam gain loss of replacing the near-field channel
steering vector with the far-field channel steering vector can
be approximated as

Γ = 1− maxΩ |G(Gth, Ω)|
M

= 1−

√
4r

λ(1− Ω2)M2

(a)

≤ 1−
√

4r

λM2
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(b)

≤ 1−

√
2
√

D3/λ

λM2

= 1− NRF
4
√

2N
, (84)

where the equation in (a) holds when Ω = 0 and the equation
in (b) holds when r = 0.5

√
D3/λ. Since the beam gain loss

cannot be less than 0, we normalize the maximum beam gain
loss as

Γmax = max{1−NRF/
4
√

2N, 0}, (85)

which completes the proof.

APPENDIX B

First of all, we calculate the beam center of Gtα(N, Ω, r).
Based on (83), we can approximate the beam gain of
Gtα(N, Ω, r) as

|G(Gtα(N, Ω, r), Ω)| =


√

1
−k

, b+2kM≤Ω≤b+2k,

0, others,

(86)

which indicates that the beam coverage of Gtα(N, Ω, r) is
[b+2kM, b+2k]. Therefore, the beam center of Gtα(N, Ω, r)
can be calculated as

Bt = b + k(M + 1)

= Ω +
λ(1− Ω2)(N − (2t− 1)M)

4r
. (87)

Then we calculate Ψt, which denotes the sine result of the
angle that points from the center of the tth subarray to the
user. As shown in Fig. 2, the center of the tth subarray is
(0, ∆tλ), where ∆t = [(2t − 1)M − N ]/4. Then Ψt can be
computed as

Ψt =
rΩ−∆tλ√

r2 + ∆2
t λ

2 − 2rΩ∆tλ

=
rΩ− Ω2∆tλ√

r2 + ∆2
t λ

2 − 2rΩ∆tλ
+

(Ω2 − 1)∆tλ√
r2 + ∆2

t λ
2 − 2rΩ∆tλ

(a)
≈ rΩ− Ω2∆tλ

r − Ω∆tλ
+

(Ω2 − 1)∆tλ

r

= Ω +
λ(1− Ω2)(N − (2t− 1)M)

4r
, (88)

where the former of (a) holds because we approximate√
r2 + ∆2

t λ
2 − 2rΩ∆tλ with its first-order Taylor series

and the latter of (a) holds because we approximate√
r2 + ∆2

t λ
2 − 2rΩ∆tλ with r. We use different approxi-

mations in (a) of (88) because the numerator of the former
is much larger than that of the latter, which implies that the
denominator of the former needs a more accurate approxima-
tion than that of the latter. Comparing (87) and (88), we have

Bt ≈ Ψt, (89)

which completes the proof.
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