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Abstract— This paper investigates beam training for extremely
large-scale multiple-input multiple-output systems. By consider-
ing both the near field and far field, a triple-refined hybrid-field
beam training scheme is proposed, where high-accuracy estimates
of channel parameters are obtained through three steps of
progressive beam refinement. First, the hybrid-field beam gain
(HFBG)-based first refinement method is developed. Based on the
analysis of the HFBG, the first-refinement codebook is designed
and the beam training is performed accordingly to narrow down
the potential region of the channel path. Then, the maximum
likelihood (ML)-based and principle of stationary phase (PSP)-
based second refinement methods are developed. By exploiting
the measurements of the beam training, the ML is used to
estimate the channel parameters. To avoid the high computational
complexity of ML, closed-form estimates of the channel param-
eters are derived according to the PSP. Moreover, the Gaussian
approximation (GA)-based third refinement method is developed.
The hybrid-field neighboring search is first performed to identify
the potential region of the main lobe of the channel steering
vector. Afterwards, by applying the GA, a least-squares estimator
is developed to obtain the high-accuracy channel parameter
estimation. Simulation results verify the effectiveness of the
proposed scheme.

Index Terms— Beam training, extremely large-scale multiple-
input multiple-output (XL-MIMO), Gaussian approximation,
near field, principle of stationary phase.

I. INTRODUCTION

MILLIMETER wave (mmWave) that reserves wide spec-
trum resources is a promising technology for achieving
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high data rates. Thanks to its small wavelength, the space-
limited base station (BS) can accommodate a large number
of antennas to enhance the spectral efficiency by implement-
ing the massive multiple-input multiple-output (MIMO) [2],
[3], [4]. The perfect match between the abundant spectrum
resources provided by mmWave and the high spectral effi-
ciency enabled by massive MIMO has led to the boom of
mmWave massive MIMO [5].

Recently, extremely large-scale MIMO (XL-MIMO) with
far more antennas than existing massive MIMO has been
developed to further improve the spectral efficiency via
ultrahigh-gain beamforming [6], [7], [8]. Attracted by the
tremendous potentials, researchers move on to develop
XL-MIMO based on the well-explored massive MIMO. How-
ever, extending the works in massive MIMO to XL-MIMO
is not straightforward. Due to the much larger array aperture,
the channel model of the latter differs greatly from that of the
former. Generally, the radiation fields of the electromagnetic
waves can be divided into the near field and the far field
according to the distance between the BS and the radiation
source [9], [10]. In the far field, the channel characteristics
conform to the planar-wave model, and the phase differences
among antennas can be reasonably approximated as a linear
function of the antenna indices [7]. In the near field, the
channel characteristics cannot be accurately modeled using
the planar-wave model. Instead, they must be characterized by
the spherical-wave model, where the phase differences among
antennas are expressed as a nonlinear function of the antenna
indices [7]. For conventional massive MIMO, where the array
aperture is relatively small, the BS coverage predominantly
falls within the far field. However, in the emerging XL-MIMO,
the substantial expansion of the array aperture results in a
significant portion of the BS coverage lying within the near
field. In this context, XL-MIMO communications will operate
within the coexistence of the far and near fields. In addition,
the difference in channel models renders conventional far-field
techniques unsuitable for the near field. Therefore, in the realm
of XL-MIMO communications, the focus should be shifted
towards techniques that can effectively adapt to the hybrid
field, including the near and far fields.

One pivotal issue in wireless communications is the channel
state information (CSI) acquisition [11], [12], [13]. Due to the
large propagation attenuation of mmWave, beam training that
can achieve high beamforming gain is preferred [14]. Gen-
erally, beam training can be categorized into beam sweeping
and multi-stage beam training. Although beam sweeping can
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effectively combat noise by using narrow beams, its success
is founded on the intensive beam training. In contrast, multi-
stage beam training that explores and refines the CSI stage by
stage can compare favorably with the beam sweeping while
requiring much lower training overhead [15]. A special case of
the multi-stage beam training is the hierarchical beam training
(HBT) [16], [17], [18], [19], [20]. By comparing the received
powers of the codewords in the predefined hierarchical code-
book layer by layer, the HBT can gradually narrow down
the candidate sets of channel paths, leading to the increasing
beamforming gain. Different from the HBT that depends
on the hierarchical codebook and mainly exploits the power
information of the received signals, the general multi-stage
beam training flexibly divides the whole training process into
several stages and extracts CSI from the former stage via
signal processing techniques to assist the beam training of
the latter stage [21], [22], [23], [24]. In [21], an optimized
two-stage search algorithm is developed, where the second
stage only trains the beam candidates derived from the first
stage to accomplish beam alignment. In [22], an adaptive
and sequential beam alignment algorithm is proposed, where
the codeword for the beam training in the lower layer is
determined by the posterior of the channel angle derived in
the upper layer. In [23], based on the beam sweeping results,
an auxiliary beam pair method is proposed to obtain the
high-accuracy estimates of channel angles by comparing the
powers of received signals. In [24], to further refine the result
of beam sweeping, the far-field array gain is approximated as a
Gaussian function and the channel angles are estimated based
on additional channel tests.

The fundamental changes in the radiation fields for
XL-MIMO communication invalidate the conventional
far-field beam training methods in [13], [14], [15], [16],
[17], [18], [19], [20], [21], [22], [23], and [24]. In addition,
the coexistence of the near and far fields appeals for
novel hybrid-field beam training methods for XL-MIMO
communications. One straightforward method for hybrid field
beam training is the hybrid-field beam sweeping (HFBS) [25],
which explores the far field via beam scanning and the near
field via beam focusing. Nevertheless, the HFBS exhaustively
tests every codeword in the predefined hybrid-field codebook
and needs an extensive amount of beam training. To reduce
the overhead of HFBS, a two-phase beam training (TPBT)
method is proposed in [26], where the first phase determines
the candidate channel angles via far-field beam sweeping
while the second phase finds the channel distance based on
shortlisted candidate angles in the first phase. However, the
overhead of the TPBT is still high due to the employment
of the far-field beam sweeping in the first phase. To further
reduce the overhead of TPBT, a hierarchical codebook
is designed and a chirp-based HBT (CHBT) method is
proposed for the XL-MIMO in [27]. It is worth noting
that the imperfection in the beam patterns of codewords
in the hierarchical codebook could lead to degradation in
beam training performance. For the distance-based HBT
(DHBT) method in [28], the codebook is designed by equally
sampling the space in distance. However, the neglect of the
polar-domain sparsity leads to a deterioration in the training

performance of DHBT. For the two-stage HBT (TSHBT)
in [29], the training procedure is divided into two stages,
where the first stage only refines the channel angle with
wide beams while the second stage simultaneously refines
the channel angle and distance with beam focusing. However,
a large number of antennas need to be deactivated to form
wide beams in the first stage. Owing to the powerful feature
extraction ability of neural networks, deep learning has also
been exploited for hybrid-field beam training [30], [31],
[32]. However, the substantial computational overhead and
resource-intensive characteristics of deep learning present
significant barriers to its widespread implementation in
XL-MIMO systems. Furthermore, the beam training methods
in [25], [26], [27], [28], [29], [30], and [31] construct
codebooks based on the quantized samples, which not only
deteriorates the beamforming gain but also increases errors in
near-field localization. While numerous studies have explored
high-accuracy near-field sensing and localization [33], [34],
[35], they often rely on complicated hardware configurations
or necessitate extensive computational resources, which is
incompatible with the concise beam training framework.
One simple method to improve the accuracy of hybrid-field
beam training is the beam refinement [36]. However, the
beam refinement method in [36] is specially tailored for
the partially-connected hybrid beamforming structure. In the
context of XL-MIMO, beam refinement methods for the
fully-connected hybrid beamforming structure are missing in
the existing works.

In this paper, we investigate hybrid-field beam training for
XL-MIMO systems. We aim to achieve high-accuracy beam
alignment for XL-MIMO systems with low overhead and
low computational complexity, which is beyond the scopes
of the existing works in [25], [26], [27], [28], [29], [30], [31],
[32], [33], [34], [35], and [36]. Inspired by the idea of the
multi-stage beam training, we propose to acquire the CSI of
XL-MIMO systems in a progressive refinement way. To obtain
the high-accuracy CSI with low overhead, efficient refinement
methods and effective progressive strategies are devised. The
main contributions of this paper are summarized as follows.
• By considering both the near field and far field,

we develop a triple-refined hybrid-field beam train-
ing (THBT) scheme, where high-accuracy estimates of
channel parameters are obtained through three steps
of progressive refinement. Benefiting from the devised
refinement methods and progressive strategies, the pro-
posed THBT can accomplish the beam alignment for
XL-MIMO systems with substantially reduced training
overhead.

• We develop the hybrid-field beam gain (HFBG)-based
first refinement method. By analyzing the HFBG of
the channel steering vector for the XL-MIMO systems,
we design the first-refinement codebook that satisfies
the presented two design criteria and perform the beam
training accordingly to determine the potential region of
the channel path.

• We then exploit the maximum likelihood (ML) and
principle of stationary phase (PSP) to develop the sec-
ond refinement methods. Based on the property of the
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HFBG, we first design the second-refinement codebook,
where the beam coverage of each codeword contains
the potential region from the first refinement. Then,
by exploiting the measurements of the beam training, the
ML is used to estimate the channel parameters. To avoid
the high computational complexity of ML, the phase
of the hybrid-field beam gain is analytically expressed
according to the PSP, and closed-form estimates of the
channel parameters are derived.

• We develop the Gaussian approximation (GA)-based third
refinement method. First, we perform the hybrid-field
neighboring search to identify the potential region of the
main lobe of the channel steering vector. Inspired by the
similarities between the Taylor series of the Gaussian
function and that of the HFBG, we approximate the
main lobe of the HFBG as a two-dimensional Gaussian
function. Then, by sampling the surrogate distance and
angle uniformly within the potential region, we design the
third-refinement codebook and perform the beam training
accordingly. Based on the measurements of the beam
training, a least-squares (LS) estimator is developed to
obtain the high-accuracy channel parameter estimation.

The rest of this paper is organized as follows. The model of
the XL-MIMO system is introduced in Section II. The code-
book design and beam training for the first, second, and third
refinement are presented in Sections III, IV, and V, respec-
tively. The proposed methods are evaluated in Section VI, and
the paper is concluded in Section VII.

The notations are defined as follows. Symbols for matrices
(upper case) and vectors (lower case) are in boldface. (·)∗,
(·)T, and (·)H denote the conjugate, transpose, and conjugate
transpose (Hermitian), respectively. [a]n, [A]m,:, [A]:,n, and
[A]m,n denote the nth entry of vector a, the mth row of matrix
A, the nth column of matrix A, and the entry on the mth row
and the nth column of matrix A, respectively. {C}n is the nth
element of the set C. In addition, j, | · |, C, and CN denote
the square root of −1, the absolute value of a scalar, the set of
the complex number and the complex Gaussian distribution.
Moreover, f ′(·) and f ′′(·) represent the first-order and the
second-order derivative of f(·), respectively. ln(·) denotes the
natural logarithm of a number.

II. SYSTEM MODEL

As shown in Fig. 1, we consider the downlink beam
training between the BS and the user, where a half-wavelength-
interval array with Nt antennas is equipped at the BS while
a single-antenna transceiver is adopted at the user. To ease
the notation, we assume that Nt is an odd number, and
Nt = 2N + 1. With the hybrid beamforming structure, the
Nt antennas are connected to NRF radio frequency (RF)
chains through a phase shifter network. In this work, the beam
training is performed based on the analog beamforming, and
hence, we only focus on one of the multiple RF chains for
simplicity. Then the sth received signal, for s = 1, 2, . . . , S,
can be expressed as

ys = hHfsxs + η (1)

Fig. 1. Illustration of the system model.

where h ∈ CNt , fs ∈ CNt , and xs denote the channel
between the BS and the user, the analog beamformer at
the BS, and the transmit signal, respectively. In addition,
η ∼ CN (0, ϱ2) denotes the additive white Gaussian noise.

To depict the channel, we first establish a Cartesian coor-
dinate, which sets the center, the normal direction, and the
tangent direction of the antenna array as the origin, the x-axis,
and the y-axis, respectively. Then the coordinate of the nth
antenna can be expressed as (0, nλ/2) for n ∈ I , where
I ≜ {−N, · · · , 0, · · · , N} and λ denotes the wavelength.
From Fig. 1, the coordinate of the radiation source at the
lth path is (rl cosωl, rl sinωl), for l = 1, 2, · · · , L, where
L denotes the number of paths, rl is the distance between
the origin and the lth radiation source, and ωl ∈ [−π/2, π/2]
represents the angle of the lth radiation source relative to the
x-axis. The distance between the lth radiation source and the
nth antenna is calculated as

r
(n)
l =

√
r2l + n2λ2/4− nrlΩlλ (2)

where Ωl ≜ sinωl ∈ [−1, 1]. Then, the channel steering vector
between the BS and the user can be expressed as

h =
L∑

l=1

glα(Ωl, rl) (3)

where gl denotes the channel gain of the lth path and the
channel steering vector α(·) is defined as

α(Ωl, rl)=
1√
Nt

[
e−j 2π

λ (r
(−N)
l −rl),. . ., e−j 2π

λ (r
(N)
l −rl)

]T
.

(4)

Note that the channel steering vector in (4) adapts to both the
near and far fields. To ease the notation, we omit the subscript
“l” and focus on processing the path of interest. Then, r(n)

can be simplified as

r(n) ≈ r − nΩλ/2 +
n2λ2(1− Ω2)

8r
(5)

according to
√

1 + ϵ ≈ 1 + 1
2ϵ−

1
8ϵ

2, which is verified to be
accurate if r(n) ≥ 0.5

√
N3λ2 [7], [9]. In fact, 0.5

√
N3λ2 is

quite small compared to the coverage of the BS. For example,
if N = 128 and λ = 0.005 m, we have 0.5

√
N3λ2 ≈ 3.6 m,
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which is much smaller than the typical coverage of the BS.
Therefore, in this work, we focus on the radiation field with
r(n) ≥ 0.5

√
N3λ2. Substituting (5) into (4), we have

[α(Ω, r)]n ≈
1√
Nt

e
jπ

(
Ωn−λ(1−Ω2)

4r n2
)

(6)

for n ∈ I . We define

b ≜
λ(1− Ω2)

4r
(7)

which is referred to as the “surrogate distance” in this paper.
Then (4) can be approximated as

α(Ω, r)≈ 1√
Nt

[
ejπ(−ΩN−bN2), . . . , ejπ(ΩN−bN2)

]T
≜ γ(Ω, b). (8)

We then propose the THBT scheme to obtain high-accuracy
channel parameter estimation through three steps of progres-
sive refinement.

III. HFBG-BASED FIRST REFINEMENT METHOD

In this section, we first analyze the HFBG of the channel
steering vector for XL-MIMO systems. Based on the analysis,
we develop the HFBG-based first refinement method, where
the first-refinement codebook is designed and the beam train-
ing is performed accordingly to determine the potential region
of the channel path.

A. Hybrid-Field Beam Gain

For an arbitrary steering vector, u ≜ γ(Θ, k), we define its
HFBG as

G(u,Ω, b) ≜ Ntγ(Ω, b)Hu

=
N∑

n=−N

ejπ((Θ−Ω)n+(b−k)n2)

(a)
≈
∫ N+1/2

−N−1/2

ejπ((Θ−Ω)z+(b−k)z2)dz

=
∫ ∞

−∞
U(z)ejπ((Θ−Ω)z+(b−k)z2)dz (9)

where

U(z) =
{

1, −N − 1/2 ≤ z ≤ N + 1/2
0, others. (10)

In (9), we approximate the summation as the integral in (a).
Due to the quadratic phase structure of the integrand, it is
hard to obtain the closed-form solution of (9). Alternatively,
a simple but effective approximation based on the PSP is
widely adopted [37], [38], [39]. We define

J(z,Ω, b) ≜ π((Θ− Ω)z + (b− k)z2) (11)

and denote z0 as the stationary phase. According to the PSP,
the differential of J(z,Ω, b) at the stationary phase satisfies
the condition that J ′(z0,Ω, b) = 0. Therefore, we can obtain

z0 =
Ω−Θ

2(b− k)
. (12)

Fig. 2. Comparison of the calculated and the approximated HFBGs.

Then, based on the PSP, (9) can be approximated as

G(u,Ω, b) ≈

√
−2π

J ′′(z0,Ω, b)
e−jπ/4U(z0)ejJ(z0,Ω,b)

=
e−jπ/4

√
k − b

U(z0)e
jπ

(Ω−Θ)2

4(k−b)

=

{
e−jπ/4
√

k−b
ejπ

(Ω−Θ)2

4(k−b) ,−Nt
2 ≤z0≤

Nt
2

0, others.
(13)

By taking the absolute value of G(u,Ω, b), we have

|G(u,Ω, b)| ≈

{
1√
|b−k|

, −Nt
2 ≤ z0 ≤

Nt
2

0, others.
(14)

Combining (12) and (14), we can express the beam coverage
of u as

B(u) =
{

(Ω, b)
∣∣∣∣ |Ω−Θ|
|b− k|

≤ Nt

}
. (15)

From (15), the angle coverage of u for a fixed b is

Θ−Nt|b− k| ≤ Ω ≤ Θ +Nt|b− k| (16)

which indicates that the beam coverage is symmetric about
angle Θ and the angle coverage width (ACW) for a fixed b is
2Nt|k − b|.

In Fig. 2, we illustrate the calculated and the approximated
HFBGs of u, where we set Nt = 513, N = 256, Θ = 0 and
k = −6.09 × 10−5. From the figure, the calculated HFBG
and the approximated HFBG share similarities in several
aspects, including the boundary, the ACW and the axis of the
symmetry, which indicates that the PSP can provide a good
approximation for the HFBG.

B. First-Refinement Codebook Design and Beam Training

Suppose the initial potential region of the interested channel
path is

Φ1 =
{
(Ω, b)

∣∣− Ω ≤ Ω ≤ Ω, 0 ≤ b ≤ b
}

(17)
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Fig. 3. Illustration of the beam gain of vm for m = −M1, · · · , 0, · · ·M1.

where Ω and b denote boundaries of Ω and b, respectively.
Note that in (17) we assume the angle of the potential
region is symmetric about zero for simplicity. However, more
complicated cases can also be developed by exploiting the
phase-shift invariance property of the channel steering vec-
tor [27]. In addition, b is lower bounded by zero due to its
definition in (7).

Generally, the beam training focuses on narrowing down the
potential region by testing the codewords in the predefined
codebook. Then, directional beams with high beamforming
gains can be formed to combat the noise. To narrow down
the potential region effectively and efficiently, the codeword
design commonly considers the following two criteria [40]:
1) The beam coverages of the codewords do not overlap with
each other. 2) The potential region should be fully covered
by the union of the beam coverage of the codewords. In the
following, by considering the aforementioned two criteria, the
first-refinement codebook is designed accordingly.

Denote the first-refinement codebook as

C1 = {v−M1 , · · · ,v0, · · · ,vM1} (18)

where 2M1 + 1 is the number of codewords. We design the
mth codeword in C1 as

vm = γ
(
mΘ1, k1

)
(19)

for m = −M1,−M1 + 1, · · · ,M1, where

k1 =

{
k̃1, m is even,
b− k̃1, m is odd,

(20)

k̃1 < 0 is the introduced parameter to control the beam
coverage of the designed codewords, and Θ1 ≜

(
b− 2k̃1

)
Nt

denotes the angle deviation between adjacent codewords.
By substituting (19) and (20) into (15), it is convenient to
verify that the beam coverages of the designed codewords
fit closely without overlapping, which indicates that the first
criterion is satisfied. In addition, we set only two values for
k1 in (20) so that the designed codewords have similar beam
coverages and can provide comparable beamforming gains for
every position in the space. To satisfy the second criterion,
the potential region in (17) should be fully covered by the

Algorithm 1 HFBG-Based First Refinement Methods

1: Input: N , Nt, λ, h, Ω, b, and k̃1

2: Obtain M1 via (22).
3: Obtain C1 via (18).
4: Obtain ym for m = −M1, · · · , 0, · · · ,M1 via (23).
5: Obtain m via (24).
6: Obtain Φ̃1 via (25).
7: Output: m and Φ̃1.

2M1+1 codewords in (18). Since both the potential region and
the beam coverage of the designed codewords are symmetric,
we only focus on the region with Ω ≥ 0. From (16), the
right angle boundary of vM1 is M1Θ1 + Nt|b − k1|, where
0 ≤ b ≤ b. Then according to (17) and the second criterion,
we have

min
0≤b≤b

M1Θ1 +Nt|b− k1| > Ω. (21)

From (21), we have

M1 > (Ω +Ntk̃1)/Θ1 (22)

which provides guidance for the design of M1.
Then, we perform the beam training based on C1 to narrow

down the potential region. When testing the mth codeword in
C1, the signal received by the user can be expressed as

ym = hHvm + η (23)

for m = −M1, · · · , 0, · · · ,M1, where we set the transmit sig-
nal as “1”. The result of the beam training can be expressed as

m = arg max
m=−M1,··· ,0,··· ,M1

|ym|. (24)

From (24), the channel path locates in the beam coverage of
vm. Therefore, we can update the potential region in (17) as

Φ̃1 =
{

(Ω, b)
∣∣∣∣0 ≤ b ≤ b, |Ω−mΘ1|

|b− k1|
≤ Nt

}
, (25)

where k1 can be determined by substituting m into (20).
Now, we provide an example for the first-refinement code-

book in Design Example 1.
Design Example 1: Consider an XL-MIMO system with

N = 256, Nt = 513, λ = 0.005 m, k̃1 = −6.09 × 10−5,
b = 1.22 × 10−4 and Ω =

√
3/2. From (22), we can obtain

M1 ≥ 6.68. Since M1 must be an integer, we set M1 = 7,
leading to totally 15 codewords in C1. According to (19), vm

for m = −M1, · · · , 0, · · · ,M1 can be designed. In Fig. 3,
we illustrate the calculated HFBG of vm within the potential
region Φ1. From the figure, the potential region can be fully
covered by the codewords in C1 and there is little overlap
between the beam coverages of two different codewords in C1,
which indicates that the two aforementioned design criteria are
well satisfied.

Finally, we summarize the HFBG-based first refinement
method in Algorithm 1.
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IV. ML-BASED AND PSP-BASED SECOND
REFINEMENT METHODS

In this section, by exploiting the ML and PSP, we develop
the second refinement methods to further improve the accuracy
of channel parameter estimation.

Note that the beam training is more likely to fail
when channel paths locate in the transition zone of the
codeword due to the similar beam gains of adjacent code-
words [41]. Therefore, we extend the potential region in (25)
as

Φ2 =
{

(Ω, b)
∣∣∣∣0 ≤ b ≤ b, |Ω−mΘ1|

|b− k1|+ 1/N2
t

≤ Nt

}
(26)

to include the transition zone, where the width of the transition
zone is typically set as 1/Nt [42]. Then we perform the beam
training within Φ2.

We denote the second-refinement codebook as

C2 = {w−M2 , · · · ,w0, · · · ,wM2} (27)

where 2M2 + 1 is the number of codewords. We design the
mth codeword in (27) as

wm = γ(Θ̃m, k2), Θ̃m = mΘ1 +mΘ2 (28)

for m = −M2, · · · , 0, · · · ,M2, where k2 and Θ2 > 0 are
introduced parameters to control the beam coverage and the
angle deviation of the codewords, respectively. According
to (15), the beam coverage of the mth codeword can be
expressed as

Ψm =

{
(Ω, b)

∣∣∣∣0 ≤ b ≤ b, |Ω− Θ̃m|
|b− k2|

≤ Nt

}
. (29)

To provide high beam gain during beam training, the beam
coverage of each codeword in C2 should contain Φ2. Based
on (26) and (29), k2 should satisfy

1
Nt

+Nt|b− k1| ≤ Nt|b− k2|+mΘ2. (30)

From (30), we have{
k2 ≤ k1 −M2Θ2/Nt − 1/N2

t , m is even
k2 ≥ k1 +M2Θ2/Nt + 1/N2

t , m is odd.
(31)

Then, we perform the beam training based on C2. When testing
the mth codeword in C2, the signal received by the user can
be expressed as

ym = hHwm + η

(a)
≈ hHγ(Θ̃m, k2)
(b)
≈ g∗γ(Ω, b)Hγ(Θ̃m, k2) (32)

where we omit the noise term in (a) and the effects of the
non-line-of-sight (NLoS) paths in (b).

1) ML-Based Second Refinement Method: Based on the
measurements in (32), the ML estimation of channel parame-
ters can be expressed as

(Ω̂2, b̂2, ĝ)=arg min
Ω,b,g

M2∑
m=−M2

∣∣y∗m−gγ(Θ̃m,k2)Hγ(Ω,b)
∣∣2
(33)

We express (33) in a vector form as

(Ω̂2, b̂2, ĝ)=arg min
Ω,b,g
∥y − gΓHγ(Ω,b)∥22 (34)

where y and Γ are the stack of y∗m and γ(Θ̃m,k2), respec-
tively. Given γ(Ω,b), the optimal solution of g is ĝ =
γ(Ω,b)HΓy/∥ΓHγ(Ω,b)∥22. Then, (34) is converted to

(Ω̂2, b̂2)=arg max
Ω,b

∥∥yHΓHγ(Ω,b)
∥∥

2

/∥∥ΓHγ(Ω,b)
∥∥

2
(35)

which can be solved by the two-dimensional search. We term
the THBT with this method as the THBT-ML.

2) PSP-Based Second Refinement Method: From (31), the
channel path locates in the beam coverage of γ(Θ̃m,k2),
which indicates that |γ(Ω,b)Hγ(Θ̃m,k2)| has similar values
for m = −M2, · · · , 0, · · · ,M2. Therefore, we may normalize
amplitudes of the measurements to simplify the analysis. Then
we convert (33) to

(Ω̂2, b̂2, ĝ) = arg min
Ω,b,g

M2∑
m=−M2

(P(y∗m)− ψm)2 (36)

where ψm ≜ P(gγ(Θ̃m,k2)Hγ(Ω,b)) and P(·) denotes the
phase of a complex number. One method to solve (36) is
performing the multi-dimensional search similar to (35). How-
ever, a vast number of calculations are needed especially for
intensive samples of Ω and b. To avoid the high computational
complexity, we revisit the PSP in (13). By extracting the phase
of G(u,Ω, b), we have

U(G(u,Ω, b))≈

{
(Ω−Θ)2

4(k−b) π−
π
4 , −

Nt
2 ≤ z0 ≤

Nt
2

0, others
(37)

where U(·) denotes the unwrapped phase of a complex num-
ber. By applying the PSP approximation, we can convert (36)
to

(Ω̂2 ,̂b2,ϕ̂2)=arg min
Ω,b,ϕ

M2∑
m=−M2

(
U(y∗m)−π (Ω−Θ̃m)2

4(b−k2)
−ϕ
)2

(38)

where ϕ is a parameter introduced to eliminate the constant
phases. We define

L(α, β, γ) ≜
M2∑

m=−M2

(U(y∗m) + αΘ̃2
m + βΘ̃m + γ)2 (39)

where α ≜ − π
4(b−k2)

, β ≜ πΩ
2(b−k2)

and γ ≜ − πΩ2

4(b−k2)
− ϕ.

The optimal solution of (38) is achieved when

∂L(α, β, γ)
∂(2α)

=
M2∑

m=−M2

(U(y∗m)+αΘ̃2
m+βΘ̃m+γ)Θ̃2

m =0
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Fig. 4. Illustration of the second-refinement codebook and beam training.

∂L(α, β, γ)
∂(2β)

=
M2∑

m=−M2

(U(y∗m)+αΘ̃2
m+βΘ̃m+γ)Θ̃m =0

∂L(α, β, γ)
∂(2γ)

=
M2∑

m=−M2

(U(y∗m)+αΘ̃2
m+βΘ̃m+γ)=0. (40)

Note that (40) is a system of linear equations and the
closed-form solutions can be obtained via the Gaussian elimi-
nation. We omit the details and denote its solutions as α̂, β̂ and
γ̂. Then we can express the results of the second refinement
as

b̂2 = − π

4α̂
+ k2, and Ω̂2 = − β̂

2α̂
. (41)

We term the THBT with this method as the THBT-PSP.
Remark 1: One remaining problem is how to obtain the

unwrapped phase of y∗m in (38). The classic method unwraps
the phase by comparing the phase difference between the
adjacent sample points with the threshold π [43]. To guarantee
the successful phase unwrap, we have

1
π
|U(y∗m+1)− U(y∗m)| ≤ 1. (42)

Note that

1
π
|U(y∗m+1)− U(y∗m)|

(a)
≈

∣∣∣∣∣ (Ω−Θ̃m+1)2

4(b−k2)
− (Ω−Θ̃m)2

4(b−k2)

∣∣∣∣∣
=

Θ2|2Ω− Θ̃m+1 − Θ̃m|
4|b−k2|

(b)

≤ Θ2(1/Nt + |b− k1|Nt +M2Θ2)
2|b−k2|

(c)

≤ Θ2(1/Nt+(b− k̃1)Nt+M2Θ2)
2|b−k2|

(43)

where we obtain (a) by applying the PSP approximation
in (37), obtain (b) by considering the range of Ω in (26) and
the expression of Θ̃m in (28), and obtain (c) by considering

the range of b in (26) and the expression of k1 in (20).
Combining (42) and (43), we have{

k2 ≤ −B, m is even
k2 ≥ b+B, m is odd

(44)

where

B ≜
Θ2(1/Nt+(b− k̃1)Nt+M2Θ2)

2
. (45)

With the setting of k2 in (44), the constraints in (42) are
satisfied. Then, based on P(y∗m), the unwrapped phase of y∗m
can be expressed as

U(y∗m+1) = U(y∗m)+mod(P(y∗m+1)−P(y∗m)+π, 2π)−π
(46)

for m = −M2, · · · , 0, · · · ,M2 − 1, where U(y∗−M2
) is

initialized to be zero.
Remark 2: Note that two constraints on k2 are derived

in (31) and (44), respectively. To ensure the successful per-
forming of the beam training, both (31) and (44) should be
satisfied. In addition, according to (14), a larger deviation
between the surrogate distance of the channel and that of
the codeword will result in a smaller beam gain. Therefore,
we need to satisfy both (31) and (44) while reducing the
deviation between the surrogate distance of the channel and
that of the codeword. Based on the above discussions, we set
k2 as

k2 =

{
min{−B, k1 −M2Θ2/Nt − 1/N2

t }, m is even
max{b+B, k1 +M2Θ2/Nt + 1/N2

t }, m is odd.
(47)

Now, we provide an example for the second-refinement
codebook design and the beam training based on the PSP in
Design Example 2.

Design Example 2: Consider an XL-MIMO system with
N = 256, Nt = 513, λ = 0.005 m, k1 = −6.09 × 10−5,
b = 1.22 × 10−4, Θ2 = 2/Nt, and M2 = 8. The number
of channel paths are set to L = 1 and the corresponding
channel steering vector is γ(Ω, b), where b = 4.9782× 10−5

and Ω = 0.05. Suppose the beam training result of the first
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Algorithm 2 ML-Based and PSP-Based Second Refinement
Method

1: Input: N , Nt, λ, h, m, b, k1, k̃1, M2, Θ2.
2: Obtain k2 via (47).
3: Obtain C2 via (27).
4: Obtain ym for m = −M2, · · · , 0, · · · ,M2 via (32).
5: if ML is adopted then
6: Obtain Ω̂2 and b̂2 via (35).
7: else if PSP is adopted then
8: Obtain U(y∗m) via (46).
9: Obtain Ω̂2 and b̂2 via (41).

10: end if
11: Output: Ω̂2 and b̂2.

refinement is m = 0. According to (25) and (26), we can
obtain potential region Φ̃1 and extended potential region Φ2,
which are illustrated as the red and the blue trapezoidal regions
in Fig. 4(a), respectively. According to (47), we can obtain
k2. Then, we can design wm based on (28). As shown in
Fig. 4(a), the beam coverage of wm+1 can be obtained through
translating the beam coverage of wm by Θ2. In Fig. 4(b),
we illustrate the wrapped phase, the unwrapped phase, and
the approximated phase of y∗m via the PSP. It is shown that
the phase of y∗m is well unwrapped via (46) and the unwrapped
phase can be well approximated by the PSP. In Fig. 4(c),
we illustrate the beam gain of γ(Ω, b) and the values of the
real parameters as well as the estimated parameters in (41).
It is shown that the estimated parameters are close to the
real parameters, which verifies the effectiveness of the second
refinement.

Finally, we summarize the ML-based and PSP-based second
refinement methods in Algorithm 2.

V. GA-BASED THIRD REFINEMENT METHOD

In this section, we develop the GA-based third refinement
method to further improve the beam training accuracy. First,
we perform the hybrid-field neighboring search to identify the
potential region of the main lobe of the channel steering vector.
Then, by applying the GA, an LS estimator is developed to
obtain the high-accuracy channel parameter estimation.

A. Hybrid-Field Neighboring Search

In this part, we present the details of the hybrid-field neigh-
boring search, which includes initialization, beam training, and
stop conditions.

1) Initialization: We divide the hybrid-field neighboring
search into Mn groups, each consisting of five times of
beam training. The parameters of the central codeword in
the neighboring search are initialized to be Θ̃(1)

n = Ω̂2 and
k̃

(1)
n = b̂2. The surrogate distance deviation and the angle

deviation between adjacent codewords are set to kn and Θn,
respectively. The index of the current group is initialized to
be m = 0.

2) Beam Training: We update m← m+ 1 and design the
codebook for the beam training of the mth group as

C(m)
n =

{
γ
(
Θ̃(m)

n −Θn, k̃
(m)
n

)
,γ
(
Θ̃(m)

n +Θn, k̃
(m)
n

)
,

γ
(
Θ̃(m)

n , k̃(m)
n −kn

)
,γ
(
Θ̃(m)

n , k̃(m)
n +kn

)
,

γ
(
Θ̃(m)

n , k̃(m)
n

)}
. (48)

After that, we perform beam training with C(m)
n and obtain

ỹ(m)
s = hH{C(m)

n }s + η (49)

for s = 1, 2, 3, 4, 5. The index of the codeword in C(m)
n with

the biggest received power can be expressed as

s̃(m) = arg max
s=1,2,3,4,5

|ỹ(m)
s |. (50)

Then we update the parameters of the central codeword as(
Θ̃(m+1)

n , k̃(m+1)
n

)
= Ξ({C(m)

n }s̃(m)) (51)

where Ξ(·) denotes the channel parameters of a steering
vector, e.g., (Ω, b) = Ξ(γ(Ω, b)).

3) Stop Conditions: We repeat the beam training procedure
in Section V-A.2 until s̃(m) = 5 or m = Mn, where the index
of the training group at this point is expressed as m̃. Note that
s̃(m̃) = 5 implies that the neighboring search has converged
due to Θ̃(m̃+1)

n = Θ̃(m̃+2)
n and k̃(m̃+1)

n = k̃
(m̃+2)
n . We express

the neighboring search results as

Ω̂n = Θ̃(m̃+1)
n , and b̂n = k̃(m̃+1)

n . (52)

Remark 3: Usually, kn and Θn can be designed according
to the coherence of the adjacent codewords, which is equiv-
alent to the main lobe region determination of the channel
steering vector. Note that the coherence of the two codewords
that are adjacent in angle equals that of the two adjacent
discrete Fourier transform (DFT) codewords [7]. Therefore,
we can set Θn = 2/Nt emulating the merits of the DFT
codebook [18]. The coherence of the two codewords that are
adjacent in distance can be calculated as

ρ =
1
Nt
|G(u,Θ, k + kn)|

(a)
≈ 1
Nt

∣∣∣∣∣
∫ N

−N

ejπknz2
dz

∣∣∣∣∣
=

1
Nt

√
2C(
√

2knN)2 + 2S(
√

2knN)2

kn

(53)

where we approximate the summation as integral in (a),

C(
√

2knN) =
∫√2knN

0
cos(πz2/2)dz and S(

√
2knN) =∫√2knN

0
sin(πz2/2)dz are the Fresnel functions. Given ρ, the

value of kn can be obtained via (53). For example, if Nt =
513 and ρ = 0.35, we can obtain kn = 2.28× 10−5 ≈ 6/N2

t .
Remark 4: From Section V-A.3, the procedure of the

hybrid-field neighboring search stops when s̃(m̃) = 5 or
m̃ = Mn. If s̃(m̃) = 5 (m̃ equals Mn or not), which
implies that the central codeword has the largest received
power, we say that the neighboring search is successful. Then
we can implement the GA to further improve the training
performance. Otherwise, we say that the neighboring search
fails. Then the THBT stops at this step and its results are
expressed as

b̂f = b̂n, and Ω̂f = Ω̂n. (54)
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Fig. 5. Illustration of the hybrid-field neighboring search.

Fig. 6. Illustration of the Gaussian approximation.

Now, we provide an example for the hybrid-field neighbor-
ing search in Design Example 3.

Design Example 3: In Fig. 5, we consider the neighboring
search consisting of Mn = 3 groups, where each group
tests the adjacent four codewords of the central codeword.
If the best codeword in the third group is the one with
pink borders, the neighboring search is successful. Otherwise,
it fails. In addition, it is noteworthy that there are two overlap-
ping codewords between the adjacent groups. Therefore, each
group only needs to test three additional codewords except
the first one. In total, the maximum training overhead of the
hybrid-field neighboring search is 3Mn + 2.

B. Gaussian Approximation

From (9), we have

|G(u,Ω, b)|2 =

(
N∑

n=−N

ej(̃bn2−Ω̃n)

)(
N∑

n=−N

ej(̃bn2−Ω̃n)

)∗

=
N∑

n=−N

N∑
i=−N

ej
(
Ω̃(i−n)+b̃(n2−i2)

)

=
N∑

n=−N

N∑
i=−N

cos
(
Ω̃(i− n) + b̃(n2 − i2)

)
(55)

where Ω̃ ≜ (Ω − Θ)π and b̃ ≜ (b − k)π. In fact, it is
hard to obtain a closed-form expression of (55) due to the
quadratic phase term b̃(n2 − i2). To obtain a deeper scope
of |G(u,Ω, b)|2, we resort to the widely-used Taylor series.
At the bottom of the next page, we provide the Taylor
series of |G(u,Ω, b)|2 and e−Ω̃2/σ2

1−b̃2/σ2
2 about the point

(0, 0), where Cp, C̃p, Cp,q, Dp, D̃p, Dp,q are all constant
coefficients. In addition, we omit lower-order terms in (a)
of (56) for simplicity. From (56) and (57), the Taylor series of
|G(u,Ω, b)|2 and e−Ω̃2/σ2

1−b̃2/σ2
2 share similarities in several

aspects including the orders and coefficients of the series.
Inspired by their similarities, we use the two-dimensional
Gaussian function

f(Ω, b) ≜ ae
− (Ω−Θ)2

2σ2
1

− (b−k)2

2σ2
2 (58)

to approximate the main lobe of |G(u,Ω, b)|, which is termed
as the Gaussian approximation. Note that the Gaussian approx-
imation has been investigated in [24], [44], and [45]. However,
they only focus on the far-field scenarios. In this work,
we demonstrate that the main lobe of the HFBG can also
be approximated by the Gaussian functions. According to the
Remark 3 of Section V, the main lobe of |G(u,Ω, b)| is
restricted to{

(Ω, b)
∣∣Ω∈[Θ−Θ3,Θ+Θ3

]
, b∈

[
k−k3, k+k3

]}
(59)

where Θ3 = Θn/2 and k3 = kn/2. Then, the Gaussian
approximation is formulated as

min
a,σ1,σ2

∫ k+k3

k−k3

∫ Θ+Θ3

Θ−Θ3

∣∣f(Ω, b)−|G(u,Ω,b)|
∣∣2dΩdb (60)

which is a nonlinear least-square problem and can be solved
by the trust-region optimization algorithm [46]. We omit the
details and denote the solutions of (60) as â, σ̂1 and σ̂2. Then,
the optimized Gaussian function can be expressed as

f̂(Ω, b) = âe
− (Ω−Θ)2

2σ̂2
1

− (b−k)2

2σ̂2
2 . (61)

Note that for another channel steering vector, −→u =
γ(
−→
Θ ,
−→
k ), we have

G(−→u ,Ω, b) =
N∑

n=−N

ejπ((
−→
Θ−Ω)n−(

−→
k −b)n2)

=
N∑

n=−N

ejπ((Θ−(Θ−
−→
Θ+Ω))n−(k−(k−

−→
k +b))n2)

= G(u,Ω + (Θ−
−→
Θ), b+ (k −

−→
k )) (62)

which indicates that the beam gain of −→u is the translation of
that of u. Therefore, we only need to solve (60) for u, and
the Gaussian approximation for other channel steering vectors
can be obtained via the translation in (62).

In Fig. 6, we illustrate the main lobe of |G(u,Ω, b)| and
the deviation of the Gaussian approximation, where we set
N = 256, Nt = 513, k3 = 3/N2

t , and Θ3 = 1/Nt. From the
figure, the approximation deviation is quite small compared to
the beam gain of the main lobe. For example, the maximum
and the averaged approximation deviations are only 4% and
0.5% of the maximum beam gain, respectively.
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C. GA-Based Channel Parameter Estimation

In this part, we implement the channel parameter estimation
based on Gaussian approximation to improve the estimation
accuracy with low overhead.

First, we determine the potential region of Ω and b based on
the results of the neighboring search. From (52), the potential
intervals of Ω and b can be expressed as

Ω =
[
Ω̂n −Θ3, Ω̂n + Θ3

]
,

B =
[
b̂n − k3, b̂n + k3

]
. (63)

Then, we further narrow down the regions of Ω and b by
comparing the powers of the received signals adjacent to ỹ(m̃)

5 .
The narrowed potential region of Ω is expressed as

Ω̃ =


[
Ω̂n, Ω̂n + Θ3

]
, |ỹ(m̃)

2 | ≥ |ỹ(m̃)
1 |[

Ω̂n −Θ3, Ω̂n

]
, |ỹ(m̃)

2 | < |ỹ(m̃)
1 |

(64)

where the conditions can be obtained conveniently according
to (48) and (49). Similarly, the narrowed potential region of b
can be expressed as

B̃ =


[
b̂n, b̂n + k3

]
, |ỹ(m̃)

4 | ≥ |ỹ(m̃)
3 |[

b̂n − k3, b̂n

]
, |ỹ(m̃)

4 | < |ỹ(m̃)
3 |.

(65)

After that, we quantize the narrowed potential regions of Ω
and b by M3 samples. We denote the left and right boundaries
of Ω̃ as ΨL and ΨR, respectively. Similarly, we have B̃ =
[dL, dR]. Then the mth sample of the angle and the surrogate
distance can be expressed as

Θ̃(m)
3 = ΨL +

(m− 1)(ΨR −ΨL)
M3 − 1

,

k̃
(m)
3 = dL +

(m− 1)(dR − dL)
M3 − 1

. (66)

We stack the codewords directing to the quantized samples
in (66) as C3, where

C3 =
{

C̃
(1)

3 , C̃
(2)

3 , · · · , C̃
(M3)

3

}
,[

C̃
(m)

3

]
t
=γ
(
Θ̃(m)

3 , k̃
(t)
3

)
(67)

Algorithm 3 GA-Based Third Refinement Method

1: Input: N , Nt, λ, h, Ω̂2, b̂2, Mn, M3.
2: Obtain kn and Θn via Remark 3.
3: Obtain m̃ and s̃(m̃) via Section V-A.3.
4: Obtain b̂n and Ω̂n via (52).
5: if m̃ = Mn and s̃(m̃) ̸= 5 then
6: b̂f ← b̂n, Ω̂f ← Ω̂n.
7: else
8: Obtain C3 via (67).
9: Obtain ŷm,t via (68).

10: Obtain b̂3 and Ω̂3 via (76).
11: b̂f ← b̂3, Ω̂f ← Ω̂3.
12: end if
13: Obtain r̂f via (78).
14: Output: b̂f , Ω̂f , r̂f .

for m = 1, 2, · · · ,M3 and t = 1, 2, · · · ,M3. Then we perform
the beam training with C3. Similar to (32), the received signal
can be expressed as

ŷm,t ≈ g∗γ(Ω, b)Hγ
(
Θ̃(m)

3 , k̃
(t)
3

)
+ η. (68)

We specify that all the variants of η denote the noise terms in
the following texts.

By applying the Gaussian approximation to (68), we have

|ŷm,t| ≈ |g̃|f̂(Θ̃(m)
3 , k̃

(t)
3 ) + η̃

= |g̃|âe
− (Ω−Θ̃(m)

3 )2

2σ̂2
1

− (b−k̃
(t)
3 )2

2σ̂2
2 + η̃ (69)

where g̃ = g∗/Nt. Note that the Gaussian function is the expo-
nential of the quadratic function. A straightforward method to
simplify the analysis is to take the natural logarithm of |ŷm,t|.
Then, we have

ln |ŷm,t| = ln(|g̃|â)− (Ω− Θ̃(m)
3 )2

2σ̂2
1

− (b− k̃(t)
3 )2

2σ̂2
2

+η, (70)

which is a quadratic function about the channel parameters Ω
and b. Note that

ln |ŷm,t| ≈ ln(|g̃|f̂(Θ̃(m)
3 , k̃

(t)
3 )) + ln

(
1 +

η̃

|g̃|f̂(Θ̃(m)
3 , k̃

(t)
3 )

)

|G(u,Ω, b)|2 =
N∑

n=−N

N∑
i=−N

∞∑
p=0

2p−1∑
q=1

(−1)p(i−n)2pΩ̃2p

(2p)!
+

(−1)p(n2−i2)2pb̃2q

(2p)!
+2

(−1)p(i− n)q(n2−i2)2p−qΩ̃q b̃2p−q

(q)!(2p− q)!

(a)
≈
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p=0

2p−1∑
q=1

(−1)pCpN
2pΩ̃2p

(2p)!
+

(−1)pC̃p(N2)2pb̃2q

(2p)!
+2

(−1)pCp,qN
4p−q+2Ω̃q b̃2p−q

(q)!(2p− q)!
(56)

e
− Ω̃2
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σ2
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∞∑
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2
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(

2
σ2
2
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+ 2
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2

σ2
1

)q( 2
σ2
2

)p−q(∏q
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)(∏p−q
i=1 (2i− 1)

)
Ω̃2q b̃2p−2q

(2q)!(2p− 2q)!

=
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(−1)pDp

(
σ−1

1

)2p
Ω̃2p

(2p)!
+
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σ−1

2
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(57)
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Fig. 7. Illustration of the GA-based channel parameter estimation.

(a)
≈ ln(|g̃|f̂(Θ̃(m)

3 , k̃
(t)
3 )) +

η̃

|g̃|f̂(Θ̃(m)
3 , k̃

(t)
3 )

(71)

where (a) holds because ln(1 + ϵ) ≈ ϵ. The relations in (71)
indicate that the noise term will be magnified by 1

|g̃|f̂(Θ̃
(m)
3 ,k̃

(t)
3 )

times in the process of taking the logarithm. Therefore, large
errors will be introduced for small values of f̂(Θ̃(m)

3 , k̃
(t)
3 ).

To avoid the noise amplification effects, we multiply (70) by
|ŷm,t| [47], [48], and obtain

Υm,t =
|ŷm,t|Θ̃(m)

3

σ̂2
1

Ω +
|ŷm,t|k̃(t)

3

σ̂2
2

b+ |ŷm,t|χ+ η̂ (72)

where

Υm,t = |ŷm,t| ln |ŷm,t|+
|ŷm,t|(Θ̃(m)

3 )2

2σ̂2
1

+
|ŷm,t|(k̃(t)

3 )2

2σ̂2
2

χ = ln(|g̃|â)− Ω2

2σ̂2
1

− b2

2σ̂2
2

. (73)

We rewrite (72) in the vector form as

Az + η̂ = y, (74)

where z ≜ [Ω, b, χ]T and η̂ is the stack of noise terms. The
uth row of A and the uth entry of y are expressed as

[A]u,: =
[
|ŷm,t|Θ̃(m)

3

σ̂2
1

,
|ŷm,t|k̃(t)

3

σ̂2
2

, |ŷm,t|
]
, [y]u =Υm,t, (75)

respectively, for u = (m − 1)M3 + t, m = 1, 2, · · · ,M3,
and t = 1, 2, · · · ,M3. The LS solution of (74) is ẑ =
(ATA)−1ATy. Then the estimates of Ω and b can be
expressed as

Ω̂3 = [ẑ]1, and b̂3 = [ẑ]2. (76)

Now we provide an example for the GA-based channel
parameter estimation in Design Example 4.

Design Example 4: In Fig. 7, we illustrate the process of
the GA-based channel parameter estimation, where M3 = 3,∣∣ỹ(m̃)

2 | > |ỹ(m̃)
1

∣∣, and
∣∣ỹ(m̃)

3 | > |ỹ(m̃)
4

∣∣. From (64) and (65),
ΨL = Ω̂n, ΨR = Ω̂n + Θ3, dL = b̂n− k3, and dR = b̂n. Then
the quantized samples can be obtained via (66). Note that one
of the quantized samples is exactly the central codeword in the
hybrid-field neighboring search, whose received signal can be
reused for the GA. Therefore, the training overhead of the
GA-based channel parameter estimation is M2

3 − 1.
The final results of the THBT are expressed as

b̂f = b̂3, and Ω̂f = Ω̂3. (77)

According to (7), the estimation of the distance can be
expressed as

r̂f =
λ(1− Ω̂2

f )

4b̂f
. (78)

Finally, we summarize the details of the GA-based third
refinement method in Algorithm 3.

Now we evaluate the computational complexity of the pro-
posed THBT-ML and THBT-PSP. For the THBT-PSP, the first
refinement method only involves a straightforward comparison
of the received signal power, resulting in a computational
complexity of O(M1). The second and third refinement
methods provide closed-form expressions for channel param-
eter estimation, as shown in (41) and (76), respectively.
Their computational complexities are O(M2) and O(M2

3 ),
respectively. Therefore, the computational complexity of the
THBT-PSP is O(max{M1,M2,M

2
3 }). On the other hand, the

THBT-ML shares the same first and third refinement methods
as the THBT-PSP. However, during the second refinement step,
it employs a two-dimensional search to solve (35). Denote
the number of the searches as V . Then, the computational
complexity of the THBT-ML is O(V (2M2 + 1)).

Remark 5: The proposed scheme is also adaptable to
the uniform planar array (UPA) configuration. According to
Lemma 3 of [49], the hybrid-field steering vector of a UPA
can be approximated as the Kronecker product of channel
steering vectors for the horizontal uniform linear array (ULA)
and the vertical ULA, which indicates that beam training
of a UPA can be decoupled into the beam training of two
ULAs. By performing the beam training for the horizontal
ULA and the vertical ULA separately, the proposed scheme
can be extended to the UPA configuration.

VI. SIMULATION RESULTS

Now we evaluate the performance of the proposed THBT
scheme. We consider an XL-MIMO system including a BS
equipped with Nt = 513 antennas and a single-antenna user.
We set the wavelength as λ = 0.005 m corresponding to
the carrier frequency of 60 GHz. The channel between the
BS and the user is composed of one line-of-sight (LoS) path
and two NLoS paths, where the channel gain of the LoS
path obeys g1 ∼ CN (0, δ21) and that of the NLoS paths
obeys gl ∼ CN (0, δ2l ) for l ∈ {2, 3}. The channel angles
distribute uniformly within [−

√
3/2,
√

3/2]. The HFBS [25],
TPBT [26], CHBT [27], DHBT [28], and TSHBT [29] are
adopted as benchmarks. The parameters of different methods
are set in the Parameter Settings of Table I, where P , Q,
K, O, T , R, W1, and W2 denote the angle samples, the
distance samples, the number of candidate angles, the number
of codewords in the first layer, the number of layers in the
hierarchical codebook, and the number of space samples in
each layer, the number of layers in the first stage of TSHBT,
and the number of layers in the second stage of TSHBT,
respectively. In addition, for the introduced parameters in the
THBT, we set k̃1 = −6.09 × 10−5, Θ2 = 2/Nt, kn =
6/N2

t and Θn = 2/Nt.
In Fig. 8, we compare the beamforming gains of different

methods. The beamforming gain after beam alignment is
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TABLE I
COMPARISON OF TRAINING OVERHEAD FOR DIFFERENT METHODS

Fig. 8. Comparisons of the beamforming gains for different methods.

defined as

ξ = max
l

|gl|
gm
|α(Ωl, rl)Hα(Ωf , rf)|, (79)

where gm = maxl |gl|. The distances between the BS and
the user or scatterers obey the uniform distribution within
[10, 200] m. We set δ1 = 1 and δl = 0.1 for l ∈ {2, 3}.
From Fig. 8, at low signal-to-noise-ratios (SNRs), the HFBS
achieves the best performance among all the methods; the
justification is that the HFBS exhaustively tests the codewords
in the hybrid-field codebook [25] and needs far more times of
beam training than other methods. Then the TPBT achieves the
second-best performance due to the accurate identification of
candidate angles by far-field beam sweeping. With the increase
of the SNR, the performance of the proposed THBT-ML and
THBT-PSP improves significantly and exceeds that of other
methods when the SNR is larger than 5 dB. The advantage
of the proposed methods mainly comes from the three steps
of progressive refinement. In addition, the CHBT performs
worse than other methods because of the imperfect hierarchical
codebook [27] while the poor performance of the DHBT is
attributed to the neglect of the polar-domain sparsity [7]. The
TSHBT performs worse than other methods at low SNRs
due to low beamforming gains of the upper-layer codewords.
Furthermore, at high SNRs, the proposed THBT-ML and
THBT-PSP outperform other methods and can approach the
upper bound.

In Fig. 9, we evaluate the spectral efficiency performance
of different methods, where the simulation settings are the
same as those in Fig. 8. From the figure, we can notice

Fig. 9. Comparisons of the spectral efficiency for different methods.

that the spectral efficiency performance is consistent with the
beamforming gain performance in Fig. 8. In addition, the
proposed THBT-ML and THBT-PSP can approach the upper
bound with a negligible gap, e.g., 0.2 bps/Hz at 15 dB.

In Fig. 10, we compare the beamforming gains of different
methods with varying distances. The SNR is set to 10 dB and
the distances between the BS and the user or scatterers obey
the uniform distribution between [10, r] m, where r ranges
from 50 m to 600 m. From the figure, the THBT-ML achieves
the best performance among all the methods, followed by the
THBT-PSP, and then the HFBS, TPBT, TSHBT, CHBT and
DHBT in descending order. In addition, the THBT-ML, THBT-
PSP, HFBS, and CHBT are robust to distance changes due to
the consideration of both the near-field and far-field effects.
The performance of the TSHBT deteriorates at short distances
because approximating the near-field channels with far-field
ones by deactivating part of antennas may be not accurate
enough for short distances. The performance of the DHBT
deteriorates for short distances due to the neglect of the polar-
domain sparsity.

In Fig. 11, we compare the positioning performance of
different methods, where the SNR is set to 20 dB and the
distances between the BS and the user or scatterers obey
the uniform distribution between [10, 30] m. The deviation
between the true position and the estimated position is denoted
as E and 105 times of Monte Carlo simulation are used to
calculate the cumulative distribution function (CDF). From
the figure, the THBT-ML and THBT-PSP achieve much better
performance than the other five methods. For example, when
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Fig. 10. Comparisons of the beamforming gains for different methods with
varying distances.

Fig. 11. Comparisons of the positioning performance for different methods.

Fig. 12. Comparisons of the beamforming gains for different stages of
refinement.

E = 1 m, the values of CDF for the THBT-ML, THBT-
PSP, HFBS, TPBT, TSHBT, CHBT, and DHBT are 98.7%,
97.6%, 37.4%, 36.3%, 34.3%, 20.1%, and 0.13%, respectively,
which indicates that the proposed schemes outperform existing
ones and can attain high-accuracy positioning in most cases.

In Fig. 12, we compare the beamforming gains of the
THBT-ML and THBT-PSP for different stages of refinement.
From the figure, the THBT-ML and THBT-PSP have sim-
ilar performance for the first refinement, which is due to

Fig. 13. Illustration of the success rate of the neighboring search.

the fact that the THBT-ML and THBT-PSP share the same
first-refinement beam training. In addition, the beamforming
gains of both the THBT-ML and the THBT-PSP improve
with the progress of the THBT. Moreover, the THBT-ML
outperforms the THBT-PSP at low SNRs due to the robustness
of ML to noise while the performance of the THBT-PSP
can approach that of the THBT-ML at high SNRs thanks
to the exploitation of the phase property of the hybrid-field
beam gain.

In Fig. 13, we evaluate the performance of the neighboring
search in terms of success rate, where Γ denotes the ratio
of the LoS path power to the NLoS path power, i.e., Γ ≜
20 log10(δ1/δl) for l ∈ {2, 3}. From the figure, the success rate
of the neighboring search increases with SNR and Γ, which
indicates that the performance of the neighboring search is
affected by the effects of noise and NLoS paths. In addition,
when Γ = −20 dB and the SNR is larger than 5 dB, the
success rate of the neighboring search is considerably high,
e.g. 98.8% for the THBT-ML. Therefore, the neighboring
search can successfully find the mainlobe of the channel path
in most cases.

In Table I, we compare the training overheads of different
methods. The training overheads of the HFBS, TPBT, CHBT,
DHBT, TSHBT, and the proposed THBT are PQ, Nt +KQ,
O + 4(T − 1), TR, 2W1 + 4W2, and 2(M1 +M2) + 3Mn +
M3

3 + 3, respectively. Under the simulation settings, these six
methods require 4617, 540, 49, 200, 26, and 46 times of beam
training, respectively. Specifically, when the SNR is larger than
5 dB, the proposed THBT outperforms the HFBS with a 99%
reduction in training overhead.

VII. CONCLUSION

In this paper, beam training for XL-MIMO systems has been
investigated. By considering both the near field and far field,
a triple-refined hybrid-field beam training scheme has been
proposed, where the HFBG-based first refinement method,
the ML-based and PSP-based second refinement methods, and
the GA-based third refinement method have been developed.
Simulation results have shown that the proposed scheme
outperforms the existing methods. In our future work, we will
try to extend this work to the THz band by considering the
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molecular absorption loss, THz spectrum windows, and beam
split effects, following the works in [50], [51], and [52].
In addition, we will also focus on reducing the attainable
latency for beam alignment by jointly considering the training
overhead and feedback.
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