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Abstract—In this paper, we investigate near-field wideband
channel estimation with block sparsity. First, we propose an on-
grid total variation-regularized block sparse Bayesian learning
(TV-BSBL) algorithm. By constructing sparse representations of
near-field wideband channels, we show that the sparse coeffi-
cient vectors exhibit both common sparsity across subcarriers
and block sparsity in the surrogate distance-angle domain.
To promote common sparsity, a Gamma prior combined with
subcarrier-adaptive factors is utilized. To encourage block spar-
sity, TV regularization is incorporated into the prior model. The
channel estimation is formulated as a maximum a posteriori
(MAP) problem and solved via an expectation-maximization
(EM) algorithm. Then, in the M-step, we further propose a
primal-dual hybrid gradient-based signal hyperparameter update
algorithm, which admits simple primal and dual updates and
guarantees convergence to the global optimum. Moreover, we
propose an off-grid TV-BSBL algorithm for near-field wide-
band channel estimation. We introduce additional variables to
characterize the deviations between the true channel parameters
and their quantized grids. These deviation variables are then
integrated into the MAP estimation framework and refined
via gradient descent. Simulation results demonstrate that the
proposed on-grid and off-grid TV-BSBL algorithms achieve
superior estimation performance under various conditions.

Index Terms—Block sparsity, channel estimation, near field,
sparse Bayesian learning, wideband.

I. INTRODUCTION

W ITH the increasing demand for high data rates and
massive connectivity in future applications, wire-

less communications face increasingly stringent performance
requirements. For example, the peak data rate is expected
to rise from 20 Gbps in 5G to 1 Tbps in 6G, and the
connection density is expected to increase from 106/km2 to
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108/km2 [1]. However, available spectrum resources in
the conventional sub-6 GHz band are becoming increas-
ingly scarce due to inherent bandwidth limitations. As a
result, research attention has shifted to the millimeter wave
(mmWave) bands [2], [3], which provide abundant spectrum
resources to address these challenges.

However, extending wireless communications from the
sub-6 GHz band to mmWave bands is nontrivial due to
fundamental changes in channel models. First, the consider-
ably wider bandwidths at the mmWave bands may result in
wideband effects [4]. Usually, the channel steering vector is
constructed by mapping the path length differences between
antennas into phase differences scaled by wavelength [5]. In
sub-6 GHz communications, the signal wavelength remains
approximately constant over the entire employed bandwidth
and thus a common channel steering vector can be applied
across all subcarriers. In contrast, if ultrawide bandwidth is
employed in mmWave communications, the signal wavelength
varies significantly across subcarriers, resulting in frequency-
dependent channel steering vectors. Under these conditions,
wideband channel models are necessary for accurate channel
representation. Moreover, to compensate for severe path loss
at high frequencies, mmWave communications tend to employ
extremely large-scale antenna arrays, which introduce near-
field effects [6], [7], [8]. Generally, the radiation region of an
antenna array is divided into the near field and far field, sepa-
rated by the Rayleigh distance [6]. For a fixed frequency and
antenna spacing, the Rayleigh distance increases quadratically
with the number of antennas. In sub-6 GHz communications,
the number of antennas is relatively small, making the near-
field region negligible compared to the typical coverage area
of a base station (BS). Therefore, signal propagation can
be accurately characterized by a far-field planar-wave chan-
nel model in sub-6 GHz communications. In contrast, for
mmWave communications, the extremely large-scale antenna
arrays lead to a non-negligible near-field region. In this case,
the near-field spherical-wave channel models are required for
accurate channel representation [9], [10], [11].

As the channel models in mmWave communications with
wideband and near-field effects differ significantly from
those in the sub-6 GHz band, conventional channel estima-
tion methods cannot adapt to these variations. Therefore,
new channel estimation methods specifically designed to
accommodate these unique characteristics are required. Ini-
tial efforts have primarily focused on wideband channel
estimation. In [12], the authors first discuss the impact of
wideband effects on mmWave channels and then develop a

1536-1276 © 2026 IEEE. All rights reserved, including rights for text and data mining, and training of artificial intelligence and
similar technologies. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: Southeast University. Downloaded on May 02,2026 at 02:34:12 UTC from IEEE Xplore.  Restrictions apply. 

https://orcid.org/0000-0003-4516-8176
https://orcid.org/0000-0002-7360-939X
https://orcid.org/0000-0002-9307-2120
https://orcid.org/0000-0001-8528-0512


15978 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 25, 2026

compressive sensing-based approach to extract the frequency-
insensitive path parameters. Similarly, in [13], the authors
develop an off-grid sparse Bayesian learning (SBL) method
to improve estimation accuracy while significantly reducing
pilot overhead. To address the high computational complex-
ity associated with iterative operations in [12] and [13],
a multidimensional ESPRIT-based method is developed in
[14]. As array sizes increase in mmWave communications,
the near-field effects become prominent, rendering the far-
field planar wavefront assumption invalid and necessitating
the adoption of near-field spherical-wave channel models. In
response, a polar-domain sparse representation that jointly
considers angular and distance information is proposed in [15],
followed by a polar-domain simultaneous orthogonal matching
pursuit algorithm for near-field channel estimation. To improve
the estimation accuracy, an off-grid surrogate distance-angle-
domain iterative super-resolution channel estimation algorithm
is developed in [16]. To reduce dictionary size, a distance-
parameterized angular-domain sparse model is introduced
in [17]. Additionally, a sequential distance-angle estimation
algorithm is developed in [18], which enables closed-form
distance estimation by decoupling angle and distance param-
eters. To address the hybrid far- and near-field channels, a
regularized sparse Bayesian learning method is developed in
[19], where the total variation (TV) penalty and an adaptive
weight are exploited to address the hybrid-sparse structure.
Besides classic algorithms, deep learning is also exploited
for near-field channel estimation and a dictionary learning-
based iterative shrinkage thresholding algorithm is proposed
in [20]. Due to the dependence of near-field channels on both
distance and angle, the channel estimation results have also
been exploited for localization [21], [22]. Since wideband
and near-field effects often coexist in practical mmWave
deployments, the resulting near-field beam squint/split effect
is initially discussed in [23]. Following this work, the joint
estimation of near-field wideband channels has attracted
increasing attention. In [24], a bilinear pattern detection-
based approach is proposed to recover the near-field wideband
channels. In [25], the authors analyze the beam squint/split
caused by the wideband effects, and propose a near-field beam-
squint/split-aware orthogonal matching pursuit (NBA-OMP)
algorithm. In [26], a modified wideband discrete linear chirp
transform is introduced to estimate multipath parameters for
channel reconstruction.

Most existing studies on channel estimation rely on the
assumption of point scatterers. However, in real-world envi-
ronments, many reflectors, such as buildings or roads, are
better modeled as extended scatterers. Whether an extended
scatterer can be approximated as a point scatterer depends
on its physical dimensions relative to the resolution capabil-
ity of the antenna array, which improves with the number
of antennas deployed. In mmWave communications, where
large-scale antenna arrays are typically deployed, scatterers
are more accurately represented as extended scatterers. Con-
sequently, channel sparsity tends to exhibit block sparsity
rather than element-wise sparsity. In far-field narrowband
scenarios, several works have already explored block-sparse
channel estimation. For example, in [27], the authors pro-
pose a pattern-coupled SBL approach that enforces coupling
between adjacent elements of the signal’s variance vector to

promote block sparsity. To address the lack of closed-form
expressions due to the imposed priors, an improved pattern-
coupled prior model together with a variational Bayesian
inference framework is further developed to enable analytical
updates [28]. Although the pattern-coupled SBL performs
well when the channel is purely block-sparse, its performance
deteriorates when the channel exhibits a hybrid structure with
both block-sparse and isolated paths. To address this, the TV-
regularized SBL is proposed in [29]. Then, an adaptive and
self-tuning SBL with TV priors is further proposed in [30] to
automatically learn the regularization parameters and update
signal hyperparameters with the alternating direction method
of multipliers (ADMM) framework. Although the above stud-
ies work well for the block-sparse far-field channels, they do
not explicitly consider the unique block-sparse characteristics
of near-field channels with extended scatterers. In near-field
scenarios, where the channel steering vectors depend on both
distance and angle, block sparsity exhibits a two-dimensional
structure in the surrogate distance-angle domain. To the best of
our knowledge, only a few studies, such as [31] and [32], have
considered block sparsity for extended scatterers in near-field
channel estimation. However, these approaches require prior
knowledge of the block size, which is typically unavailable in
practice.

In this paper, we investigate near-field wideband channel
estimation with block sparsity. Note that far-field channels
can be viewed as a special case of near-field channels as
the communication distance tends to infinity. Similarly, nar-
rowband channels are a special case of wideband channels
when the number of subcarriers reduces to one, and element-
wise sparsity corresponds to block sparsity when the block
size is one. Therefore, this unified formulation accommodates
various practical scenarios in mmWave communications and
offers broad adaptability. The main contributions of this paper
can be summarized as follows.
• We propose an on-grid TV-regularized block sparse

Bayesian learning (TV-BSBL) algorithm for near-field
wideband channel estimation. First, we establish sparse
representations of the near-field wideband channels and
demonstrate that the corresponding sparse representation
vectors exhibit both common and block sparsity in the
presence of extended scatterers. To promote common
sparsity, a Gamma prior combined with subcarrier-
adaptive factors is utilized. To encourage block sparsity,
TV regularization is incorporated into the prior model.
The channel estimation is then formulated as a maximum
a posteriori (MAP) estimation problem, which is solved
using the expectation-maximization (EM) algorithm. In
the E-step, we compute the posterior distribution of the
sparse coefficient vector and the expectation of the joint
likelihood. In the M-step, we update the signal hyperpa-
rameters and noise power. Compared to the works in [29]
and [30], the proposed TV-BSBL algorithm extends the
TV-regularized SBL framework to near-field wideband
channel estimation by considering the near-field wide-
band effects and the uniform sparsity in the surrogate
distance-angle domain.

• We propose a primal-dual hybrid gradient (PDHG)-based
signal hyperparameter update (PDHG-SHU) algorithm in
the M-step. Usually, the introduction of TV regularization
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on the signal hyperparameters results in a nonconvex
optimization problem, as the objective involves absolute
differences of their logarithmic values. To address this,
we first reformulate the original nonconvex problem into
an equivalent convex optimization problem and then
employ the PDHG method to solve it, which admits
simple primal and dual updates and guarantees conver-
gence to the global optimum. Compared to the works
in [29] and [30], which do not provide guarantees of
global optimality for the signal hyperparameter update,
the proposed PDHG-SHU algorithm efficiently obtains
the globally optimal solution in the M-step.

• We propose an off-grid TV-BSBL algorithm for near-
field wideband channel estimation. Since the true channel
parameters may deviate from the quantized grids, we
introduce additional variables to characterize these devi-
ations. Then, we integrate the deviation variables into the
MAP estimation and employ the EM algorithm to solve it.
In the E-step, the posterior distribution of the sparse coef-
ficient vector is updated based on the current estimates
of the deviation variables. In the M-step, the deviation
variables are refined via gradient descent. Compared to
the works in [29] and [30], which rely on on-grid repre-
sentations and thus suffer from mismatch errors when the
true parameters are off the grid, the proposed off-grid TV-
BSBL algorithm explicitly models and compensates for
these deviations, thereby significantly improving channel
estimation accuracy.

The rest of this paper is organized as follows. The system
model and sparse representation are presented in Section II.
The on-grid and off-grid TV-BSBL algorithms are developed
in Section III and Section IV, respectively. The simulation
results are provided in Section V. Finally, the paper is con-
cluded in Section VI.

Notations: Lowercase and uppercase bold symbols denote
vectors and matrices, respectively. [A]m,:, [A]:,n, and [A]m,n
denote the mth row, the nth column, and the entry on the
mth row and the nth column of a matrix A. [a]n denotes the
nth entry of a vector a. (·)T and (·)H denote the transpose
and conjugate transpose (Hermitian transpose), respectively.
(·)† denotes the Moore-Penrose pseudoinverse. ∝ denotes pro-
portionality, which omits irrelevant or constant terms that are
independent of the variable of interest. CN (·) and Γ(·) denote
the complex Gaussian distribution and Gamma distribution,
respectively. C and R denote the sets of complex and real
numbers, respectively. E{·} denotes the statistical expectation.
‖a‖1, ‖a‖2, and ‖a‖∞ denote the `1, `2, and `∞ norms of
a, respectively. |B| denotes the cardinality of a set B. Tr{·}
denotes the trace operator. diag{a} denotes a diagonal matrix
with the elements of vector a on its main diagonal. R{·}
denotes the real part of a complex number. IN denotes the
N ×N identity matrix.

II. SYSTEM MODEL AND SPARSE REPRESENTATION

A. System Model
We consider an uplink wideband mmWave multiuser com-

munication system consisting of one BS and K users. To
mitigate the severe path loss inherent in mmWave commu-
nications, the BS is equipped with a uniform linear array
of Nt antennas, spaced at half the carrier wavelength, for

beamforming. Without loss of generality, we assume Nt is
an odd number and define it as Nt , 2Nb + 1. Since Nt

is typically large in mmWave communications, fully digital
beamforming incurs prohibitively high cost. Therefore, a more
efficient hybrid beamforming architecture is employed. In
this architecture, the signals received by the Nt antennas are
first combined and subsequently delivered to NRF RF chains
through an analog beamformer. Then, these RF chains are
connected to a digital beamformer for baseband processing.
We assume each user is equipped with a single antenna.

The wideband mmWave system operates at a carrier
frequency fc and has a total bandwidth of B. The orthog-
onal frequency division multiplexing with M subcarriers is
employed for wideband processing. The carrier frequency of
the mth subcarrier is expressed as

fm = fc −
B

2
+
B(m− 1)

M − 1
, m = 1, 2, · · · ,M. (1)

Denote the speed of light as c. The wavelength corresponding
to the carrier frequency is λc = c/fc, and that of the mth
subcarrier is λm = c/fm. During channel estimation, the
BS performs analog beamforming and receives the P pilot
signals from K users to extract channel parameters. Since
the hybrid beamforming architecture with NRF RF chains is
employed and each RF chain can perform analog beamforming
independently, the P pilot signals can be collected in parallel
using the NRF RF chains. As a result, the required time
slots for channel estimation are reduced from P to dP/NRFe.
It is assumed that orthogonal time or frequency resources
are allocated to each user so that their pilot signals can be
separately processed at the BS. Since the channel structure is
identical for all users, we focus on an arbitrary user without
loss of generality. The P collected pilot signals of the mth
subcarrier at the BS are expressed as

ym = WH
Phm + nm, m = 1, 2, · · · ,M, (2)

where hm ∈ CNt and nm ∈ CP denote the channel and the
additive complex Gaussian noise at the BS, respectively. Here,
WP ∈ CNt×P represents the analog beamformer that stacks
P beamforming vectors. Following the compressed sensing
framework [33] and under the constant-modulus constraint of
hybrid beamforming [34], each element of WP is selected
randomly from

{
+1/
√
Nt,−1/

√
Nt

}
[15].

B. Channel Model
To describe the near-field channel model, we build a Carte-

sian coordinate system as shown in Fig. 1, where the center,
normal direction, and tangential direction of the antenna array
are set as the origin, x-axis, and y-axis, respectively. Denote
the set of antenna indices as N = {−Nb, · · · , 0, · · · , Nb}.
The coordinate of the nth antenna can be expressed as
pn = [0, nλc/2], for n ∈ N . Suppose the signal from the
user to the BS experiences L paths. The radiation source on
the lth path is located at a physical angle ϑl and a distance
rl relative to the BS. Its coordinate can be expressed as
ql = [rl cosϑl, rl sinϑl], for l = 1, 2, · · · , L. Then, the
distance between the nth antenna and the lth radiation source
can be expressed as

r̃
(n)
l = ‖pn − ql‖2
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Fig. 1. Illustration of the system model and the near-field channel.

=
√
r2
l + n2λ2

c/4− nλcrlθl, (3)

where θl , sinϑl and θl ∈ [−1, 1]. The channel steering
vector of the lth path for the mth subcarrier can be expressed
as

αm(rl, θl)=
1√
Nt

[
e−

2jπ
λm

(r̃
(−Nb)

l −rl),· · ·, e−
2jπ
λm

(r̃
(Nb)

l −rl)
]T
.

(4)
To simplify the channel steering vector, r̃(n)

l is usually approx-
imated with its second-order Taylor expansion as

r̃
(n)
l ≈ rl − nθlλc/2 +

n2λ2
c(1− θ2

l )

8rl
. (5)

It is verified that this approximation is accurate when rl ≥
0.62

√
N3

bλ
2
c [35]. Substituting (5) into (4), we can approxi-

mate the nth entry of αm(rl, θl) as

[αm(rl, θl)]n ≈
1√
Nt

exp

{
jπ

(
λcθl
λm

n− λ2
c(1− θ2

l )

4λmrl
n2

)}
.

(6)
To simplify notation, we define

Θ(l)
m ,

λcθl
λm

, and b(l)m ,
λ2

c(1− θ2
l )

4λmrl
. (7)

Here, Θ
(l)
m and b(l)m are frequency-dependent transformations of

the physical angle θl and distance rl, respectively. We refer to
them as the surrogate angle and surrogate distance throughout
this work. Then, the αm(rl, θl) can be approximated as

αm(rl, θl)

≈ 1√
Nt

[
ejπ(−Θ(l)

m Nb−b(l)m N2
b), · · · , ejπ(Θ(l)

m Nb−b(l)m N2
b)
]T

, β(Θ(l)
m , b

(l)
m ). (8)

Note that (8) represents the frequency-dependent channel
steering vector. According to the widely-adopted Saleh-
Valenzuela model, the channel vector hm is the superposition
of multipath components and can be expressed as

hm =

L∑
l=1

g(l)
m β(Θ(l)

m , b
(l)
m ), (9)

where g(l)
m is the channel gain that varies across subcarriers

and channel paths.

C. Sparse Representation
To illustrate the sparsity structure of near-field wideband

channels, we first consider a simplified narrowband case.
Omitting the subscript “l” and replacing λm with λc, the

surrogate angle and distance in (7) simplify to

Θc , θ, and bc ,
λc(1− θ2)

4r
. (10)

As established in [16], the near-field channel exhibits uniform
sparsity in the surrogate distance-angle domain. Therefore,
the near-field channel representation can be established by
uniformly sampling the surrogate angle and distance within
their feasible ranges. From (3), Θc ∈ [−1, 1]. When r tends
to infinity, bc achieves its minimum value 0. By substituting
θ = 0 and the minimum service distance, we can obtain the
maximum surrogate distance bmax. Therefore, bc ∈ [0, bmax].
Denote the numbers of angle and distance samples as S and
T , respectively. The sth surrogate angle sample and the tth
surrogate distance sample can be expressed as

Ω(s)
c = −1 +

2s− 1

S
, and k(t)

c =
(2t− 1)bmax

2T
. (11)

By stacking the channel steering vectors corresponding to the
sampled surrogate distance-angle pairs, we can obtain the near-
field narrowband sparse representation matrix as

Φc =[Φ1,Φ2, · · · ,ΦS ], (12)

where Φs denotes the stack of channel steering vectors for the
sth surrogate angle sample and can be expressed as

Φs=[β(Ω(s)
c , k(1)

c ),β(Ω(s)
c , k(2)

c ), · · · ,β(Ω(s)
c , k(T )

c )]. (13)

As a result, Φc contains U , ST columns, each corresponding
to a unique surrogate distance-angle pair.

We then extend the resulting sparse representation to the
wideband case.

For the wideband signals from the same physical propa-
gation path, the corresponding steering vectors vary across
subcarriers, as shown in (9). However, these signals share the
same physical parameters due to the frequency-invariant nature
of physical channel parameters. Suppose the physical channel
parameters of the propagation path are θ and r. The surrogate
channel angle and distance of the carrier frequency can be
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expressed as Θc and bc in (10), respectively. According to (7),
the surrogate angle Θ

(l)
m and distance b(l)m of the mth subcarrier

can be calculated as

Θ(l)
m =

λc

λm
Θc, and b(l)m =

λc

λm
bc. (14)

(14) indicates that the surrogate channel parameters for each
subcarrier are related to those for the carrier frequency with
the frequency-dependent scaling factor λc/λm. Therefore, the
sparse representation for the mth subcarrier can be obtained by
incorporating the frequency-dependent scaling factor λc/λm
into the near-field narrowband sparse representation [36].
Then, the sparse representation for the mth subcarrier can be
expressed as

Ψm = [Ψ̃
(1)

m , Ψ̃
(2)

m , · · · , Ψ̃
(S)

m ], (15)

where Ψ̃
(s)

m can be expressed as

Ψ̃
(s)

m =

[
β

(
λc

λm
Ω(s)

c ,
λc

λm
k(1)

c

)
, · · · ,β

(
λc

λm
Ω(s)

c ,
λc

λm
k(T )

c

)]
.

(16)

III. ON-GRID TV-BSBL ALGORITHM FOR NEAR-FIELD
WIDEBAND CHANNEL ESTIMATION

In this section, we focus on the near-field wideband channel
estimation with block sparsity and propose an on-grid TV-
BSBL algorithm.

A. Problem Formulation
We first address the modeling of noise. Without loss of

generality, we assume that the noise power is identical across
all subcarriers and given by α−1, i.e.,

nm ∼ CN (0, α−1IP ), m = 1, 2, . . . ,M. (17)

In practice, the noise power is generally unknown and needs to
be inferred from the observations. Under the SBL framework,
to capture this uncertainty and enable a concise formulation,
α is usually modeled using a Gamma distribution:

p(α) = Γ(α; a+ 1, b), (18)

where a and b are hyperparameters. In practice, a and b are
chosen to be very small, e.g., 10−4, so that the prior is weakly
informative and the estimate of α is mainly driven by the data.
For more details on this modeling choice in SBL, we refer
interested readers to [28], [37], and [38].

We then address the modeling of the signal. Suppose
the sampling in (11) is sufficiently dense and true channel
parameters align with quantized grids. Then, the wideband
channel vector for the mth subcarrier can be expressed as

hm = Ψmxm, (19)

where xm is the sparse coefficient vector for the mth subcar-
rier. Under the SBL framework, xm is modeled as a zero-mean
complex Gaussian vector,

xm ∼ CN (0,diag{γm}−1), (20)

to enable the representation of various sparse patterns through
the signal hyperparameters γm. Define Y = [y1,y2, . . . ,yM ],
X = [x1,x2, . . . ,xM ], and Υ = [γ1,γ2, . . . ,γM ]. In the

SBL framework, the sparse coefficient vectors xm are inferred
indirectly through estimation of the associated hyperparame-
ters γm, which determine the element-wise variance of the
prior and thus govern the sparsity of the solution.

The objective of channel estimation is to obtain MAP
estimates of α and Υ given the observations Y , i.e.,

(α̂, Υ̂ ) = arg max
α,Υ

p(α,Υ |Y ). (21)

According to Bayesian inference, this posterior can be
expressed as

p(α,Υ |Y ) ∝ p(Y |Υ , α)p(Υ )p(α), (22)

where p(Υ ) denotes the prior on the hyperparameters. (22)
indicates that the prior distribution of Υ plays a critical role
in achieving accurate MAP estimation. We then design p(Υ )
based on the underlying signal structure.

B. Prior of Υ
In this part, we construct the prior distribution for the

hyperparameters Υ in the context of near-field wideband
channels with extended scatterers.

1) Common Sparsity: Due to the large number of antennas
and the severe path loss, the near-field wideband channels
typically contain limited paths. As a result, most entries in
X are zero, i.e., X is sparse. As the parameters govern the
variance of X , Υ should provide a sparse prior for X . To this
end, γm is modeled using the Gamma distribution as [39]

p(γm) =

U∏
u=1

p(γu,m) =

U∏
u=1

Γ(γu,m; du + 1, fu), (23)

where γu,m , [γm]u. Combining (20) and γm in (23), we
obtain the marginal prior of xm as [38]

p(xm) =

∫ ∞
0

p(xm|γm)p(γm)dγm

=

U∏
u=1

(fu + |[xm]u|2)−(du+2). (24)

By setting fu ← 0, p(xm) shows a sharp peak around zero
and thus encourages a sparse solution for X . In practice, we
set fu to a small positive value, e.g., 10−4, to approximate this
effect and avoid numerical instability. Moreover, increasing du
results in a sparser solution.

In addition, for wideband signals, different subcarriers prop-
agate through the same physical channel paths and thus share
common underlying physical channel parameters. According
to Section II-C, although the sparse representation matrices
Ψm vary across subcarriers due to the frequency-dependent
channel steering vectors, they are constructed using a common
set of physical channel parameters. Specifically, each column
of Ψm corresponds to a frequency-scaled surrogate parameter
pair derived from the same physical channel parameters. As
a result, if the sparse coefficient vector xm for the mth
subcarrier has a nonzero entry corresponding to a certain
path, the corresponding entries for other subcarriers tend
to be nonzero as well. This indicates that the support set
of xm remains nearly identical across subcarriers, i.e., X
exhibits common sparsity, as illustrated in Fig. 2. To capture
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this common sparsity, we impose a structured prior on the
hyperparameters γm. Specifically, we assume the prior of γu,m
is defined in terms of the baseline hyperparameter γu,1 for the
first subcarrier as

γu,m = ρu,mγu,1, for u = 1, 2, · · · , U, (25)

where ρu,m is a scaling factor that adapts to the variation in
path gains across subcarriers. Here, γu,1 serves as a shared
hyperparameter across subcarriers, enabling the modeling of
the common-sparse structure.

2) Block Sparsity: In near-field scenarios, the physical size
of scatterers is often large compared to the spatial resolution of
the BS. As a result, the contributions of a single scatterer span
multiple discrete angle and distance grids. This characteristic
leads to clustered nonzero entries in the sparse coefficient
vectors, which in turn causes the vectors to exhibit block
sparsity, as illustrated in Fig. 2. Unlike far-field channels,
which depend solely on the angle, near-field channels are
jointly determined by both angle and distance. Due to the joint
dependency and spatial extent of the scatterers, the resulting
block sparsity exhibits a unique two-dimensional structure.

To facilitate the modeling of this structure, we reshape
the one-dimensional hyperparameter vector γm ∈ RU into
a matrix Γm ∈ RT×S , where

[γm](s−1)T+t = [Γm]t,s, (26)

for s = 1, . . ., S, t = 1, . . ., T . Similarly, we reshape the
sparse coefficient vector xm as Zm.

To achieve accurate channel estimation, it is essential to
impose structured constraints on the prior variance of xm
to capture the block sparsity. Block sparsity refers to the
property where the support set of nonzero entries clusters
into contiguous groups. In the context of the two-dimensional
structure of Γm, this means that the nonzero entries are
organized into blocks that exhibit smooth variations along both
angle and distance dimensions. To promote this property, we
impose a TV penalty on the hyperparameter matrix Γm, where
the corresponding prior is defined as [30]

log p(Γm)∝−
T−1∑
t=1

S∑
s=1

ζ
(1)
t,s |I([Γm]t+1,s)−I([Γm]t,s)|

−
T∑
t=1

S−1∑
s=1

ζ
(2)
t,s |I([Γm]t,s+1)−I([Γm]t,s)| ,

(27)

where I(·) is an indicator function that outputs 1 if the input
is nonzero and 0 otherwise. The coefficients ζ

(1)
t,s and ζ

(2)
t,s

are positive weighting parameters that control the strength
of the regularization along the distance and angle dimen-
sions, respectively. Intuitively, the TV regularization penalizes
rapid variations of the hyperparameters across neighboring
distance-angle grids, thereby encouraging contiguous blocks of
nonzero coefficients that match the block sparsity of near-field
channels.

However, the inclusion of indicator functions introduces
non-convexity and discontinuity into the optimization prob-
lem, making it computationally intractable. To address
this, following the approach in [29], we approximate the

Fig. 2. Illustration of the common and block sparsity.

indicator function with a logarithmic function. This leads to
the smoothed prior as

log p(Γm)∝−
T−1∑
t=1

S∑
s=1

ζ
(1)
t,s |log[Γm]t+1,s−log[Γm]t,s|

−
T∑
t=1

S−1∑
s=1

ζ
(2)
t,s |log[Γm]t,s+1−log[Γm]t,s| .

(28)

Note that the logarithmic function maps very small [Γm]t,s to
large negative values while keeping nonzero [Γm]t,s in a rel-
atively narrow range. As a result, |log[Γm]t+1,s − log[Γm]t,s|
remains small when two neighbors are both inactive or
both active, but increases when one is near zero and
the other is not, thus acting as an effective surrogate for
|I([Γm]t+1,s)− I([Γm]t,s)|.

3) Unified Prior Construction: By jointly incorporating the
common sparsity in Section III-B.1, and the block sparsity in
Section III-B.2, we construct a unified prior for the hyperpa-
rameters γm.

For the reference subcarrier (m = 1), we integrate
the sparsity-inducing Gamma prior in (23) and the block-
structured TV regularization in (28) as

log p(Γ1)∝
T∑
t=1

S∑
s=1

log Γ([Γ1]t,s; d̃t,s + 1, f̃t,s)︸ ︷︷ ︸
Sparsity Prior

−
T−1∑
t=1

S∑
s=1

ζ
(1)
t,s |log[Γ1]t+1,s − log[Γ1]t,s|︸ ︷︷ ︸

Block Sparsity Prior

−
T∑
t=1

S−1∑
s=1

ζ
(2)
t,s |log[Γ1]t,s+1 − log[Γ1]t,s|︸ ︷︷ ︸

Block Sparsity Prior

, (29)

where d̃t,s and f̃t,s are the reshaped du and fu corresponding
to [Γ1]t,s, respectively. By applying the relationship between
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γ1 and Γ1 from (26), the prior simplifies into

log p(γ1) ∝
U∑
u=1

du log γu,1 − fuγu,1

−
U∑
u=1

∑
v∈Bu

ζu,v |log γv,1 − log γu,1| . (30)

In (30), Bu includes the indices of neighboring elements of
γu,1, determined by the two-dimensional structure of Γ1 as
defined in (26). ζu,v represents the corresponding weighting
factor for the TV penalty between neighboring elements γu,1
and γv,1.

For the remaining subcarriers (m > 1), we incorporate the
common-sparse structure and have

γu,m = ρu,mγu,1, u = 1, 2, · · · , U. (31)

C. Posterior Estimation
Note that we introduce an additional variable ρu,m as a

scaling factor to adapt to the variation in channel path gains
across subcarriers in Section III-B. The MAP estimation in
(21) is thus rewritten as

(α̂, γ̂1, P̂ ) = arg max
α,γ1,P

p(α,γ1,P |Y ). (32)

In (32), the last M−1 columns of P ∈ RU×M denote the stack
of ρu,m and [P ]u,m = ρu,m, for m = 2, · · · ,M . In addition,
we set [P ]u,1 = 1 to facilitate subsequent derivations. (32)
can be equivalently converted to

(α̂, γ̂1, P̂ ) = arg max
α,γ1,P

log p(Y , α,γ1,P ). (33)

According to the Bayesian formulation [30],

log p(Y , α,γ1,P )

∝ −
M∑
m=1

log |Rm|−
M∑
m=1

yH
mR

−1
m ym+log p(γ1)+log p(α),

(34)

where Rm , α−1IP +WH
PΨmdiag{γm}−1ΨH

mWP is the
covariance of ym. Due to the presence of the log-determinant
term in (34), log p(Y , α,γ1,P ) is nonconvex, which ren-
ders the direct estimation of γ1, α, and P computationally
intractable. Alternatively, an effective and simple approach to
solve (33) is to use the EM algorithm [40], which alternates
between the E-step and M-step as follows.

1) E-Step: In this step, the EM algorithm computes the
expectation of the likelihood function log p(Y ,X, α,γ1,P )
with respect to the posterior distribution ofX . Given the linear
Gaussian observation model in (2), the posterior distribution of
X follows a multivariate complex Gaussian distribution [41]

p(X|Y , α,γ1,P ) =

M∏
m=1

p(xm|ym, α,γm)

∝
M∏
m=1

CN (µm,Σm), (35)

where the posterior mean µm and covariance Σm are given
by

Σm=
(
αΨ

H

mΨm+diag{γm}
)−1

, µm=αΣmΨ
H

mym. (36)

In (36), Ψm , W
H
PΨm. Based on (35), the EM algorithm

then calculates E{log p(Y ,X, α,γ1,P )}, where

log p(Y ,X, α,γ1,P )

= log p(Y |X, α) + log p(X|γ1,P ) + log p(γ1) + log p(α).
(37)

2) M-Step: In this step, the EM algorithm iteratively
updates α, γ1 and P to maximize E{log p(Y ,X, α,γ1,P )},
which can be formulated as

α̂ = arg max
α

E{log p(Y ,X, α,γ1,P )}, (38a)

γ̂1 = arg max
γ1

E{log p(Y ,X, α,γ1,P )}, (38b)

P̂ = arg max
P

E{log p(Y ,X, α,γ1,P )}. (38c)

D. Update of Variables
In this part, we provide detailed updates of α, γ1 and P

by solving (38a), (38b), and (38c), respectively.
1) Updating α: From (37) and (38a), when fixing other

variables and updating α, we have

E{log p(Y ,X, α,γ1,P )} ∝ E{log p(Y |X, α)}+ log p(α).
(39)

Note that

log p(Y |X, α)=

M∑
m=1

log p(ym|xm, α)

∝
M∑
m=1

(
P logα− α‖ym −Ψmxm‖22

)
=PM logα−α

M∑
m=1

vm, (40)

log p(α) ∝ a logα− bα, vm , ‖ym −Ψmxm‖22.
(41)

Then, we have

E{log p(Y |X, α)}

= PM logα−α
M∑
m=1

(
vm+Tr(Ψ

H

mΨmΣm)
)
. (42)

Substituting (42) and (41) into (39) and letting
∂E{log p(Y ,X, α,γ1,P )}/∂α = 0, we have

α =
PM + a

b+
∑M
m=1

(
vm + Tr(Ψ

H

mΨmΣm)
) . (43)

2) Updating γ1: From (37) and (38b), when fixing other
variables and updating γ1, we have

E{log p(Y ,X, α,γ1,P )}∝E{log p(X|γ1,P )}+log p(γ1).
(44)

Note that

log p(X|γ1,P )

=

M∑
m=1

log p(xm|γ1,pm)

∝ −
M∑
m=1

U∑
u=1

ρu,mγu,1|xu,m|2 +M

U∑
u=1

log γu,1, (45)
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where pm , [P ]:,m. Then, we have

E{log p(X|γ1,P )}=−
U∑
u=1

γu,1χu +M

U∑
u=1

log γu,1,

χu =

M∑
m=1

ρu,m(|[µm]u|2 + [Σm]u,u). (46)

By substituting (46) and (30) into (44), we can reformulate
(38b) as

γ̂1 = arg min
γ1

J (γ1), (47)

where J (γ1) denotes the objective and is given in (48), shown
at the bottom of the page.

The presence of absolute differences of logarithmic terms in
(48) introduces significant nonconvexity and nonsmoothness
into the optimization problem. Since standard optimization
techniques typically rely on smoothness and convexity to
ensure stable and efficient convergence, it is challenging to
solve the problem directly using such methods. To overcome
this difficulty, we define gu , log γu,1 and stack gu as g ∈ RU
with [g]u = gu. Then, (48) can be rewritten as

ĝ = arg min
g
J (g), (49)

where J (g) is given in (50), shown at the bottom of the page.

Proposition 1: The objective function J (g) in (50) is
strictly convex with respect to g.

Proof: Note that J (g) in (50) is composed of F(g) and
G(g). First, we consider F(g). Its Hessian matrix is

∇2F(g)=diag
{

[eg1(χ1 + f1), . . ., egU (χU + fU )]T
}

(51)

Since fu > 0 and χu ≥ 0, we have egu(χu + fu) > 0,∀u.
Therefore, ∇2F(g) is positive definite, which implies that
F(g) is strictly convex. Next, we consider the term |gu − gv|
in G(g). For any s ∈ RU , t ∈ RU , and η ∈ [0, 1], define
su , [s]u, tu , [t]u, z , ηs+ (1−η)t, and zu , [z]u. Then,
we have

|zu − zv| = |η(su − sv) + (1− η)(tu − tv)|
(a)

≤ |η(su − sv)|+ |(1− η)(tu − tv)|
= η|su − sv|+ (1− η)|tu − tv|, (52)

where (a) follows from the triangle inequality. According to
the definition of convex functions [42], |gu − gv| is convex.
Since ζu,v is positive, G(g) is a positive weighted sum of
convex functions and is therefore convex.

Combining (51) and (52), we conclude that J (g) in (50) is
strictly convex. �

A straightforward approach to solving (49) is to use standard
convex optimization toolboxes, such as CVX. However, these
toolboxes typically rely on interior-point methods, which incur
O(U3) complexity. In our setting, U = ST can be large,
e.g., U = 129 × 10 = 1290, making each execution of (49)
computationally intensive. To overcome this limitation, we
develop a PDHG-SHU algorithm tailored for (49).1

First, we rewrite G(g) in (50) in a more compact form as

G(g) =

Ne∑
n=1

ζ̃n|[d]n|, (53)

where d , Dg. The matrix D ∈ RNe×U stacks pairwise
differences and is given by

D = [D̃
T

1 , D̃
T

2 , · · · , D̃
T

U ]T,

[D̃u]v,q =


1, v = 1, 2, · · · , |Bu|, q = u,

−1, v = 1, 2, · · · , |Bu|, q = [Bu]v,

0, otherwise.

(54)

The weights ζ̃n are the reordered versions of ζu,v and can be
expressed as

ζ̃n = ζu,[Bu]v , n =

u−1∑
i=1

|Bi|+ v. (55)

The presence of the absolute value in (53) makes standard
gradient-based methods infeasible. To handle this, we exploit
the dual representation of the `1 norm [42]: for any x ∈ RU ,
‖x‖1 = maxp,‖p‖∞≤1 p

Tx. Applying this to (53), we can
equivalently rewrite G(g) as

G(g) = max
p,|[p]n|≤ζ̃n

pTDg, (56)

where p serves as the dual variable associated with the TV
regularization. Incorporating (56) into (50), we can reformulate
(49) as

min
g

max
p

J̃(g,p) s.t. |[p]n| ≤ ζ̃n, (57)

where J̃(g,p) is given in (58). This reformulation transforms
the original nonsmooth primal problem in (49) into a convex-
concave saddle-point problem.

J̃(g,p) =

U∑
u=1

egu(χu+fu)−
U∑
u=1

(du+M)gu+pTDg (58)

Note that J̃(g,p) is convex in g and affine (hence concave)
in p. In addition, the feasible set for p given by |[p]n| ≤ ζ̃n

1Note that (49) can also be solved with the ADMM following the works
in [30].

J (γ1) =

U∑
u=1

γu,1(χu + fu)−
U∑
u=1

(du +M) log γu,1 +

U∑
u=1

∑
v∈Bu

ζu,v |log γv,1 − log γu,1| (48)

J (g) =

U∑
u=1

egu(χu + fu)−
U∑
u=1

(du +M)gu︸ ︷︷ ︸
F(g)

+

U∑
u=1

∑
v∈Bu

ζu,v |gu − gv|︸ ︷︷ ︸
G(g)

(50)
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is convex. According to Sion’s minimax theorem [43], we
have

min
g

max
p

J̃(g,p) = max
p

min
g

J̃(g,p) (59)

i.e., strong duality holds and a saddle point (g?,p?) exists with
zero duality gap. Moreover, J (g) is strictly convex, which
implies the primal optimal solution g? is unique. Therefore,
any saddle point of (57) has the same primal component g?,
and this g? is precisely the optimal solution of the original TV-
regularized problem in (49). Hence solving the saddle-point
problem in (57) yields the unique primal solution of the TV-
regularized problem (49). We then obtain the saddle point of
(57) using the PDHG method [44], which alternates between
a projected dual ascent step for p and a proximal descent step
for g.

In the projected dual ascent step, the PDHG method fixes
the primal variable as g, and considers the following proximal
ascent subproblem for the dual variable

max
|[p]n|≤ζ̃n

pTDg − 1

2σ

∥∥p− p∥∥2

2
, (60)

where σ > 0 is the dual stepsize and p is the solution of p in
the previous iteration. Note that

pTDg − 1

2σ

∥∥p− p∥∥2

2
∝ −

∥∥∥p− (p+ σDg
)∥∥∥2

2
. (61)

Then, (60) can be reformulated as

min
|[p]n|≤ζ̃n

∥∥∥p− (p+ σDg
)∥∥∥2

2
. (62)

Without the constraint, the optimal solution of (62) p̃ can be
expressed as

p̃ = p+ σDg. (63)

Imposing the box constraint |[p]n| ≤ ζ̃n amounts to projecting
p̃ onto the feasible set, i.e.,

[p̂]n =


ζ̃n, [p̃]n > ζ̃n,

−ζ̃n, [p̃]n < −ζ̃n,
[p̃]n, otherwise.

(64)

In the proximal descent step, the PDHG method fixes the
dual variable as p, and considers the following proximal
descent subproblem for the primal variable

min
g
F(g) + pTDg + 1

2τ ‖g − g‖
2
2, (65)

where τ > 0 is the primal stepsize and g is the solution of g in
the previous iteration. Similar to (62), (65) can be reformulated
as

min
g
F(g) + 1

2τ ‖g − (g − τDTp)‖22, (66)

Define r , g − τD>p and ru , [r]u. Then, (66) can be
further reformulated as

min
g

1

2τ

U∑
u=1

(gu − ru)2 +

U∑
u=1

[
(χu + fu)egu − (du +M)gu

]
.

(67)
From (67), the optimization is separable in u. Therefore, (67)
can be divided into U subproblems with the uth subproblem
expressed as

min
gu

1

2τ
(gu − ru)2 +

[
(χu + fu)egu − (du +M)gu

]
. (68)

Algorithm 1 The Primal-Dual Hybrid Gradient-Based Signal
Hyperparameter Update (PDHG-SHU) Algorithm

1: Input: M , S, T , U , du, fu, ζu,v , Bu, P , µm, and Σm.
2: Obtain D via (54).
3: Obtain ζ̃n via (55).
4: while the PDHG method does not converge do
5: Obtain p̂ via (60).
6: Obtain ĝ via (65).
7: end while
8: Obtain γ̂1 via (69).
9: Output: γ̂1.

Note that the objective in (68) is one-dimensional, twice
differentiable, and strictly convex. We therefore compute it via
Newton’s method, which offers quadratic local convergence
with negligible scalar per-iteration cost. Since this method is
well established, we omit the details and denote the solution
of (68) as ĝu. Stacking ĝu together, we can obtain the solution
of (65) as ĝ.

We iteratively perform the projected dual ascent step and
the proximal descent step until the PDHG method converges.
Note that under the standard stepsize condition τσ‖D‖22 <
1, the iterates converge to a saddle point of (57) [44], thus
recovering the unique primal optimal solution, g?, of (49).
According to the relationship between g and γ1, we can obtain
the corresponding optimal solution of γ1 as

[γ̂1]u = e[g?]u . (69)

We summarize the PDHG-SHU algorithm in Algorithm 1.
Note that similar TV-regularized hyperparameter update

problems have also been addressed using the alter-
nating minimization method in [29] and the ADMM
framework in [30]. However, the specific update methods
developed in [29] and [30] may converge only to a stationary
point of the optimization problem rather than the global
optimum, as their update methods do not explicitly exploit the
strict convexity of the reformulation in (50). In contrast, under
the standard stepsize condition τσ‖D‖22 < 1, the proposed
PDHG-SHU algorithm is guaranteed to converge to the unique
global optimum of (49).

3) Updating P : From (37) and (38c), when fixing other
variables and updating P , we have

E{log p(Y ,X, α,γ1,P )} ∝ E{log p(X|γ1,P )}. (70)

Note that

log p(X|γ1,P )

=

M∑
m=1

log p(xm|γ1,pm)

∝ −
M∑
m=1

U∑
u=1

ρu,mγu,1|xu,m|2 +
M∑
m=1

U∑
u=1

log ρu,m. (71)

Then, we have

E{log p(X|γ1,P )}

∝ −
M∑
m=1

U∑
u=1

ρu,mγu,1βu,m +

M∑
m=1

U∑
u=1

log ρu,m, (72)
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where
βu,m = |[µm]u|2 + [Σm]u,u. (73)

Letting ∂E{log p(Y ,X, α,γ1,P )}/∂ρu,m = 0, we can
obtain

ρu,m =
1

βu,mγu,1
, m = 2, · · · ,M. (74)

E. Summary of the On-Grid TV-BSBL Algorithm
First, we discuss the setting of the hyperprior parameter du.

In general, the performance of SBL-based channel estimation
methods is sensitive to the choice of du. As shown in (23),
increasing du produces a prior distribution with a sharper peak
around zero, thereby suppressing the corresponding values of
γu,1 and yielding a stronger sparsity effect. In contrast, using
a smaller du results in a flatter prior, which imposes weaker
shrinkage on γu,1 and allows the associated coefficient to
remain active more easily. To promote appropriate sparsity,
γu,1 associated with actual propagation paths should therefore
be assigned small du, while those corresponding to back-
ground components should be assigned large du. However, this
goal is challenging because the parameters of the true channel
paths are typically unknown. To address this issue, we devise
an adaptive rule for setting du. We first identify a candidate
support set Ŝ that collects the indices corresponding to the
L̂ largest statistics χu, where L̂ is used as a coarse estimate
of the number of channel paths, e.g., obtained from the OMP
algorithm or from prior information. We then choose

du =

{
da, u ∈ Ŝ,
di, u /∈ Ŝ,

(75)

where da is a small value, e.g., 0, and di is a large value, e.g.,
3. In this way, the L̂ dominant grid points in Ŝ are assigned
a much weaker sparsity prior, whereas all remaining locations
are assigned a stronger sparsity prior and are more aggressively
driven toward zero.

Then, we iteratively calculate the expectation in the E-step
and update the variables in the M-step to maximize the
expectation until the maximum number of iterations IE is
reached or the EM algorithm converges.

Additionally, the estimated channels are reconstructed based
on the results of the on-grid TV-BSBL algorithm. Let U denote
the set of indices where the entries of γ1 exceed the threshold
εSBL. The columns of the sparse representation matrix for the
mth subcarrier indexed by U are extracted to form the reduced
matrix Ψ̂m. The sparse coefficient vector is then estimated as

x̂m =
(
WH

PΨ̂m

)†
ym. (76)

Then, the channel estimation is expressed as

ĥm = Ψ̂mx̂m. (77)

Finally, the proposed on-grid TV-BSBL algorithm is sum-
marized in Algorithm 2.

Now, we analyze the computational complexity of the on-
grid TV-BSBL algorithm. The algorithm alternates between
the E-step and the M-step for a total of IE iterations. In the
E-step, the dominant computations are the evaluations of Σm

and µm in (36). Computing Σm requires inverting a matrix
of dimension U × U , which incurs a computational cost of

Algorithm 2 On-Grid Total Variation-Regularized Block
Sparse Bayesian Learning (TV-BSBL) Algorithm

1: Input: Nt, M , S, T , U , fu, ζu,v , Bu, P , and Ψm.
2: Initialization: q ← 0.
3: while q < IE do
4: Obtain µm and Σm via (36).
5: Update α via (43).
6: Update γ1 via Algorithm 1.
7: Update P via (74).
8: Obtain du via (75).
9: q ← q + 1.

10: end while
11: Obtain ĥm via (77).
12: Output: ĥm.

O(U3). The computation of µm primarily involves matrix
multiplication, leading to a complexity of O(U2). In the M-
step, the parameters α, γ1, and P are updated. The update
of α in (43) is given in closed form and mainly involves
matrix multiplication, with a complexity ofO(U2). The update
of γ1 is performed using the PDHG-SHU algorithm, which
executes IP iterations alternating between a projected dual
ascent step and a proximal descent step. The projected dual
ascent step has closed-form updates and thus incurs negligi-
ble computational cost. The proximal descent step requires
solving (68) via Newton’s method U times. Let IN denote the
number of Newton iterations. Then, the complexity of this step
is O(INU). The update of P uses closed-form expressions
in (74), and its computational cost is negligible. In summary,
the overall computational complexity of the on-grid TV-BSBL
algorithm is O

(
IEMU3 + IEIPINU

)
.

We also analyze the convergence of the on-grid TV-BSBL
algorithm. The algorithm adopts a standard EM framework
and alternates between an E-step and an M-step to maximize
the joint distribution in (33). In the E-step, given the current
hyperparameters, we compute the exact posterior distribution
of the hidden variables and thereby construct the EM surrogate
function in (38). In the subsequent M-step, this surrogate
is maximized block-wise with respect to α, γ1, and P .
The updates of α and P are available in closed form, as
given in (43) and (74), respectively, whereas γ1 is updated
using the PDHG-SHU algorithm in Algorithm 1. Since each
block is maximized exactly, the value of the EM surrogate is
guaranteed to be non-decreasing across the outer iterations.
According to the standard EM algorithm, the monotonic
increase of the surrogate in (38) implies a non-decreasing
sequence of joint distribution values in (33). Therefore, the
on-grid TV-BSBL algorithm converges.

IV. OFF-GRID TOTAL VARIATION-REGULARIZED BLOCK
SPARSE BAYESIAN LEARNING ALGORITHM FOR
NEAR-FIELD WIDEBAND CHANNEL ESTIMATION

In practice, the true channel parameters may deviate from
the quantized grids in (11), which can degrade the sparsity
of the representation and increase estimation error. To address
this issue, we extend the grid refinement methods in [39] to
the near-field wideband scenario, and develop an off-grid TV-
BSBL algorithm in this section. In this approach, we first
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Algorithm 3 Off-Grid Total Variation-Regularized Block
Sparse Bayesian Learning (TV-BSBL) Algorithm

1: Input: Nt, M , S, T , U , fu, ζu,v , Bu, P , and Ψm.
2: Initialization: q ← 0.
3: while q < IE do
4: Obtain µm and Σm via (36).
5: Update α via (43).
6: Update γ1 via Algorithm 1.
7: Update P via (74).
8: Update ξ and δ via (83a) and (83b), respectively.
9: Update Ψm(ξ, δ) via (78).

10: Obtain du via (75).
11: q ← q + 1.
12: end while
13: Obtain ĥm via (77).
14: Output: ĥm.

introduce additional variables to characterize the deviations
between the true channel parameters and their quantized grids,
and then infer these deviations via the MAP estimation.

Let ξ ∈ RU and δ ∈ RU denote the deviations in
surrogate angle and distance, respectively. Accordingly, the
sparse representation matrix for the mth subcarrier can be
reformulated as Ψm(ξ, δ) ∈ CNt×U with its uth column
expressed as

[Ψm(ξ, δ)]:,u = β

(
λc

λm
(Ωu + ξu),

λc

λm
(ku + δu)

)
, (78)

where

Ωu = Ω(s)
c , s = du/T e,

ku = k(t)
c , t = u− (s− 1)T,

ξu , [ξ]u, δu , [δ]u. (79)

Correspondingly, we define Ψm(ξ, δ) ,WH
PΨm(ξ, δ).

The posterior estimation in (32) is rewritten as(
α̂, γ̂1, P̂ , ξ̂, δ̂

)
= arg max

α,γ1,P ,ξ,δ
p(α,γ1,P , ξ, δ|Y ). (80)

Since the introduction of ξ and δ does not alter the funda-
mental structure of the MAP estimation, the EM algorithm
remains applicable for the iterative estimation of all param-
eters. Nevertheless, certain modifications to the original EM
algorithm designed for the on-grid case are required.

In the E-step, the posterior mean and covariance of X are
related to α, γm, and Ψm. For the on-grid TV-BSBL, Ψm

is fixed throughout the procedure. However, for the off-grid
TV-BSBL, Ψm relies on the variables ξ and δ, and therefore
needs to be dynamically updated.

In the M-step, in addition to updating the hyperparameters
α, γ1, and P , the additionally introduced variables ξ and δ
should also be updated, which can be formulated as

ξ̂ = arg max
ξ

E{log p(Y ,X, α,γ1,P , ξ, δ)}, (81a)

δ̂ = arg max
δ

E{log p(Y ,X, α,γ1,P , ξ, δ)}. (81b)

Note that

− E{log p(Y ,X, α,γ1,P , ξ, δ)}

∝ −E{log p(Y |X, α)}

∝
M∑
m=1

(
‖ym −Ψm(ξ, δ)µm‖22

+ Tr(Ψm(ξ, δ)HΨm(ξ, δ)Σm)

)
, Q(ξ, δ). (82)

Then, (81) can be converted to

ξ̂ = arg min
ξ
Q(ξ, δ), (83a)

δ̂ = arg min
δ
Q(ξ, δ). (83b)

Due to the complicated expressions of Q(ξ, δ), it is challeng-
ing to obtain a closed-form solution for (83). Alternatively,
we find a suboptimal solution to (83) via the gradient descent.
We calculate the gradient ∂Q(ξ, δ)/∂ξu as (84), shown at
the bottom of the next page. Similarly, substituting Λ1 with
Λ2, we can obtain ∂Q(ξ, δ)/∂δu. We then apply the gradient
descent with a backtracking line search, e.g., the Armijo rule,
to iteratively update the variables and find a locally optimal
solution of (83).

We further clarify the contributions of the off-grid TV-BSBL
algorithm. The proposed algorithm builds upon the principle
of off-grid SBL, where small continuous perturbations around
a coarse grid are introduced to mitigate dictionary mismatch.
Unlike the approach in [39], which is tailored for far-field
narrowband channels with one-dimensional angular sparsity,
the proposed method operates in a two-dimensional surrogate
distance-angle domain for near-field channels and jointly pro-
cesses multiple subcarriers in a wideband system. In contrast
to simply increasing grid density, the off-grid refinement is
incorporated into a TV-regularized block SBL framework, and
the grid adjustment is performed through the low-dimensional
offset vectors ξ and δ. The refinement is conducted jointly
across all subcarriers and is driven by the posterior statistics
µm and Σm, such that the near-field wideband characteristics,
the two-dimensional block sparsity induced by extended scat-
terers, and the common sparsity shared among subcarriers are
fully exploited during the EM iterations. As a result, the far-
field/narrowband and element-wise sparse settings considered
in [39] can be regarded as special cases of the proposed
framework. Compared with the on-grid TV-BSBL algorithm in
Section III, the off-grid extension yields a substantial reduction
in NMSE and achieves performance close to the benchmark,
as demonstrated by the numerical results in Section V.

By integrating the above modifications into the on-grid
TV-BSBL algorithm, the off-grid TV-BSBL algorithm is
developed. Finally, we summarize the proposed off-grid TV-
BSBL algorithm in Algorithm 3.

Now, we analyze the computational complexity of the
off-grid TV-BSBL algorithm. In addition to the operations
performed in the on-grid TV-BSBL algorithm, the off-grid
variant further refines the channel parameters in (81) using
gradient descent. The refinement primarily involves computing
the gradient in (84). Calculating the gradient over U grid points
incurs a computational cost of O(PU3). Assuming that the
gradient descent requires IG iterations, this refinement results
in an additional computational complexity of O(IEIGMPU3)
compared with the on-grid TV-BSBL algorithm. To alleviate
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the resulting computational burden, several strategies can be
employed. First, the gradient computation can be restricted to
the L̂ grid points with the largest statistics χu. Second, shared
intermediate terms, such as Ψm(ξ, δ)Σm can be precomputed
and reused across different grids. Third, the gradient descent
can be distributed across EM iterations by performing only
one gradient update per EM iteration. By combining these
strategies, the overall additional computational complexity can
be reduced to O(IEMPU2).

We also analyze the convergence of the off-grid TV-BSBL
algorithm. Compared with the on-grid TV-BSBL algorithm,
the off-grid extension introduces a gradient descent step
in (81) to further increase the EM surrogate. Since the
gradient descent uses the previous iteration’s estimates
of ξ and δ as initialization, the surrogate value in (38)
remains non-decreasing across EM iterations, which implies
a non-decreasing sequence of joint distribution values
in (33). Therefore, the off-grid TV-BSBL algorithm
converges.

V. SIMULATION RESULTS

Now we evaluate the performance of the proposed algo-
rithms.2 We consider a wideband mmWave multiuser com-
munication system consisting of one BS and four users. The
BS operates at 30 GHz and employs an antenna array with
Nt = 129 antennas. The users employ a single antenna. The
Cartesian coordinate system in Fig. 1 is employed for channel
generation, where the BS is located at the origin. The channel
between the BS and users contains three extended scatterers.
The contributions of each extended scatterer span three quan-
tized grids along both the angle and distance dimensions. In
the Monte Carlo simulations, the centers of the scatterers and
the user positions are randomly distributed within the radiation
near field of the BS, where the distance ranges from 2.5 meters
to 83 meters under the simulation settings. In addition, the
extended scatterers in the channel are modeled as collections
of multiple independent point scatterers, following the work
in [28]. The real channel parameters also deviate randomly

2The simulation code for our proposed algorithms will be available in a
public GitHub repository at https://github.com/kjchen96/NFTVBSBL

from the quantized grids. For the on-grid and off-grid TV-
BSBL algorithms, we set IE = 500. The threshold εSBL

is set to 1/1000 of the maximum value in γ1. For the TV
regularization, we use the neighborhood system described in
Section III-B.2, i.e., each coefficient is coupled to its neighbors
in the distance and angle dimensions, so that interior grid
points have |Bu| = 2, whereas points on the last row or last
column have |Bu| = 1. For the sparse representation matrix,
we set S = 129 and T = 10. The normalized mean squared
error (NMSE), defined as

NMSE =
1

M

M∑
m=1

‖hm − ĥm‖22/‖hm‖22, (85)

is adopted as the performance metric. To demonstrate the
effectiveness of the proposed algorithms, the following six
benchmarks are employed.

On-Grid NBA-OMP: This method first constructs NBA-
based sparse representations in (15) and then estimates the
near-field wideband channels using the OMP algorithm [25].

Off-Grid NBA-OMP: To mitigate the deviations between
the true channel parameters and the quantized grids, this
method improves the estimation results of the on-grid
NBA-OMP with the simultaneous iterative gridless weighted
algorithm in [15] and [45].

NBA-BOMP: This method employs the block OMP
(BOMP) [32] with NBA-based sparse representations in (15).

On-Grid SBL: This method employs the SBL
algorithm [37] with NBA-based sparse representations
in (15).

Off-Grid SBL: This method employs gradient descent
to update the sparse representation matrix and refine the
channel parameters during the EM iterations of the SBL
algorithm [38], [39].

Genie-Aided LS: This method serves as a widely adopted
performance benchmark for channel estimation [46], [47]. It
assumes perfect knowledge of the channel parameters and
estimates the channel gains using the least squares method.

Fig. 3 compares different algorithms in terms of the
NMSE for varying signal-to-noise ratios (SNRs). The num-
ber of pilots, bandwidth, and number of subcarriers are

∂Q(ξ, δ)

∂ξu
=

M∑
m=1

(
∂‖ym −Ψm(ξ, δ)µm‖22

∂ξu
+
∂Tr{Ψm(ξ, δ)HΨm(ξ, δ)Σm}

∂ξu

)
,

∂‖ym −Ψm(ξ, δ)µm‖22
∂ξu

= −2R
{
yH
m

∂Ψm(ξ, δ)

∂ξu
µm

}
+ 2R

{
µH
mΨm(ξ, δ)H ∂Ψm(ξ, δ)

∂ξu
µm

}
,

∂Tr{Ψm(ξ, δ)HΨm(ξ, δ)Σm}
∂ξu

= Tr

{
∂Ψm(ξ, δ)H

∂ξu
Ψm(ξ, δ)Σm

}
+ Tr

{
Ψm(ξ, δ)H ∂Ψm(ξ, δ)

∂ξu
Σm

}
,

∂Ψm(ξ, δ)

∂ξu
= WH

P

[
0, · · · , ∂β

(
λc

λm
(Ωu + ξu),

λc

λm
(ku + δu)

)/
∂ξu, · · · ,0

]
,

∂β

(
λc

λm
(Ωu + ξu),

λc

λm
(ku + δu)

)/
∂ξu = Λ1β

(
λc

λm
(Ωu + ξu),

λc

λm
(ku + δu)

)
,

Λ1 =
λc

λm
diag{−jNbπ, · · · , jNbπ},

Λ2 =
λc

λm
diag{−jN2

bπ, · · · ,−jπ, 0,−jπ, · · · ,−jN2
bπ}. (84)
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Fig. 3. Comparisons of different algorithms in terms of the NMSE for varying
SNRs.

set to 60, 3 GHz, and 5, respectively. From the figure,
the proposed TV-BSBL algorithms consistently outperform
NBA-OMP algorithms in both the on-grid and off-grid cases
over the entire SNR range. These performance gains mainly
arise from two factors. First, the TV-BSBL algorithms employ
MAP estimation to effectively recover near-field wideband
channels. Second, they incorporate TV regularization together
with subcarrier-adaptive factors to promote both block spar-
sity and common sparsity, thereby capturing the structural
properties of near-field wideband channels with extended
scatterers. The proposed TV-BSBL algorithm also outper-
forms conventional SBL in both on-grid and off-grid settings
across all SNRs. This is because the on-grid and off-grid
TV-BSBL algorithms explicitly model the block sparsity of
the channels, whereas conventional SBL algorithms only
exploit element-wise sparsity and thus cannot fully utilize the
block-sparse structure of extended scatterers. As a result, the
estimated channel coefficients of the TV-BSBL algorithms
are more concentrated on the true support and the back-
ground components are better suppressed, leading to more
accurate channel estimation. In addition, the NMSE of the off-
grid algorithms decreases approximately linearly as the SNR
increases, whereas for the on-grid algorithms, the NMSE ini-
tially decreases linearly but gradually converges at high SNRs.
This is because the performance of the on-grid algorithms is
limited by noise at low SNRs and by grid quantization errors
at high SNRs. Moreover, the off-grid TV-BSBL algorithm
approaches the performance of the genie-aided LS estimator
at high SNRs, demonstrating the effectiveness of the proposed
approach. Interestingly, at low SNRs the off-grid TV-BSBL
algorithm even outperforms the genie-aided LS method. This
results from the fact that the genie-aided LS assumes prior
knowledge of all channel paths and estimates channel gains
using LS. For channel paths with small gains, this approach
introduces significant estimation errors due to noise. In con-
trast, the off-grid TV-BSBL algorithm dynamically discards
low-gain paths, leading to better performance. As the SNR
increases, the negative effects of these low-gain paths diminish
and thus lead to a larger gap between the off-grid TV-BSBL
algorithm and the genie-aided LS.

Fig. 4 compares different algorithms in terms of the NMSE
for varying numbers of pilots. The SNR, bandwidth, and num-
ber of subcarriers are fixed at 5 dB, 3 GHz, and 5, respectively.
As observed from the figure, the NMSE of all algorithms
decreases monotonically with the number of pilots. This is

Fig. 4. Comparisons of different algorithms in terms of the NMSE for varying
numbers of pilots.

Fig. 5. Comparisons of different algorithms in terms of the NMSE for varying
numbers of subcarriers.

because a larger number of pilots provides more measure-
ments, thereby enabling more accurate channel estimation. In
addition, for all considered pilot lengths, the proposed off-grid
TV-BSBL algorithm consistently outperforms the competing
algorithms.

Fig. 5 compares different algorithms in terms of the NMSE
for varying numbers of subcarriers. The SNR, number of
pilots, and bandwidth are fixed at 5 dB, 60, and 3 GHz,
respectively. As observed from the figure, the performance of
the NBA-OMP, SBL, and TV-BSBL algorithms improves as
the number of subcarriers increases. This is because a larger
number of subcarriers provides more observations, thereby
enabling more accurate channel estimation by exploiting the
common sparsity across subcarriers. In contrast, the perfor-
mance of the NBA-BOMP and genie-aided LS algorithms
remains essentially constant with respect to the number of
subcarriers. The former is relatively insensitive to the number
of subcarriers because NBA-BOMP selects effective blocks
instead of isolated channel paths and thus is weakly affected
by the number of subcarriers, whereas the latter performs
independent LS estimation for each subcarrier and thus cannot
benefit from the increased number of subcarriers. Furthermore,
when M = 1, so that the wideband scenario reduces to the
narrowband case, the off-grid TV-BSBL algorithm still outper-
forms the other algorithms, which confirms the effectiveness
of the proposed algorithm in narrowband scenarios.

Fig. 6 compares different algorithms in terms of the NMSE
for varying bandwidth. The SNR, number of pilots, and the
number of subcarriers are fixed at 5 dB, 60, and 5, respectively.
As observed from the figure, the NMSE of all algorithms
remains nearly constant as the bandwidth increases, which
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Fig. 6. Comparisons of different algorithms in terms of the NMSE for varying
bandwidth.

Fig. 7. Comparisons of different algorithms in terms of the NMSE for varying
distances.

confirms the effectiveness of the proposed sparse represen-
tation matrix for near-field wideband channels. Moreover,
the off-grid TV-BSBL algorithm still outperforms the other
algorithms and approaches the performance of the genie-aided
LS estimator, demonstrating the robustness of the proposed
algorithm with respect to bandwidth variations.

Fig. 7 compares different algorithms in terms of the NMSE
for varying distances. The SNR, number of pilots, number of
subcarriers, and bandwidth are fixed at 5 dB, 60, 5, and 3 GHz,
respectively. The center distance of the channel scatterers, r =
λc(1−θ2)

4bc
in (10), is varied by setting bc = (2t−1)bmax

2T , t =
2, . . . , 9 with T = 10. As observed from the figure, the
NMSE of all algorithms remains nearly constant as t increases,
which again confirms the effectiveness of the proposed sparse
representation matrix for near-field wideband channels over a
range of distances. Moreover, when t decreases to 2 so that the
near-field scenario nearly degenerates to a far-field scenario,
the off-grid TV-BSBL algorithm still outperforms the other
algorithms, which confirms the effectiveness of the proposed
algorithm in far-field scenarios.

Fig. 8 compares different algorithms in terms of the NMSE
under different sampling settings. The SNR, number of pilots,
number of subcarriers, and bandwidth are fixed at 5 dB, 60,
5, and 3 GHz, respectively. As observed from the figure,
the NMSE of the on-grid TV-BSBL algorithm decreases
significantly as the number of angle samples S increases,
because its performance is strongly limited by angular grid
quantization and a larger S yields a finer grid that substantially
alleviates this effect. In contrast, the NMSE of the off-grid
TV-BSBL algorithm decreases markedly when S increases
from 32 to 64, but only slightly when S further increases

Fig. 8. Comparisons of different algorithms in terms of the NMSE under
different sampling settings.

TABLE I
AVERAGE RUNTIME (IN SECONDS) OF DIFFERENT ALGORITHMS

FOR VARIOUS NUMBERS OF PILOTS P

from 64 to 128. This is because the step size and number
of iterations of the gradient descent are constrained: when
the angle quantization is sufficiently fine, the gradient descent
can effectively compensate for the residual angular mismatch,
whereas under very coarse quantization it cannot fully correct
large angle deviations. Moreover, all algorithms exhibit only a
slight NMSE reduction as the number of distance samples T
increases, since the channel exhibits strong coherence along
the distance dimension and is therefore relatively insensitive
to the distance sampling density.

Table I shows the average runtime of different algorithms
for P = 20, P = 40, and P = 80. All simulations are
conducted on a laptop equipped with an AMD Ryzen 7 4800H
CPU, without parallel computing. As shown in the table, the
SBL-based algorithms require substantially more runtime than
the OMP-based algorithms, mainly due to the iterative EM
procedure and the matrix inversions involved in computing
the posterior means and covariances. Moreover, the TV-BSBL
algorithms are slightly slower than their SBL counterparts
because they additionally employ the PDHG-SHU algorithm.

Note that the proposed algorithm is developed for accuracy-
oriented near-field wideband channel estimation. Compared
with OMP-based and conventional SBL-based methods, it
achieves much higher estimation accuracy, and is therefore
particularly suitable for applications in which high-precision
channel estimation is critical. For example, in beamforming
optimization, accurate channel state information is essential
for high-quality beamforming design. In addition, in near-
field localization, accurate channel reconstruction provides the
basis for reliable localization performance. A potential concern
is the relatively high computational cost of the proposed
algorithm. This issue can be alleviated from two perspec-
tives. First, the dominant computational burden mainly comes
from the matrix inversions involved in updating the posterior
mean and covariance. To address this cost, more efficient
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SBL implementations, such as inversion-free SBL, may be
employed. Such methods have been shown to reduce runtime
by several times [48]. Second, the runtime reported in Table I
was obtained on a laptop CPU without parallel computing. In
practice, dedicated processors and parallel computing archi-
tectures can substantially accelerate computationally intensive
baseband processing [49]. Therefore, although the proposed
algorithm is slower than OMP-based methods in the current
CPU-based simulations, its deployment in practical systems
remains meaningful, especially in scenarios where estimation
accuracy is prioritized over computational efficiency.

VI. CONCLUSION

In this paper, we have investigated near-field wideband
channel estimation with block sparsity. First, we have pro-
posed an on-grid TV-BSBL algorithm. To promote common
sparsity, we have utilized a Gamma prior combined with
subcarrier-adaptive factors. To encourage block sparsity, TV
regularization has been incorporated into the prior model.
In addition, we have proposed a PDHG-SHU algorithm to
efficiently update the signal hyperparameters in the M-step.
Moreover, we have proposed an off-grid TV-BSBL algo-
rithm for near-field wideband channel estimation. We have
introduced additional variables to characterize the deviations
between the true channel parameters and their quantized grids.
We have integrated the deviation variables into the MAP esti-
mation and employed the EM algorithm to solve it. Simulation
results have demonstrated that the proposed algorithms achieve
superior performance under various conditions.
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